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Effect of Temperature Lapse Rate on 
Recovery from Compressibility Dives 


C. E. PAPPAS* ano M. G. HARRISON? 


Republic Aviation Corporation 


SUMMARY 


It is shown in the main body of the paper that the effect of a 
temperature inversion may be such as to make recovery from a 
compressibility dive impossible. Statistical data show that 
more accidents have resulted from compressibility dives between 
late November and early May and in northern areas where the 
ground temperatures might be expected to be low.{ Because 
of the airplane’s high speed and high wing loading, a Mach 
Number is reached in the dive where the airflow adjacent to the 
airfoil breaks down and there develops what is known as a com- 
pression shock. It is proved that the Mach Number depends 
only on the equivalent air speed and pressure. For a constant 
value of drag and C,, the Mach Number is a function of the 
pressure only. Airplane inertia effects are shown to be an im- 
portant consideration in determining the Mach Number during 
the dive when temperature inversions occur. 

Charts are included to enable the pilot to determine the Mach 
Number knowing the pressure altitude and equivalent air speed. 


SYMBOLS 

a = velocity of sound under nonstandard conditions, m.p.h. 

a, = velocity of sound under standard conditions, m.p.h. 

A = deceleration, ft. per sec.? 

Cp = drag coefficient, dimensionless 

C, = lift coefficient, dimensionless 

D = drag force, lbs. 

g = acceleration due to gravity, ft. per sec.” 

K = C,/C, adiabatic exponent of air, dimensionless 

m = mass of the airplane, slugs 

M = Mach Number under nonstandard conditions, di- 
mensionless 

M, = Mach Number under standard conditions, dimension- 
less 

P = fluid pressure, lbs. per sq.ft. 

P; = fluid impact pressure, lbs. per sq.ft. 

P, = fluid pressure at rest, Ibs. per sq.ft. 

P, = fluid pressure under standard conditions, Ibs. per sq.ft. 


Received December 29, 1944. 

* Chief, Aerodynamics Department. 

7 Mathematics Consultant to the Aerodynamics Department. 

t The authors are indebted to Mr. L. L. Brabham of Republic 
Aviation Corporation for raisi:g the question of the effect of 
weather conditions on recovery from compressibility dives. 


P,, = static fluid pressure, Ibs. per sq.ft. 

R= standard gas constant for air = 53.33, ft. per °F. abs 
S = wing area, sq.ft. 

T = absolute temperature, °F. 

T, = standard absolute temperature, °F. 

V = true speed of airplane, m.p.h. 


’, = equivalent air speed of airplane (V. = V /o), m.p.h. 


if 

V, = true air speed of airplane under standard conditions, 
m.p.h. 

V., = equivalent air speed of airplane under standard condi- 
tions, m.p.h. 

W = gross weight of airplane, lbs. 

p = mass density of air, lbs. sec.? per ft.‘ 

po = mass density of air at the stagnation point, lbs. sec.* 
per ft.* 

ps = mass density of air under standard conditions, lbs. sec.? 
per ft.4 


Ps.1- = mass density of air at sea level for standard conditions, 
Ibs. sec.? per ft.‘ 


INTRODUCTION 


ITH THE ADVENT of heavy wing loading and good 
V V aerodynamic cleanliness, pursuit airplanes have 
attained in recent years dive speeds approaching the 
velocity of sound. It is to be expected that all airplanes 
will run into difficulty—that-is, exhibit unusual flying 
characteristics—at speeds approaching the velocity 
of sound. The ratio of the airplane speed to the speed 
of sound is most important and is known as the Mach 
Number. With the introduction of turbosuperchargers, 
the critical altitude of the airplane has increased ma- 
terially so that the airplane can reach its terminal 
velocity at extremely high altitudes where the velocity 
of sound is much lower than at medium altitudes of 
15,000 to 20,000 ft. In addition to the foregoing items, 
the pilot is subjected to high-altitude operation, and 
as a result he may be affected physiologically. 
It is interesting to note that all accidents resulting 
from compressibility dives have occurred between late 
November and early May and in northern areas where 
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the ground temperatures might be expected to be low. 
One might, at first, suspect that recovery from com- 
pressibility dives is dependent upon air temperature. 
It is shown in this paper that under normal summer or 
winter atmospheric conditions the airplane should 
encounter no difficulties. Should abnormal conditions 
of the atmosphere exist, however, the airplane’s Mach 
Number can change. The items that will cause such 
a change are: 


(1) Variation in barometric pressure from standard 
pressure. 
(2) Temperature inversion. 


Later in the paper the effects of variation in barometric 
pressure due to atmospheric conditions and temperature 
inversion on Mach Number will be discussed. It will 
be shown that temperature inversion causes a rapid 
deceleration of the airplane which results in a material 
increase in the apparent weight of the airplane. For 
this case, the airplane inertia causes a higher diving 
speed than would be normally expected. 


DERIVATION OF FORMULAS 


Dependence of Mach Number on Equivalent Air Speed and 
ressure Altitude 
The Mach Number is defined as the ratio of the 
velocity of the airplane to the velocity of sound at the 
particular altitude in question, viz., 


M = V/a 


Denoting by the subscript s standard conditions at 
the particular altitude in question, 


M,/M = (V,/a,)/(V/a) 


or 
M = M,(V/a)(a,/V,) (1) 


But V, = VesV 0s.1./Ps and V = Viv bs.1./p- 
Furthermore, a, = 33.54/T, anda = 33.5+/T. 
Eq. (1) then becomes 


M = MV ./Ves)V 0/00 T:/T (2) 


Furthermore, p,/p = (P,/P)(T/T,). 
Eq. (2) then becomes 


M = M,(V./ Ves) V P./P (3) 


When V, = V,;, then M = MWVP,/P. 

But at a given altitude P, = P and M = M,. 

This last relation shows that the Mach Number at 
a given altitude is equal to the Mach Number under 
standard conditions when the equivalent air speed is 
constant, viz., V. = Ves. 

Taking the logarithm and derivative of both sides of 
Eq. (3), the result is: 


4M/M = (4V,./V,) — */2(dP/P) (4) 
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Eq. (4) shows the per cent change in Mach Number 
in terms of percentage changes in equivalent air speed 
and pressure. Since the minus sign occurs in front of 
the expression '/,(dP/P) in Eq. (4), the maximum 
increase in Mach Number will occur when the existing 
pressure is below the standard value. 


RELATIONSHIP BETWEEN MaAcH NUMBER AND PREs- 
SURE ALTITUDE AT A CONSTANT DRAG AND LIFT 
COEFFICIENT 


The basic drag equation is 
D= 1/o(p V?C)S) 


Since in a terminal velocity dive the drag equals the 
weight, D = W, 


W = 1/2(pV°CpS) (5) 


Multiplying the right-hand side of Eq. (5) by a? and 
dividing by a’, the result is 


"/2(pa*)(M?Cp)S = W 


or 
M?*C, = 2W/Spa? 
But 
p = p(P/P,)(T,/T) 
and 
a*? = (T/T,)a,? 
Therefore, 
M*Cp = 2W/Sp,(P/P,)a,? 
If P = P,, then 


M*Cp = 2W/Spa,? (6) 


Since Cp is a function of M and 2W/Sp,a,? is a function 
of the altitude or pressure only, M?C>p is a function of 
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imber the pressure only for a given drag and C,. Therefore, 
speed at a given drag and lift coefficient, the Mach Number 





ont of js a function of the pressure altitude only. This can i He RS | 
imum be seen from Figs. 1-4, inclusive. é 
isting DRAG = 14,000 LBS. 
DETERMINATION OF MAacH NUMBER FROM THE EQUuIVA- 
LENT AIR SPEED AND PRESSURE ALTITUDE DRAG * 1S POOLES 
— It will now be shown that, starting with the Ber- 
noulli equation for compressible flow, the ratio of impact 
to static pressure may be expressed as a function of 
Mach Number (4) and the ratio of specific heats of 
air (K). 
The generalized Bernoulli equation may be expressed 
is the as: 
(V2/2) + /{dP/p = constant 
) and for a compressible fluid where the adiabatic relation 
* an (Pp-* = constant) fe) 10,000 20000 30,000 40,000 
PRESSURE ALTITUDE (FEET) 
P/p* = Po/po® Fic. 2. Variation of 2W/Sp,a,? vs. pressure altitude, 
S = 300 ft.? 


or 
1/p®¥ = Po/poXP 
1/p = PoV/¥®/ppPV/* = Po'/KP-/K/py (7) 
Therefore, 
(V2/2) + (Po*/po) {/ P-/*dP = constant 
or 
(V?/2) + (Po¥*/po)[K/(K — 1))(P/P¥®) = constant 


y? K P Vo? K Po 
at € —] ) = constant = > FF ost 1 ee 
Co 


Assume that Pp is the pressure at the stagnation point NOTE <2 FROM FIG. | 
(6) of a fluid where Vo = 0. = 





NG. = LOW ) 





ction Then 3 n = 


on of MACH NUMBER/ 
(K/(K — 1)](Po/po) = (V?/2) + [K/(K — 1)](P/p) . cs \. 
(p/p) (P,/P) a. oe (K #) 1)/K](o/P)(V2/2) Fic. 3. Variation of M*Cp vs. Mach Number. 


7 Since KP/p is the expression for the speed of sound 








1 squared (a?) - G20 
pPo/poP = 1 + [(K — 1)/2](V*/a") C22 

1 But M = V/a and 

from Eq. (7); therefore, : 90 C35 

1 (poP?/*/Po'/*)(Po/poP) = 1 + [(K — 1)/2] M? $ 

| The last expression can now be written as ‘ 

(Po/P)\*-9/k = 1 + [(K — 1)/2]M? 6.26 

: P,p/P = {1 + [(K — 1)/2\M*}e-y) (8) Li 

where Py is the pressure at the stagnation point or . aati | 


cient impact pressure (P,) and P is the static pressure Fic. 4. Mach Number vs. pressure altitude for various drag 
(P,,). values and lift coefficients. 
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For air K = 1.405, and substituting this value in 
Eq. (8) 

P,/Ps, = (1 + 0.2025 M?)*-4 (9) 

Eq. (9) is plotted on Fig. 5. 

This equation can also be used to construct a simple 
nomogram for Mach Number in terms of equivalent 
air speed and pressure altitude. The chart is shown 
in Fig. 6. 


GENERAL DISCUSSION 


For the summer and winter temperature lapse rates 
shown in Fig. 7, the pressure P varies little between 
summer and winter. This is shown in Fig. 8 replotted 
from reference 1. Since this is the case, one can expect 
the term '/.(dP/P) to be approximately zero in the 
expression 


MACH NUMBER 
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Fic. 5. Mach Number in terms of the pressure ratio P/F. 
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adM/M = (dV,/V,.) — '/2(dP/P) 


When the barometric pressure P is such that P is 


greater than P,, the Mach Number will be reduced. 


When P is less than P,, the Mach Number will be 


increased. It may be better to regard changes in 
barometric pressure as affecting the altitude at which a 
pull-out may be accomplished. Thus, on a day when 


P is greater than P,, the pressure existing normally at | 
10,000 ft., for example, may now exist at 11,000 ft.; | 


conversely, when P is less than P,. From this point 
of view, the existing normal changes in barometric 
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RECOVERY FROM COMPRESSIBILITY DIVES 


pressure will not cause too great a change in the altitude 
available for pull-out from a dive. 

In a vertical terminal velocity dive the drag is con- 
stant and equal to the weight of the airplane plus the 
engine thrust. The Mach Number attained in a ver- 
tical terminal velocity dive at a given altitude and lift 
coefficient will depend only on the pressure at the 
altitude under consideration, and, since the pressure 
changes only slightly between extreme summer and 
the Mach Number will be the same the 
a given altitude. This statement 
modified because of inertia 


winter, 
year round at 
will be — slightly 
effects. 


EFFECT OF INERTIA ON MACH NUMBER 


Standard Condition—i.e., Constant Lapse Rate 


As a first approximation it is assumed that the 
airplane weight is equal to its drag. Then, if the air- 
plane weighs 12,000 Ibs., it is seen from Fig. 4 that for 
C, = 0 the Mach Number is 0.988 at 40,000 ft. pressure 
altitude and 0.888 at sea level pressure altitude. Under 
standard conditions the velocity of sound at 40,000 ft. 
is 975 ft. per sec. Therefore, the airplane speed is 
0.988 K 975 = 962 ft. per sec. at 40,000 ft. Similar 
calculation shows that the speed of the airplane at sea 
level is 999 ft. per sec. The change in speed is then 
999 — 962: = 37 ft. per sec. or roughly 25 m.p.h. Now 
the time taken to cover this distance is given closely by 
dividing the distance by the average speed. “Thus, 
At = 2 X 40,000/(999 + 962) = 40.8 sec. Hence, 
the acceleration, which is the change in velocity per 
unit time, is 37/40.8 = 0.91 ft. per sec.*. This is 
0.91/32.2 = 0.0282g. Because of this acceleration the 
airplane is apparently lighter by 0.0282 X 12,000 = 
340 Ibs. 

Fig. 4 shows that such a change in apparent weight 
would decrease the Mach Number between 0.002 
and 0.004 units. The latter figure applies at sea 
level. 

From the small magnitude of the change it is seen 
that the original assumption that the drag is equal 
to the weight is true to an extremely high order of 
approximation. 


Nonstandard Conditions—i.e., Temperature Inversion 


Now assume that a temperature inversion such as 
that shown in Fig. 9 exists. According to the analysis 
of the preceding section a slight acceleration will occur 
in the dive until a pressure altitude of 10,000 ft. is 
reached. The airplane then enters a region where the 
velocity of sound decreases so that the Mach Number 
tends to rise and bring the drag up. This rise is added 
to an increasing drag caused by the increasing density 
so that an appreciable increase in drag occurs with a 
consequent decrease in velocity. However, the air- 
plane velocity change lags behind the sound velocity 
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change so that the Mach Number increases substan- 
tially. 

Assuming that there is a constant deceleration 
A when equilibrium is established, there is a constant 
drag given by D = m(A + g). 

Now, by means of Fig. 4 and Fig. 9, the acceleration 
of an airplane having a constant drag is easily obtained 
by the methods of. the preceding section. For ‘a 
12,000-lb. drag in the inversion, the deceleration is 
7.7 ft. per sec.*, while at a 14,000-Ib. drag the decelera- 
tion is 7.5 ft. per sec.” 

A 12,000-lb. airplane would have an incremental 
weight of 2,850 Ibs. at a drag of 12,000 Ibs. and 2,800 
at a drag of 14,000 Ibs. From these considerations it 
appears that equilibrium will be established when the 
apparent weight of the 12,000-Ib. airplane is about 
14,800 Ibs. and the deceleration is about 7.5 ft. per 
sec.” As a matter of fact it is easy to verify that this 
condition does result in equilibrium. 

The transient has a time constant given by (1/m) X 
(dD/dV). From Fig. 4 dD/dV is found to be approxi- 
mately 150 Ibs. per ft. per sec. Hence, the time con- 
stant of the transient is about 0.4 so that the transient 
dies out to 37 per cent of its original value in 2.5 sec. 
Since this motion occupies 10 sec., the transient should 
be negligible throughout the greater part of the motion. 
This reasoning is further substantiated when it is con- 
sidered that the actual entrance into the inversion 
will be gradual so that the initial value of the transient 
should be small. 

By referring to Fig. 4 it is found that the new equilib- 
rium condition results in a Mach Number of 0.909 at 
sea level pressure altitude. Compared with the old 
value of 0.888 this indicates an increase of 0.021 units, 
or, if it is considered that the Mach Number would be 
decreased slightly under standard conditions, it appears 
that the total effect of an inversion will be to cause the 
Mach Number to be 0.025 units greater at sea level 
pressure altitude than it would be under standard 
conditions. 
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EXAMPLES 


Example 1 


Assume that the pilot sets his altimeter to zero when 
operating out of an airport at 6,000 ft. altitude. When 
his altimeter reads 10,000 ft. he is then at an actual 
altitude of 16,000 ft. His pressure is then in error by 
20.58 — 16.21 = 4.37 in. of mercury. Applying Eq. 
(4), we find that there is '/, (4.37/20.58) = 10.6 per cent 
error in the Mach Number. This means that, if the 
placard speeds correspond to 0.80 Mach Number, the 
pilot is actually at 0.8 + 0.106 X 0.8 = 0.885 Mach 
Number when flying at the placard speed. 


Example 2 


Suppose the pilot decides to exceed the equivalent 
placard speed 40 m.p.h. in an otherwise normal flight. 
Suppose this speed were 400 m.p.h. In that case 
Eq. (4) shows that the per cent change in Mach Number 
is equal to the per cent change in V,. In this case 
dV,/V, = 10 per cent. Hence, if the placard is de- 
signed for 0.8 Mach Number, the pilot has exceeded 
this by 0.1 X 0.8 = 0.08 units and is flying at 0.88 
Mach Number. 


Example 3 

Suppose the pilot is in a compressibility dive. Ex- 
perience shows that the pilot can usually start a pull- 
out at around 10,000 ft. According to Fig. 4 his Mach 
Number is then 0.965 — 0.914 = 0.051 units less than 
it was at 30,000 ft. In normal conditions the Mach 
Number decreases still further as he continues the pull- 
out. Ina temperature inversion, however, about 2,800 
Ibs. must be added to the airplane’s weight. According 
to Fig. 4 his Mach Number then rises somewhat and 
does not again reach the value at 10,000 ft. until the 
pilot reaches a pressure altitude of about 3,000 ft. 


Example 4 


Suppose the stick forces are high but the pilot can 
still attain a lift force of lg. The resulting C, is given 
by 


'/s(p V?C_S) =L 


0.001756 at 10,000 ft. 
V = 1,000 ft. per sec. 
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5S = 300 
L = 12,000 
Then 
12,000 2 
Cr - = 0.0455 


~ 0.001756 X 10° X 300 


According to Fig. 4 this will result in (0.0455/0.2) x 
(0.914 — 0.882) = 0.007 units change in Mach Number. 


Example 5 


Suppose the pressure altitude is 800 ft. different from 
the true altitude. This is most readily interpreted as 
a change of 800 ft. in the altitude at which to expect a 
given phenomena. For example, a pull-out that can 
ordinarily be started at 10,000 ft. on a normal day 
cannot be started until 9,200 ft. on a day with a low 
barometric pressure. 


CONCLUSIONS 


(1) Ithas been shown that for standard summer and 
winter conditions, the variation in Mach Number is 
small and that, if the airplane is flying slightly below 
the upper safe limit of M, the pilot should experience 
no trouble in pulling out of a dive provided the equiva- 
lent air speed does not vary. 

(2) A temperature inversion, change in equivalent 
air speed, or an appreciable change in pressure may put 
the airplane in an unsafe zone as far as recovery froma 
compressibility dive is concerned. 

(3) If a normal temperature lapse rate exists, the 
airplane Mach Number in a dive tends to decrease with 
altitude while the velocity rises slightly. With a tem- 
perature inversion the Mach Number will rise suddenly 
as the inversion is entered. It will then decrease 
slightly while the velocity decreases more markedly. 

(4) If a normal temperature lapse rate exists, the 
airplane inertia effects are small, and the assumption 
that ihe drag is equal to the weight is true to a high 
order of approximation. In a temperature inversion 
the inertia effects are important since the apparent 
weight of the airplane acting as thrust in a dive is ap- 
preciably increased because of the rapid deceleration 
that takes place. 
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The Simplification of Flutter Calculations 
by Use of an Extended Form of the 


Routh-Hurwitz Discriminant 


S. SHERMAN,* J. DiPAOLA,t anv H. F. FRISSELt 
Curtiss-Wright Corporation 


SUMMARY 


Methods are presented for determining the stability of the 
solution of the flutter polynomial by a finite (not approximate) 
calculation. The method is a generalization of Routh’s and 
Hurwitz’s discriminant to cover the case with complex coeffi- 
cients. Use of the extended discriminant presented in this paper 
should save considerable time in flutter calculations. Further 
possibilities are opened up for machine methods. Full mathe- 
matical proofs and further development of these ideas are re- 
served for a later paper. Additional reports are planned applying 
the ideas to airplane and helicopter stability calculations. 


INTRODUCTION 


pe ncmragssny FOR THE DYNAMIC STABILITY of air- 
planes and for the flutter of airfoils have many 
points of similarity. In each case a stability determi- 
nant is set equal to zero and the character of the roots 
of the resulting equation indicates the presence (or 
absence) of instability. In the case of dynamic in- 
stability a polynomial with real coefficients is set equal 
to zero. Although considerable literature! has been 
devoted to the solution of such equations, the process is 
fairly laborious. Fortunately, such actual solutions 
prove to be unnecessary, since, for the conventional cal- 
culation, stability is equivalent to the condition that all 
of the roots have negative real parts. Routh? and Hur- 
witz* and Duncan, Frazer, and Collar in their rephras- 
ing of Routh’s discriminant‘ have shown that the roots 
of 


> "p.2" —k — 0 
k=0 
are stable if, for p, real,O < k < n, and p} = 0,k > n; 
D= pf 
pi Po 
D, = 
Ps pe 
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are each greater than zero. This fact makes possible 
considerable saving of time in stability calculations. 

In stability problems of more recent origin the Routh- 
Hurwitz discriminant stated above cannot be directly 
applied because (a) the coefficients, p,, are complex and 
(b) the complete criterion for stability is no longer that 
the real parts of the roots be negative. 

In the flutter polynomial the coefficients are complex 
valued functions of v/bw because the wake induces a 
phase lag between the aerodynamic forces and the dis- 
placements. In addition, structural damping causes a 
phase lag between the elastic forces and the displace- 
ments. In flutter the condition that the roots have 
negative real parts is a sufficient but not necessary con- 
dition for stability and, as a sufficient condition, is not 
generally useful, since few of the flutter polynomials 
occurring in practice will satisfy it. However, the 
question of the possibility of using the coefficients in 
the flutter polynomial directly to indicate the presence 
or absence of flutter has been proposed.® ® 

In this paper, procedures are presented for determin- 
ing whether a given polynomial with complex coeffi- 
cients has a stable or unstable solution by simple opera- 
tions upon the coefficients of the polynomial. Some 
useful simplifications for detecting flutter speed are 
included. The basis of the procedures is a generaliza- 
tion of the Routh-Hurwitz discriminant for which 
mathematical proofs will be published in a separate 
paper. The first method, based on Hurwitz’s work, 
gives a sufficient condition for the absence of flutter. 
The second method, based on Routh’s work, gives a 
sufficient condition for the absence of flutter. The third 
method, which is a continuation of the second, gives a 
necessary and sufficient condition for the absence of 
flutter. These methods, tempered with engineering 
judgment, can expedite, from a knowledge of the flut- 
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ter polynomials, conclusions pertinent to the likeli- 
hood of flutter in the airplane. In the following, the 
flutter problem is emphasized, although similar con- 
siderations apply to other types of stability calcula- 
tions. 


DISCUSSION 


Generalization of the Hurwitz Discriminant 


Let fo(z) be a polynomial in z with complex coeffi- 
cients py. 


fo(z) = 2" + pisz® ~*'+...4+ Dy (1) 


An iterative process on the coefficients p,”, where the 
superscript indicates the mth polynomial obtained by 


the process, is given by the following definitions. If p 
is any complex number, let 

p = Pr + IPp Pr Pr real (2) 

R(p) = br (3) 

I(p) = br (4) 

pb.” = 0, fork > (n —m), OSms (n—1) (5) 

bo = bo Ron (6) 

Pir ™, k even ee 

Sider (7) 


UP) = 1 ben”, b odd 


go' = Pir°*pi® — Q(pr2°) 

Gi! = Pir°be® — @(ps°) 

Be gutieeo che Sr Aenean (8) 
Q:' = Pir’Pe+ i° — A(pe+ 2°), OS Rk { 


let ™ — 1 — QA(Pe+ 2" -—1),0 Sk 


a” = Pir™ 
; Gi 1 a” 
pe = —/ PP w= bSaesi(s.— 1) (9) 
qo' go” 
If all the roots of f(z) have negative real parts, f(z) is 
called a Hurwitz polynomial. By the methods of 
Hurwitz* the following may be shown. 
Theorem 1. A necessary and sufficient condition 
that f(z) be a Hurwitz polynomial is that 


Pr™ > 0, OSm< (n — 1) 


A Sufficient Condition for the Absence of Flutter 


The range of damping coefficients occurring in air- 
craft structures is such that 


(1 + jgi)(1 + jg2) = 1 + j(gi + ga) (10) 


Assume a fixed value of v/bw and let the damping in the 
ith degree of freedom be g; + g, where g; is a conserva- 
tive estimate of the structural damping coefficient in 
the ith degree of freedom and g, the additional damping 
required, is to be determined. When use is made of the 
approximate equality given above, the expanded deter- 
minant has the form 


g(z) = 2° + de" -'+...+5, =0 (11) 
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where 2 = (w,/w)?(1 + jg). Ifz, andl <r< mare 
the roots of g(z) = 0, then a sufficient condition for the 
absence of flutter is 

I(,,) = 0, l = r < n (12) 


A solution satisfying this condition means that negative 
damping is required to induce flutter. If the value 
g: = 0, 1 <7 < n is assumed, then the polynomial 
g(z) is identical with that used by the Matériel Center,’ 
In the illustrative examples of this paper the assump. 
tion g; = 0,1 <i < mis made. 


Application of Theorem 1 to Flutter Analyses 


From Theorem 1 and condition (12) a sufficient con- 
dition for the absence of flutter may be derived. Let 


pi? = (—j)*be (13) 
and let 


f(z) = Do", %s* -* (14) 


k=0 
If (z;,), 1 < r < nm are the m roots of f(z) = 0, then 
Zipp = —J2qr (15) 
and 
R(Zp,) = R(—j2gre + 2grz) = I (Sqr) 
and condition (12) is equivalent to 


Riss) <20;. L.S9nS2 


Therefore: Theorem 2. The condition R(p,") > 0, 
0 < m < (nm — 1) isa sufficient (not necessary) condi- 
tion for the absence of flutter. 

Tabular arrangements of calculations for p,” are 
given in a separate section of this paper. 


Generalization of Routh Method 


A second method for testing a flutter polynomial may 
be derived from Routh’s discriminant. Take the flutter 
polynomial 


g(s) = 2" + ds*-'+...4+5, 
and let 
f(z) = g(z) = 2* + pie” -~'+...4+ p," (16) 
z= x, f(x) = So(x) + jSi(x) 


where So(x) and S;(x) are real valued polynomial func- 
tions of x. Form the Sturm sequence’ 


So(x) = qS1(x) ~— So(x) 
Si(x) g2So(x) <—_ S3(x) 


Sy - 2(x) = Qn - 1 Sy — 1(x) — Sy 


(17) 


(18) 


where S,,(x), m < Nisa polynomial in x; Sy is a con- 
stant independent of x; and g,,(x) is a polynomial in x 
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SIMPLIFICATION 


and degree S, + 1(x) < degree S,(x). The assumption 
js made that Sy ¥ 0, although the special case Sy = 0 
would merely simplify the problem. 


Another Sufficient Condition 


Let the leading coefficients of So, Si, . . ., Sw be 
Ao’, Ao!, Ao’, . . . Ao” (19) 
Let the constant terms in these polynomials be 
6 SO =a (20) 


Call the number of variations in sign in the sequence 
19) V.. Change the sign of those terms Ao”, which are 
coefficients of x raised to an odd power. The number 
of variations in sign in this sequence is called V_.. 

Theorem 3. If V-. — Vj = n where n is the num- 
ber of roots of g(z) = 0, then the flutter polynomial 
equation has no unstable roots. 


Corollaries to Theorem 3 


(1) If piy° is negative, the sufficient condition for the 
absence of flutter given by Theorem 3 is no longer 
satisfied. 

(2) If there are m + 1 terms in the sequence 
(So, Si, . . -. Sy) and if the leading coefficients, Ao, 
Ay!,..., Ao” are all of the same sign, then the sufficient 
condition of Theorem 3 is automatically satisfied. 

(3) If there are less than m + 1 terms in the se- 
quence (So, Si, . . ., Sy) then the sufficient condition of 
Theorem 3 is not satisfied. 


Further Generalization of Routh Method 

If a given polynomial does not satisfy the sufficient 
condition of Theorem 3, a third method may be em- 
ployed. The third method consists first in applying the 
second method to get 


Ao’, Ao', . . . Ao” (21) 

and the constant terms 
re & SE él (22) 

Let s = jy and obtain 
f(2) = 'Soly) + 9 ‘Sily) (23) 


Form a Sturm sequence using ‘So and ’S, as the first 
two terms. 


‘Soly) = nn’ Si(y) — "So(y) ) 
’Si(y) = ge’Se(y) — 'S.(y) 


"Su — 2(¥Y) = Qu —1'Su -1(y) — "Sw, 


where 'S,,, m < M is a polynomial in y; ‘Sy is a con- 
stant independent of y; and qg,, a polynomial in y and 
fork = 1 degree ’S,+.1(y) < degree ’S;(y). Again 
consider the coefficients of the leading terms, this time 
m “So, ’Sy, .. +> “Sa, to obtain 

"Ad, ‘Ad’, .. 


, '‘AgM (25) 


OF FLUTTER 
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and the constant terms 


‘<> Serum (26) 


The number of variations in sign in sequences (21), 
(22), (25), and (26) are called, respectively, V., Vor, 
Vie, Vy. 


The Necessary and Sufficient Condition That a Flutter 
Polynomial Have No Unstable Roots 
Theorem 4. For n, the degree of the flutter poly- 
nomial, even a necessary and sufficient condition for the 
absence of flutter for fixed v/bw is 


Fig! Vg Veg Ve me ef2 (27) 
Theorem 5. For n odd and 'Sp/’S; 3 0+, the 


necessary and sufficient condition for the absence of 
flutter for fixed v/bw is 


Vico — Vio + Vor — Vo = (m — 1)/2 28) 
For n odd and ’S)/’S; —> 0-, the 


yas 


Theorem 6. 
necessary and sufficient condition for the absence of 
flutter for a given value of v/bw is 


Vj00 _ V 50 + Vor -—- Ve = (n + 1)/2 


Applications to Flutter Analysis Procedure 


In applying any of the three methods, one first forms 
the flutter polynomials for either the range of v/bw = 
1/k suspected to be critical from previous information 
or, if there is no previous experience to draw upon, for 
a range starting with the lowest tabulated value of 
1/k > 0. A good upper bound to use for the values of 
1/k is vo(1.2)/bw, where vp is the true terminal velocity 
of the airplane in feet per second, 0 is the representative 
semichord of the wing in feet, and w, is the estimated 
flutter frequency of the airfoil in radians per second. 
For flutter analyses involving a torsional mode a good 
estimate of w, would be 


w, = 0.8, 


where w, is the torsional frequency. 

After the flutter polynomials have been set up for 
the required values of v/bw, it is desirable to apply 
either the sufficient condition of Method I or that of 
Method II. In general, either the criterion will be 
satisfied for all the required values of 1/2, in which case 
no further work need be done, or there exists a value 
1/k, beyond which the flutter polynomial fails to satisfy 
the sufficient condition. If the latter alternative results 
from applying the sufficient condition, one either 
(a) gets an estimate of the flutter speed for the last 
value 1/k = 1/k, for which the stability condition held, 
or (b) applies Method ITI. 

For alternative (a), suppose the sufficient condition 
to be satisfied for 1/k,; and not satisfied for the succeed- 
ing value 1/k = 1/k2, 1/ki < 1/ke. Then, by arguing 
from the stability present for 1/k = 1/k; and the esti- 
mated flutter frequency, one arrives at a conservative 
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estimate of the flutter speed; but, if this estimate indi- a function of a natural frequency ratio, the graphical} for™ 
cates a critical flutter speed, one solves the polynomial method developed by Lt. Comdr. L. Arnold (Bureay} ere 
equation for 1/k; and 1/k, determining in each case the of Aeronautics)* has been found to be extremely useful, At 
damping coefficients, g, and the corresponding flutter In first attacking a flutter problem the analyst mug} i1 ™ 
speeds vy. In most practical cases at least one of the decide what method is best suited to his particular} degt 
dampings corresponding to 1/kz will be positive, and problem. Where flutter velocity versus damping repre} 5442 
the damping corresponding to the same branch of the _ sents a suitable solution, the application of the stability | 10™ 
curve of v, versus g will be negative at 1/k:. The tests described in this paper is recommended. j E: 
straight line joining these two points in a plot of plot 
vp Versus g intersects the line g = 0 at a value of yyequal //ustration of the Stability Test Calculations tion 
to the flutter speed of the airplane. Should all the g’s To apply the generalized Hurwitz condition og} °° 
corresponding to 1/k, be negative, then it is recom- Theorem 2 to a flutter polynomial equation the « 
mended that the stability polynomials be solved for the anal 
succeeding values of 1/k or that Method III be em- g(z) = 0 in Fi 
ployed. a new equation ity 1 
For alternative (b) apply Method III for 1/k = 1/hk: fo(z) = 0 enco 
and continue to apply it until the necessary and suffi- . ; _ aks. M 
cient condition fails Hl be satisfied. In aacadan solve derived by multip lying the roots of g(z) = 0 by —j nant 
the polynomial equations for values of 1/k just before The detached energy of fo(z) = 0 are then used to acco 
and just after the instability occurs and thus obtain a calculate the terms p,"[0 S bye = (n — 1). Eq. 
conservative estimate of the flutter speed. Even when From Eqs. (8) and (9) it is evident that (Sm) 
procedure (b) is necessary, considerable time is saved m _. Pir™ ~ 'De+1™ —-) — Q(de+ 2™ — ') Sa 1 
by avoiding solutions of irrelevant complex polynomial Px” = Pin™ ~ "pi" —? — Q@(p.” — 3) (Sm) 
equations. 
where @(p,™) is governed by definition (7) and the other 
Types of Flutter Analyses to Which Methods I, II,and III _ terms are defined by relations (2), (3), (4), (5), and (6). Hen 
May Re Agptied A convenient procedure for calculating p,” is illus- 
k or cc 
The theorems of the preceding discussion are of a_ trated in Table 1. 
general nature and may be applied to any polynomial The following notation is adopted. Let patt 
of finite degree with complex coefficients in any problem fm = {qo ™ =} . 
where it is advantageous to know whether condition i wis sss o~s indic 
(12) is satisfied. Application is made to flutter prob- and tion 
lems for two or three degrees of freedom because these fitimg aia 42, ae m} 
provide the most immediately useful application of the m = Sm (aormatized) = (1s Pty + - 1 Pa—m 
principles. The methods may be applied equally well fo’ is the set of coefficients of fo(z) defined above. The 
to equations of higher degree. It should also be borne Inspection of Table 1 reveals that for all values of m, start 
in mind that in many flutter problems it is not desir- ,” lies in the first quadrant and, hence, the sufficient peat 
able to obtain flutter velocity as a function of the addi- condition of Theorem 2 is satisfied. The work of divid- ing ¢ 
tional damping required in the structure in order that ing through the polynomial f,, by its leading coefficient sign, 
the conditions for the onset of flutter be satisfied. In to obtain the coefficient of f,,’(z) may, of course, bef fied. 
cases where it is desirable to obtain flutter velocity as done by operating with either the polar or rectangular is 
TABLE 1 g(2) 
g(z) = 28 + (—2.164 + 2.539f)2? + (—1.421 — 5.711j)z + 1.190 + 2.0757. Eq. (a) 
Coefficient Po pr ps Ds the 1 
Rule to obtain Fr 
fn+1 from f,’ Pirti — jprr Pirp2 — Pre PirPs — jpar PirPs — Por Raia 
fo! 1.00 + Oj 2.539 + 2.1647 1.421 + 5.711; —2.075 + 1.190; Ve: 
fi 6.447 5.683 — 5.268 0 
—0.217j 414.500; + 3.021; or 6. 
° 41.611 33.492 —34.618 
+94.715j +18.333j — 
big 1.00 0.805 — 0.832 
Oj + 2.276j + 0.4417 - 
hs 0.648 — 0.670 “4 
+1.391j + 0.3557 ; he 
2.355 0.0596 iy 
+ 1.1620j .. 
fs’ 1.00 0.0253 zx 
+0) + 0.49347 al 
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SIMPLIFICATION OF FLUTTER 


form of the complex numbers depending upon the pref- 
erence of the computer. 

An estimate of the relative amount of work involved 
in making this calculation for polynomials of different 
degrees may be obtained by considering the number of 
squares to be filled. For an mth degree flutter poly- 
nomial, (32/2) + (5n/2) — 2 squares must be filled. 

Experience has shown that the angle of :" ~ ?, when 
plotted against v/bw, gives a good graphical representa- 
tion of the change in the stability of the polynomial 
equations as v/bw varies. Such a plot makes possible 
the choice of a suitable range of v/bw for more detailed 
analysis. This type of graph is compared qualitatively 
in Figs. 1, 2, and 3, with the final results of flutter veloc- 
ity versus damping for three flutter problems actually 
encountered. 

Method II. To apply the extended Routh discrimi- 
nant to the polynomial g(z), Sp and S; are determined 
according to Eq. (17). A sequence (S,,), satisfying 
Eq. (18) is to be determined. Instead of obtaining 
(S,) directly, it is sufficient to consider the terms of 
S, multiplied by a positive quantity. The sequence 
(S,,) is defined by 


Sn(x) = KS n(x) 


Hence, the number of variations in sign in the leading 
or constant terms will be the same whether one considers 
Sm ot Sm. Reference 4 (page 152) gives a convenient 
pattern for computing the coefficients of the functions 
5,. To obtain S, from Sp and Sj, an auxiliary sequence, 
indicated by a star, is first obtained by cross multiplica- 
tion. Thus 


Ao* = Ao'A,® — A;'Ao® 


The cross-multiplication process is repeated using the 
starred row and S, to obtain 5S,. S; is obtained by re- 
peating the process starting with S; and 5,. If the lead- 
ing coefficients in each of the terms 5, are of the same 
sign, the sufficient condition of Theorem 3 will be satis- 
fied. If, for example, the flutter polynomial to be tested 
is 


g(z) = 2? + (—4.3306 + 0.5400/)2? + 
(5.6056 — 1.3747j)z — 1.9857 + 0.65317 


the test functions are given in Table 2. 

From the sequence (5,,) the quantities V. and 
V_.. necessary for applying Theorem 3 are obtained, or 
V.. and Vog for applying the criterion of Theorem 4, 5, 
or 6. 








TABLE 2 
% i —4.3306 5.6056 —1.9857 
S; 0.5400 —1.3747 0.6531 
. —0.9638 2.3739 —1.0723 
5; 0.0430 —0.0504 
* —0.0319 0.0281 
5 0.0004 
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Fic. 1. Comparison of results for a wing flexure-torsion- 


aileron ternary case. The phase angle of p," is plotted for a range 
of values of v/bw. This curve compares qualitatively with the 
damping coefficient associated with the most critical root found 
by actually solving the equations. The phase angle of ,™ is 
indicated by a circle and the value read from the left-hand scale. 
The damping coefficient is indicated by a triangle, and its value 
is read on the right-hand scale. 
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Fic. 2. Comparison of results for a wing fiexure-torsion binary 
case. Circle indicates phase angle of ~,". Triangle indicates 
damping coefficient associated with the most critical root. 
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Fic. 3. Comparison of results for a fuselage vertical bending, 
stabilizer bending, elevator rotation ternary case. Circle indi- 
cates phase angle of ~,". Triangle indicates damping coefficient 
associated with the most critical root. 


Method III. If the necessary and sufficient condition 
for the absence of flutter is to be applied to the poly- 
nomial equation, the sequence (’S,,) must be calculated 
in order to determine V;. and Vy. To obtain (’S,) 
it is necessary to distinguish between the calculations 
when 7 is even and when m is odd. When 1 is even, since 
Po = 1, ‘So will have its leading term positive and the 
degree of ’So will be one higher than ’S;. For conveni- 
ence, every term in g(z) may be multiplied by —1 so 
that the leading term of ’So will be positive. In this 
case the calculation of (’S,,) is made in a manner 
exactly analogous to the calculation of (S,,). 
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When 1 is odd a few modifications must be introduced. 
For n odd, po real, ’So is of degree one lower than ’S,. 
In this case the test function ’.S, is defined as 


'S =e ’So, n odd 


’S3 is then calculated by the cross-multiplication process 
starting with ’S,; and ’S,. The sequence of functions 
from which V,,. and Vy are to be determined is 


"So, ‘Sy ‘Ss - —'So, Ss, ory ‘Sw 


After determining V;.. and Vy it is necessary to decide 
whether Theorem 5 or Theorem 6 1s applicable. This 
can be quickly done by examining the signs of the lead- 
ing coefficients in ‘Sp and ’S;. If ’Ao® and ‘Ao! are of 
the same sign, Theorem 5 gives the appropriate cri- 
terion. If ’Ao® and ‘Aj! are of unlike signs, Theorem 6 
gives the appropriate criterion. For the polynomial of 
Eq. (a) the functions (’S,,) are calculated in Table 3. 








TABLE 3 
‘= —4.3306 —1.3747 1.9857 
'S; 1 0.5400 — 5.6056 —0.6531 
'Se 4.3306 1.3747 — 1.9857 
G 0.9638 — 22.2899 —2. 8283 
fF 97. 8536 10.3344 
bd 89.7652 — 194.3079 


S, 19,941.4 





In applying the necessary and sufficient condition it 

is frequently possible to terminate the Sturm procedure 
before calculating the constant term. Call the con- 
stant term in the sequence (5,,), Sy. The preceding 
function Sy — ; has the form 
Sw —1 = Ao™ — x + Ay” 
If Ao” - ! and A,” ~! have the same sign, Sy need not 
be calculated, since the effect of a change in sign as m 
increases from N — 1 to N would be canceled in taking 
the difference V> — V.. The same reasoning applies 
to the sequence ’S,,. It is important to note that this 
simplification may only be used when the necessary and 
sufficient condition is being applied. 


Use of the Test Functions to Approximate the Most Criti- 
cal Root 
After the polynomial equations have been tested by 
either of the discriminants, it may appear desirable to 
obtain the solution of polynomial equations for one or 
two values of v/bw. The flutter speed is determined 
from the rea] part of the root according to the relation 


Ve = (v/bw)(w/w,)w,b 


Before actually solving the equation it is advantageous 
to know approximately the value of the real part of 
that root which has the smallest imaginary part. When 
a good approximation for (w,/w)* is known, it is possible 
to estimate the flutter speed with reasonable accuracy. 
Moreover, it is possible to obtain the most critical of 


the ” roots first. When this critical root has been ob- 
tained, it is usually not necessary to solve for the other 
n — lroots. It can easily be shown that the modulus of 
pi” — 1 is approximately equal to (w,/w)*, but for angles 
close to 90°, pi," —! = |p," ~ 1]; hence, we may take 
as an approximation of the flutter speed 


Ve = (v/bw)(1/V pry” — 3)bw, 


If more exact values are desired, then in Newton's 
method let the first approximation be (pf; ~' + 0)). 
There will then be rapid convergence because of the good 
first approximation. 

If the polynomials have been tested by the condition 
of Theorem 3, then a first approximation for the critical 
root of g(z) = 0 may be obtained by solving S,(x) = 0 
and choosing that real root, or real part of a complex 
root, which is most nearly equal to 1. This approxi- 
mation will usually be sufficient to obtain the most 
critical root of g(z) = O first but does not permit so 
close an estimate of the flutter speed before actually 
solving the equation as the use of the term ~;"~?. In 
general, a solution by Newton’s method is desirable to 
ensure an accurate value of w,/w from which to obtain 
the flutter speed. 


NUMERICAL EXAMPLES 


(A) Flexure, Torsion, Aileron Ternary Case 


The true terminal velocity of airplane A was not 
known; hence, to obtain an upper bound for the param- 
eter v/bw, the velocity of sound at sea level, V,, and 
the lowest natural frequency were used and the quantity 

V,/bw, = 4.70 


was taken as an approximate upper bound. The refer- 
ence frequency and semichord are given as 155.8 rad. 
per sec. and 3.28 ft., respectively. Flutter polynomial 
equations were set up for values of v/bw in the range 


0.50 < v/bw < 5.00 


Application of the stability tests of Method I showed 
that the condition of Theorem 2 was satisfied for 
v/bw < 2.94 and not satisfied for v/bw > 3.75. Fig. 1 is 
a plot of »:” for this case. Tables 4 and 5 show the 
stability calculations for v/bw = 2.94 and v/bw = 3.75. 
The value of f1,? for each of the polynomial equations is 
used to obtain an approximate value for the most critical 
root. For v/bw = 2.94 the real part of the most critical 
root is approximately 1.421, and 1.683 for v/bw = 3.75. 
By using these two roots as approximate values of 
(w,/w)?, the flutter speed Vp is found to lie in the range 


859 m.p.h. < Vp < 1,007 m.p.h. 


Since it is bizarre to apply the conventional incompres- 
sible air forces or any of the empirical corrections hith- 
erto suggested to the case where the Mach Number 
is close to or greater than 1.0, no further investigation 


was made. 
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TABLE 4 
g(s) = 23 + (0.377 + 9.947)2? + (—75.5 — 54.9j7)2 + 104.00 + 55.107 
= 2.94 
Coefficient @ p pi p: Pp: 
Rule pPirfi — Jpe1 PirP2 — Par birds — jpar PirPs — Pse 
1.00 9.940 75.50 —55.10 
+0; —0.377j +54. 90j +104.00j 
f 98.80 805.57 — 547.69 
— 58.657 +545. 71j + 1,033 .767 
” 13,201.26 47,584.42 — 114,741.80 
+101,162.837 + 70,013.477 
f,’ 1.00 3.60 ~8.69 
+07 +7 .667 +5.307 
f, 12.96 =31.28 
422.28; 419.08; 
. 664.36 +19.71 
+944. 20) 
f° 1.00 0.0297 
+07 +1.421) 
TABLE 5 
g(z) = 23 + (7.61 + 12.50f)22 + (—145.5 — 52.00j)2 + (219.00 + 55.407) 
v/bw = 3.75 
Coefficient Po Pp: p: Ps 
Rule pPirti — jpe1 Pirp: — psr pPirPs — jpar Piri — Psr 
fo’ 1.00 12.50 145.50 — 55.40 
+0) — 7.61) +52.007 +219.007 
fi 156.25 1,874.15 — 692.50 
— 147.137 +650.00j7 + 2,737.50] 


* 46,061.30 197,201.44 
+377,306.197 


fi’ 1.00 
+07 
fe 18.32 
+27 .98] 
e 1,118.50 

+1 
fe’ 1.00 
+07 
Example A 


Example A is covered in Tables 4 and 5. 


Example B 

Methods II and III will be applied to the same flutter 
analysis used in Example A. The sufficient condition 
of Theorem 3 was applied to the flutter polynomials, 
and it was found that the condition was satisfied for 
v/bw < 2.94 and not satisfied for v/bw < 3.75. The 
necessary and sufficient condition was applied to the 
flutter polynomial for v/bw = 3.75. The flutter poly- 
nomial failed to satisfy the necessary and sufficient 
condition, and hence it was known that, for this par- 
ticular value of the parameter v/bw, g(z) = 0 had an 
unstable root. In order to obtain a first approximation 
for the critical root, the equation S;(x) = 0 was solved 
when v/bw = 2.94 and v/bw = 3.75. In each case, the 
values 1.318 and 2.08 were used as a first approxima- 
tion in Newton's method. The critical root of the poly- 


— 510,971.50 

+325,846 . 857 
4.28 —11.09 

+8.197 + 7.077 

— 47.47 

+30. 267 

— 22.98 

882. 577 

—0.0205 

+1.68317 


nomial equation for v/bw = 2.94 was found to be 
1.506(1 — .0597), and for v/bw = 3.75 the critical root is 
1.690(1 + .017j). These results yield two points on a 
plot of flutter velocity versus damping. 


g | Vp m.p.h. 
—0.059 | 835 
+0.017 | 1,005 
Linear interpolation gives as value of Vp for g = 0a 


flutter speed of 967 m.p.h. 

Calculations of the Sturm functions for Example B 
are given in Tables 6, 7, and 8. In performing the cal- 
culations, it was often convenient to multiply through 
one row of the table by a power of 10. This gave num- 
bers of convenient order of magnitude. This procedure, 
of course, does not affect the results, since it is the sign 
and not the magnitude of the terms which is being 
considered. 
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TABLE 6 
v/bw = 2.94 
Se 1 0.377 —75.500 104.00 
S; 9.94 —54.90 55.10 
. 58.65 —805.57 1,033.76 
5S,  +47.87 —70.44 
. —19.28 26.38 
5; 95.27 
TABLE 7 
v/bw = 3.75 
So 1 7.61 —145.50 219.00 
S; 12.50 —52.00 55.40 
° 147.13 — 1,874.15 2,737. 50 
S: 157.76 —260.68 
° —49.45 87.40 
& —8.976 
TABLE 8 
v/bw = 3.75 
’So 7.61 —52.0 —219.0 
'S; 1 12. 50 145.50 —55.40 
'Ss -7.61 52.00 219.00 
. -147.13  —1,326.26 421.59 
S, —177.44 —290.13 
From Table 8 


Vico => Vio = —2 
Vio — Vjo+ Vor — Vo # (m — 1)/2 
For v/bw = 3.75 


Let Si (x) = 0 
12.50x* — 52.00x + 55.40 = 0 


x = 2.08 = (1/25) V —66 
For v/bw = 2.94 ; 
Let Si(x) = 0 
9.94x? — 54.90x + 55.10 = 0 
x, = 4.205 
x2 = 1.318 





CONCLUSIONS AND RECOMMENDATIONS 


(1) The theorems of Routh and Hurwitz have been 
extended to polynomials with complex coefficients and 
more varied stability conditions. 

(2) The time required to determine the stability of 
a cubic flutter polynomial has been reduced from 2!/, 
hours to 10 min. 

(3) Application of the methods described in this 
paper should reduce the time required for estimating 
the flutter speed from the stability polynomials to one- 
fifth the time previously required. 

(4) Extension of the ideas and methods of this paper 
to helicopter dynamic stability and airplane dynamic 
stability calculations is contemplated, and discussion is 
reserved for a separate report. 
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Important Announcement 


The Officers and Council of the Institute of the Aeronautical Sciences are pleased to 
announce that the Journal of the Aeronautical Sciences will resume publication as a 
monthly starting in January, 1946. This change has been made possible because of the 
relaxation of restrictions controlling the use of paper. There will be no change in sub- 
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Buckling of Stiffener and Elastic Sheet 
Combinations Under Pure Bending 


E. E. WEIBEL* 
University of California 


ABSTRACT 


stiffened sheet covering, for example in seaplane hulls, may be 
subjected to bending moments that produce compressive bending 
stress in the unsupported stiffener areas. The critical value of 
bending moment is desired at which stiffeners of open section will 
buckle torsionally. The present solution introduces the effect 
f the elastic bending properties of the sheet into the stiffener 
buckling problem. The stiffener now carries a portion of the total 
moment plus a compressive force that is equal to the tensile force 
in the sheet. The expression for the elastic moments transmitted 
from the sheet is obtained by a linear treatment of the actually 
wnlinear problem. 

Adding to the problems treated by Wagner and Kappus, 
Goodier, in those problems considered by him, finds the critical 
loads or moments as the solutions of algebraic equations derived 
from the differential equations of the problem. In the present 
oroblem the sheet-bending deflection is expressed in the Levy 
type Fourier form, which avoids the differential equation in the 
variational problem and introduces a transcendental term into 
an otherwise algebraic equation. Trial-and-error solution is indi- 
cated to obtain the critical value of bending moment 


INTRODUCTION 


< iw TORSIONAL BUCKLING of open section members 
has been discussed by Timoshenko,': * Wagner,*: 4 
Kappus® and Goodier.*:7-* Equations have been 
derived by the last named (Eqs. 31 and 32, reference 7) 
iur the buckling of bars attached to an ideal inextensible 
ind perfectly flexible sheet when the bars are subjected 
to a combination of pure bending moments and central 
em load. The idealized sheet served as a kinematic 
link providing a relation between the rotations and the 
-heetwise displacements of cross sections of the bar and 
«id not provide any of the terms in the energy expres- 
sions which were used in deriving the differential equa- 
tions referred to above. 

The sheet in an actual stiffened sheet panel under pure 
bending will have deformations and stresses somewhat 
as described below. Bending produces a cylindrical 
sheet surface, departures from which are caused by the 
combined effect of curvature and tensile sheet stress, 
equivalent to a lateral load on the sheet. These pre- 
buckling deflections tend to reduce the longitudinal 
sheet stress near the center of the panel width and to 
induce lateral median stresses, as well as bending 


stresses, in the sheet. Rotation of stiffener cross sections 
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either before or during the buckling is resisted by the 
elastic median stresses and by bending stresses in the 
sheet. An analysis based on large deflection equations 
for an initially cylindrical elastic plate would be neces- 
sary to account for these stresses. The nonlinear prob- 
lem is difficult, and at best an approximate solution 
would be time-consuming. 

In the absence of a solution of the actual problem, 
the following idealization is introduced which reduces 
the problem to a linear one while taking account of the 
bending stiffness of the sheet in the presence of assumed 
uniform median stresses. The small deflection, flat 
plate equations are used for the sheet, neglecting the 
cylindrical curvature mentioned above but assuming 
uniform tensile sheet stresses in two directions. The 
longitudinal tensile stress ¢, represents the stress due to 
bending and is proportional to the applied bending 
moment M per panel width 6. The assumed lateral 
tensile stress of value kvo, is an induced or Poisson's 
ratio stress. The panel considered may be at the cen- 
ter of a group of panels or it may be at one edge. In 
the former case k = 1/[1 + (at/B)], where at/B is the 
ratio of sheet area to frame cross-section area. In the 
latter case k approaches zero. The assumption of uni- 
form sheet stresses permits the solution of the plate 
equation and the derivation of “‘spring constant” 
functions for the elastic bending resistance of the sheet. 
Expressions for the potential energy of the elastic resist- 
ing moments of the sheet are combined with those 
given by Goodier (pp. 13 and 14, reference 7) for the 
strain energy of the stiffener and for the potential energy 
of the stiffener end moments and forces. Minimizing 
of the total energy expression leads to the prebuckling 
values of stiffener cross-section displacements and rota- 
tions. Additional procedures yield the critical or buck- 
ling values of applied moment. 


STIFFENER NOTATIONS AND DISPLACEMENTS 


The positive directions for end moments .V/; and .V, 
and forces P on stiffeners’ are shown in Fig. 2. Co- 
ordinate x and y axes in any cross section have their 
origin at the shear center S, Fig. 3, whose displacement 
has components u and v. The stiffener centroid C has 
coordinates (xo, Yo). Rotation of any cross section is 
measured by angle 8, positive clockwise. The vari- 
ables u, v, and @ are functions of 2, the coordinate in the 
longitudinal direction of the stiffener. The notation 2 
is used to distinguish this linear quantity from a di- 
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mensionless variable z used in the sheet analysis. In 
the present study, in order to relate the expressions for 
resisting moments of the sheet to the displacements of 
the stiffeners, it will be convenient to express u, v, and 
8 as Fourier sine series in either of the forms 


= - mnz p 
v= > »v,, sin OL Fga (1) 
m=! a 
or 
v= > ts UV, si mnrz,0 £ 2 <1 (2) 
m= 
and similarly for « and 8. 
SYMBOLS 
For Stiffener 
S = shear center of cross section 
x,y = axes with origin at S 
z = coordinate in direction of stiffener axis 
a = distance between stiffener supports. Panel length 
Xo, Yo = coordinates of centroid (C) of cross section 
u,v = components in x and y directions of displacement 
of S 
3 = angle of rotation of cross section, positive clock- 
wise 
5S’, x’, y’ = displaced positions of S, x, y 
g,h = x and y coordinates to point of attachment of 
sheet to stiffener 
I, Is = moment of inertia of stiffener section about stif- 


fener centroidal axes parallel to the y and x 
axes, respectively 


liz = corresponding product of inertia 

- = end thrust acting at centroid of stiffener area 

A = stiffener cross-section area 

E = Young’s modulus 

G = shear modulus 

GC = the torsional rigidity of stiffener’ 

c = of the type dc*/3 for thin open sections” 

r = Cra of Wagner,? Car of Lundquist and Fligg." 


Defined by Goodier.* A geometrical constant 
— w,)*dA, where 


of the section = S(w; 
> Dimen- 


(w; — w;) is “warping per unit twist.’ 
sions of © = [L‘] 

p = polar radius of gyration of stiffener area about 
shear center (reference 6, p. 17) (reference 7, 
pp.7and8). Ap? = S (x? + y?)dA 


—Tle {MM Mz Ty ms 
wi = mae & - hb ) reference 7, p. 14) 
_ hh (M2 Mle 
= Ahh: A ere =f 


M, = moment about an axis parallel to the y axis, posi- 
tive when it produces tension stress for (x — xo) 
positive. .4, = 0 in the present problem 


M, = moment about an axis parallel to the x axis, posi- 
tive when it produces tension stress for (y — yo) 
positive 

Ki = Sfx(x? + y*)dA — xAp?; (reference 7, pp. 
8 and 14) 

Ke = Sy(x? + y*)dA — yAp? 

oD = bending stress in stiffener at a point (x, y) 
(stiffener stresses only are positive in compres- 
sion) 

o, = P/A, uniform compressive stress in stiffener due 


to force P at stiffener centroid 
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a = o+ + op, total compressive stress at any point of 
cross section of stiffener 


For Stiffened Sheet Combination 


VM = pure bending moment about an axis parallel to the x 
axis, applied to a stiffener and sheet ef width 5 
It produces tensile stress in the sheet 


M.’ = couple acting on end of sheet of panel width 
a: = mean sheet tensile stress assumed independent of 
& and Z 

t = sheet thickness 

B = cross sectional area of cross frames 

k = or < 1/{1 + (at/B)], geometrical factor used to obtain 

Poisson’s ratio stress 
v = Poisson’s ratio 
For Sheet 

zz = coordinates of a point in the sheet 

a,b = length and width of panel 

w = deflection of middle surface of sheet from its initial 
plane 

Oz, Oz = tensile stresses in = and £ directions, respectively, 
of sheet. Assumed uniform and proportional 
to the applied moment V/V 

a = 6/a, width to length ratio of panels 

D = flexural rigidity of sheet = Ef*/12(1 — v? 

x ; = £/b dimensionless coordinate 

z = 2/a dimensionless coordinate 

u = w/t dimensionless deflection 

Ss = g2b712(1 — v?)/Et? dimensionless tensile stress 

Y¥ = XY, = function of x only 

X = Xe = mr(b/a 

€ = ¢n 

Ww => Wm 

p = Pim 

pe = Pm 

Fs = Fs,, 

Fs = Fay, 


TENSILE STRESS IN SHEET AND END LOADS AND Mom- 
ENTS ON SYMMETRICAL STIFFENER CAUSED BY MOMENT 
APPLIED TO A PANEL 


A bending moment .V/ applied to width b of the stif- 
fened sheet combination may be resolved into moments 
Mz and ./,' applied to stiffener and sheet, respectively, 
and forces P acting at the centroids of the respective 
areas as shown in Fig. lb. This is expressed by the 
equation 


M = M.+ M,’ 


+ P(h — yo) (3 


The relative importance of the couple ./,’ is given 
by the ratio of sheet moment of inertia /°/12 to stif- 
fener moment of inertia J;. This ratio is less than 1 per 
cent in most applications and consequently in the pres- 
ent analysis the couple 1/.’ is neglected. Eq. (3) then 
reduces to 

M = Mz + P(h — yo) (4 

The total compressive stress in the stiffener is 


' M2(y — Yo) : 
o=o,+% = — —— = (9 


A Iz 


where coordinate y is measured from the shear center S 
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Fic. la (left). Notation for symmetrical stiffener. Fic. 1b 
right). End moments and end loads on stiffener and sheet. 


as origin (Fig. la), and vo is the coordinate of the stif- 
fener centroid. 

At the “point of attachment” (0, A) of stiffener and 
sheet, the longitudinal strains will be equal. On the 
assumption of uniform tensile sheet stresses o, and kvc, 
in the longitudinal and lateral directions, respectively, 
the longitudinal strain in the sheet is o,(1 — kv?)/E. 
Equating this to the stiffener strain and noting that 
compressive stresses are considered positive in the stif- 
fener only and that P = o,f, 


ol — kv M.(h — yo) o,bt P 
= aan (0) 
E EI, EA 
ind 
all (h — yo) t Me = CM: 7) 
\7.[1 — kv? + (6t/A)] S 
where 


C, = (h — yo)/I2[1 — kv? + (bt/A)] (S) 
The total force P is given by 
P = ot = btC:M, (9) 


Substitution of Eq. (9) into Eq. (4) leads to an expres- 
sion for MW. in terms of / 


M, = {1/1 a AtCy(h _ vo)] } M = C.M (10) 


where 


C. = 1/[1 + dtC,(h — yo)] (11) 





Fic. 2. Notation’ for stiffener end moments and end loads 
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Notation’ for stiffener cross section. S = shear center 
and C = centroid. 


Fic. 3. 


Substitution of Eq. (10) into Eqs. (7) and (9), re- 
spectively, yields 


G, = CiC,.M = C3;M 


(12) 


where C; = C,C; is given by Eggs. (8) and (11), and 


P= tO,0.M = CM (13) 


where Cy, = b¢C,Cs. 


BENDING PROPERTIES OF THE SHEET 


The sheet, Fig. 4, assumed to be initially flat, has 
panel width 6 and length a. The origin of coordinates 
& and Z is at the center of the edge of length b. The 
stiffeners lie along the edges § = +5/2, and frames lie 
along the edges 7 = 0 and = = a. Uniform applied 
tensile stress ¢, and induced tensile stress o, = kvo, 
are assumed to be caused by, and to be proportional to, 
the moment / applied to panel width 6 of the stiffened 
sheet. 
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Assuming small deflections @ the equation which 
must be satisfied is 


4m o*m ) 0m 
aie 2 a + ——— «= 
oz* r (5 02? 024 


2 2. 
cu( *) 4 *reu(2 ?) (14) 
D \oz? D \0z? 
in which ¢ is the sheet thickness and D is the sheet 
flexural rigidity Et#/12(1 — v?). 
Substitution in terms of dimensionless variables 


gives the following equation which leads to a form of 
solution more suitable for computation 


’ 4 
ow 2ai(° = ) et (>) = 
ox4 Ox? Oz? oz4 


so) +)] 


in which w = @/t, x = #/b, z = 2/a, a = b/a and 
S, = 0,5°712(1 — v*)/Et. 

On the assumption that sheet deflections are zero at 
the ends of panels and that no moments are transmitted 
from panel to panel in the z direction, we take the solu- 
tion of Eq. (14) as® 











w= > X, sin mrz (16) 
m= 
in which X,, is a function of x only and all the symbols 
represent dimensionless quantities. This type of solu- 
tion in conjunction with the Fourier sine series repre- 
sentation of the stiffener variables u, v, and 8, Eq. (1) 
or (2), would appear to represent satisfactorily the buck- 
ling conditions for an extended network of panels hav- 
ing stiffeners whose section is symmetrical about an 
axis normal to the sheet (Fig. la). For this case alter- 
nate stiffeners buckle by rotating equal but opposite 
amounts. The same type of solution will apply to the 
case of unsymmetrical stiffeners, Fig. 5, if only one panel 
length in the z direction is included in the analysis. 
The results for this case will probably be conservative 
(M eiticat low) for an extended system of panels as in 
such a system moments will be transmitted between 
panels in the z direction. 
Letting A,, = mxb/a = mma, the quantity mr = 
\,,/a, and Eq. (16) may be written as 


cs 


ig | 

mi 
ae 
toa 


Notation for unsymmetrical stiffener. 


-— wi 
| 
| 
x 


oy, 








AS) 


th- 








Fic. 5. 


w= > Xm Sin (Ap/a@)z (17 


m=1 


The subscript m representing the number of the 
general term in Eqs. (1), (2), and (16) will be omitted 
in what follows when expressing certain variables. 
The symbols X, X, ~, €, w, pi, po, Fs, Fs* will be used to 
represent Xm, Am, Pms Em» Om Pim» Pom Fam Fsm* 
unless for clarity inclusion of the subscript seems ad- 
visable. 

Substitution of Eq. (17) into Eq. (15) and cancella- 
tion of the common factor sin (A,,/a)z yields the ordin 
ary differential equation for functions X 

X'Y — (202 + kvS,)X" + (A* + A2S,)X = 0 
(18) 


Assumption of the exponential form of solution 
X = eP? (ig 
and substitution into Eq. (15) gives the quadratic in 
(p?) 
pt — (2d? + kvS,)p? + (A* + 2S.) = 0 (20 
The solution of Eq. (20) is 


LOO 
OOOH) 





in which the quantity under the radical sign may be - 


negative, zero, or positive. Two types of solution for p 
and, hence, for the sheet problem are obtained. 
The radical is zero when 


S,/? = 4(1 — Rv)/(Rv)? (22 


By the use of Eq. (12) and the definitions of S, and 
in the list of symbols, the zero value of the radical in 
Eq. (21) occurs when the applied moment M has the 


value 
M = m*rEt?(1 — kv)/3C3(1 — v?)a*(kv)? = (23) 


C; being given by Eqs. (12), (8), and (11) and m being 
the number of half waves in the panel length a. The 
left sides of Eqs. (22) and (23) will be less than the 
right sides, yielding complex values of p in Eq. (21), 
for very thick sheet or for a large number of half 
wave lengths in the buckled shape. Conversely, with 
very thin sheet and few half wave lengths, the left 
sides of these equations will be greater than the right 
and corresponding values of » in Eq. (21) will be real. 
The four complex values of p are given by 


where 1 = V —1 and 


s © — em. Me 
\ a V2 V[1+(S./r2)] = [1+ (kv /2)(S,/d2)] (25) 
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Fic. 6. Log-log plots of €/A, w/d, pi/d, P2/A for kv = 0.2 and 


of rotational spring constant functions (b/D)Fs, (b/D)Fs*, 
(b/D) Fa, (b/D)Fa* for kv = 0.2 and = 1. For CG, see Eqs. 
(8), (11), and (12). 


The four real values of p are given by 
af], (eA\/S\ . al) 
py = +> r. 1 43 2 i] 2 
oN “4 by ke ai ih Ay 
feVS\ _ fs. . 
4 CIR) es] om 


p= * 


1!) -Wog 


Curves of €/A, w/d, pi/A, f2/d are plotted against 
S,/M—i.e., against [12(1 — v?)C;a*M/m?n?Et?] in Fig. 6 
for the case in which kv = 0.2. For this case the critical 
value of S,/d? given by Eq. (22) is 80, at which €/A = 
pi/X = po/Aand w/dr = 0. 

For other values of kv or of \, curves such as the above 
may be plotted with little computation.” 


RESISTING MOMENTS FOR SYMMETRIC BENDING OF 
SHEET, FIRST TYPE OF SOLUTION WITH COMPLEX VALUES 
OF p 


Substitution of Eq. (24) into Eq. (19) leads to a com 
bination of hyperbolic and circular functions*® 


X,, = A, cosh ex cos wx + B,, sinh ex cos wx + 
C,, sinh ex sin wx + D,, cosh ex sin wx (27) 


For symmetry about the z axis B,, = D,, = 0, leav 
ing 
X,, = A,, cosh ex cos wx + C,, sinh ex sin wx = (28) 


Replacing sin maz in Eq. (16) by sin (mm2/a) 


aw 
w= > [A,, cosh ex cos wx + C,, sinh ex sin wx} sin 
m=1 
(mxZ/a) (29) 


Assuming that attachment of sheet to stiffener causes 
the sheet to have a boundary slope equal to the rotation 
of the stiffener, the boundary conditions along the 
edges x = + 1/2 are 


w = Oforallz 


(30) 
Qw/dx = (b/t)(d@/dF) = (b/t)B 


The first boundary condition in Eq. (30) makes the 
general terms of Eq. (29) vanish, giving 
sinh (¢/2) sin (w/2) 


n (31) 
cosh (€/2) cos (w/2) 


A, = —C, 





If we take 


8 = >> Bm sin (mxZ/a) (32) 
m=1 
the second boundary condition in Eq. (3) together with 
Eqs. (31), (32), and (29) lead to an expression for the 
dimensionless sheet deflection w in terms of the general 
coefficient 8,, in Eq. (32), 





~ ‘ ee w. ‘ 
2b _ sinh> sin cosh ex cos wx + cosh : cos - sinh ex sin wx 
w=— 2 2 2 2 . - Q 
t ——— —--— - — |B, sin (mnZ/a) (33) 
m= esinw + wsinh e€ 


M,, the moment per unit length in the 2 direction 
with which the sheet resists the rotation 8 of the stif- 
fener, will be expressed as a sine series 


o 


M, = >> Mem sin (mx2/a) (34) 


m=) 


The equation relating edge moment and sheet de- 
flection along the panel side = —06/2 is 


—D(d*/d#),- 5/2 = M, 
or 


— D(t/b*)(0*w/ 0x), 2, = M; (35) 


Upon substitution into Eq. (35) of Eqs. (33) and (34), 
we obtain the relation between /<,, and 6,, 





Mx, = Fils... Wm \Bm (36) 
where 
Fe(¢,0) = | thom *| (37) 
6 wsinh € + €sinw 


The function Fx, or Fs,, (subscript S for symmetrical 
bending of sheet) is one Fourier coefficient of a rotational 
“spring constant” having the dimensions of moment per 
radian per unit width. Examination of Eq. (37) and 
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of Eq. (25) for « and w shows that the value of Fs, 
depends not only upon the geometry of the sheet and 
the material properties but also on S,, which is propor- 
tional to the moment M applied to the stiffened sheet 
combination, and on m, the number of half waves in 
which the sheet buckles. 

A curve giving values of (b/D)Fs for the case in 
which kv = 0.2 and \ = 1 is plotted against S,/d* in 
Fig. 6. 


RESISTING MOMENTS FOR SYMMETRIC BENDING OF 
SHEET, SECOND TYPE OF SOLUTION WITH REAL VALUES 
OF p 


Substitution into Eq. (19) of +p; and +f», 
whose values are given in Eq. (26), leads to the expres- 
sion 
Xm = A, cosh pyx + B,, sinh px + 


C, cosh pox + D,, sinh pox (38) 


For symmetrical bending, B,, = D,, = 0, leaving 
Xm = Ayn, cosh pix + C,, cosh pox (39) 


and 
w= >, (A, cosh pix + Cy cosh pox} sin (mrz/a) (40) 
m=1 


The boundary conditions of Eq. (30) apply again. 
Substitution of Eq. (38) into the ‘first of Eq. (30) gives 
the relation 


Am = —C,[cosh (p2./2)/cosh (p:/2)] (41) 


The second boundary cotidition in Eqs. (30) and 
Eqs. (40), (41), and (32), lead to the following expres- 
sion for w yoda 

t 


7} . P2 
2 cosh cosh pox — cosh a cosh pix 


ws- - ———— ———$—$ - 
t . 1 2 . 2 V1 
mal Pi sinh ! cosh Pp. pe sinh P. cosh Pi 
9 9 9 9 
as 7 4 
8, sin — (42) 
a 


The relation between resisting moments and angular 
rotations is obtained upon substitution of Eqs. (34) and 
(42) into Eq. (35): 


ae M xm, - F5*(Pim, Pom) Bm (45) 
where 
D D> 2 
PP al) Steen “ 
5 p, tanh (p,/2) — fe tanh (p2/2) 


(44) 
a P*a 
EA 


THE AERONAUTICAL 


= a / ) Py!? + | Po +h?) — Me 4 + 2h(M, — Py)p”? — 2M" ¢dé 
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A curve giving values of (b/D)Fs* for the case in 
which kv = 0.2 and \ = 1 is plotted against S,/X? in 
Fig. 6. It meets the curve for (6/D) Fs at the critical 
value S,/A* = 80 corresponding to kv = 0.2. 


STRAIN ENERGY OF THE STIFFENER 


For a stiffener attached to a sheet at the point (g, h), 
since this point has no motion in the x direction, 


u— hp = 0° (45) 

Upon substitution of this relation into Goodier’s® ’ 
expression for the strain energy of a bar of length 
a, in a “compressed, bent and twisted’ state, we 
obtain 


: Pa : ta” ea 


[(h2EI, + EV) 8"? + Elqv"? + 2hEI,28"v" + GCB’2] dz (46) 


in which prime represents a differentiation with re- 
spect to 2. 

For a stiffener having symmetry about an axis normal 
to the sheet, Jj; = 0 and Eq. (46) reduces to the follow- 
ing expression for strain energy 
2 1 a 
—e-2 x 
2EA 2/0 

[(h?EI, + EY) B"? + Elqv”? + GCB"*|dz (47) 
POTENTIAL ENERGY OF THE STIFFENER END MOMENTS 

AND FORCES 


On substitution of Eq. (45) and the end moment value 
M, = O into Goodier’s expression®:‘ for potential 
energy of the end moments and forces acting on a 





stiffener, we obtain for a stiffener attached to a 
sheet 

‘ Pa 1 ss 
=) ae oe Pv’? P(p2 h? ; 

5 ha af + [P(p? + h®) + wim + 
oka] B’? + 2Pxyv’ B’ + 2h( M2 -_ P yo) 8”? —2Mww"} dz 


(48*) 


For a stiffener having symmetry about an axis normal 
to the sheet, the following relations hold: xp = 0, uw = 0, 
Me = —M2/Ie, x, = 0. Substitution of these values into 
Eq. (48) gives the potenfial energy expression for a sym- 
metrical stiffener: 


* Dr. Goodier advises that each of the last five terms in his 
Eq. (30) (p. 14, reference 7) should be multiplied by the factor 2; 
also that the right sides of his Eqs. (29) should each be preceded 
by a minus sign. These corrections eliminate apparent disagree- 
ment with Eq. (48). 


(49) 
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PoTENTIAL ENERGY OF THE ELASTIC 
MOMENTS OF THE SHEET FOR SYMMETRICAL 
BENDING 


The potential energy of the moments of -1/,, Eq. (34), 
acting on two sides of a stiffener of length a during a 
rotation 8, Eq. (32), is given by the expression 


Ws = 2 (1/,f,°M,B d2) (50) 
or 


a, ” _ mrs MTSE 
Ww; = M-«x,, sin 3,, sin 12 
0 a a 


L m=! m= 


(51 


In this expression each of the integrals of the squares 
of sine terms equals a/2, and integrals of other products 
of sines vanish, leaving 

Ws = (a 2)>> M:z,,B, (52 
m=1 

Substitution of Eq. (36) into Eq. (52) gives the po- 
tential energy expression for the moments on two sides 
of one stiffener 


Ws; = (a 2)>> F5( €, &) Bm" (33 


m=1 


where Fz is given in Eq. (37) 


Similar substitution of Eq. (43) into Eq. (52) gives 
the analogous expression 
Ws = (da ) TS Fs*( (Pi, p2) Bm" (54) 


wa 


where F's* is given in Eq. (44). 


INFINITE SERIES FORM FOR THE STRAIN ENERGY AND 
POTENTIAL ENERGY EXPRESSIONS 


The energy expressions in Eqs. (46), (47), (48), and 
(49) contain integrals of terms that are of second degree 
in the 2 derivatives of 8 and v. In the latter two equa- 
tions there is an integral of a first degree term in v” 
Making use of Eqs. (1) and (32) and the orthogo- 
nal properties of the sine and cosine functions, we find 
that 


B’* dz = (a/2) > (mm? 2? /a") Bm" (55 

m=! 
S op"? d2 = (a/2)>> (m*x4/a*) Bn? (56 

m=1 
with similar expressions for other second degree terms 
and 

So" d2 = —2)0(mx/a)vp, (57) 

m=1,3,5. 


By the use of Eqs. (55), (56), (57), and similar expres- 


sions, Eq. (46) for the strain energy of a stiffener at- 


tached to a sheet becomes 
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22 as 
w,- 2% 4 | aren + ET) > (“= ) Bn? + 


2EA m=] a‘ 
El > (= ) en? + 2h (“= Bam + 
a* m=1 a 


GC z (=) 3 | (58) 
m=1 a- 


Similarly Eq. (48) for the potential energy of the end 


moments and forces on a stiffener becomes 


—W, en P*a ae 
EA 


a )p : (== On? +[P(p? + kh?) + wim + pom) x” 
| a” 
m=1 
\ rs ie. ("= ) rae 
a 


hee 1” 
m = 1 m=] 
{m* i f SMe m 
2h(M» — rw Dol 8,2 + ) ( = )mt 
a- a a f 
‘ m=1 3.5 
(59 
THE ENERGY CONDITION FOR EQUILIBRIUM 

The total energy 

U = W, -— W.+ Ws (60) 


will be a minimum with respect to 8,, and v,, for equilib 
rium configurations at any value of the applied moment 


M below the critical value. The equations 
0U/0s, = 0 and 0U/dv,, = 0 (61) 


define the equilibrium configuration in terms of moment 


M. 


BUCKLING 


EQUILIBRIUM AND CONDITIONS—SYMMET- 
RICAL STIFFENERS—-SYMMETRICAL SHEET BENDING 


By means of Eqs. (10) and (13), P and MW, in Eqs. 
(58) and (59) are expressed in terms of the applied 
moment .V and the constants C, and C, after making 
the substitutions for a symmetrical stiffener which were 
used in obtaining Eqs. (47) and (49). Combining with 
the above Eq. (53) or Eq. (54) in accordance with Eq, 
(60) and differentiating as in Eq. (61), we obtain the 
equations defining the equilibrium configuration 


, 4 
OU _ ay (h2El, + EP) as “ 460 (= = ‘ + 2Fs 


OB », 2 { a a- 
M (": rs i cu +kh*)-—G ( 7 ) +2 — con |; Bry 
; a* 2 
=(Q (62) 

and ‘ 
OU . Shar, ("=") - MC, (“ =) | - 
Om 2 as. a~ 

2C> (“) M = 0 (form =1,3,5...) (68a) 
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as well as 
oU a m'*x* 
So = se (2)~ meer) 
Om Al *\ at s 
(form = 2 -+) (63b) 


From Eq. (63a) we obtain 
(4/a)C,M 


ma) - (2) 
(64) 


which indicates that v,, is proportional to M until the 
buckling value of M is approached and that v is a 
second-degree parabola as expected. 

In Eq. (63b) v,, is zero unless the quantity in brackets 
vanishes, but this is equivalent to vanishing of the 
denominator of Eq. (64) and provides one critical 
value of applied moment for symmetrical stiffeners 


Merit, = mr EI,/ Cia? (65) 


In Eq. (62) we note that £,, is zero unless the quantity 
in square brackets vanishes, which provides the second 
expression for the critical or buckling moment for sym- 
metrical stiffeners 


Weel + Ex) (™ =) +¢6¢(™ = ) 42%, 


(m = 1,3,5...) 





Vn, = 


M crit = 





EG +h) — o(# 2 ‘) + 2h(C, - Con) PE 
(66) 


in which the term 2/5 in the numerator gives the effect 
of the bending stiffness of the sheet. The smaller of the 
two expressions in Eqs. (65) and (66) will be the buck- 
ling moment as given by this approximate analysis. 
The function Fs in Eq. (66) is a function of Merit 
which is unknown; hence, a trial-and-error solution 
may be followed, using the curves for Fs and Fs;* of 
Fig. 6 or similar curves for values of kv and X suitable 
to‘the particular problem. A first step would be to 
solve Eq. (66), either omitting the term in Fs or using 
the constant value of Fso given in Appendix I for a 
plate not under tensile stress. This provides a lower 
limiting value of M,,;,. Other higher values for i, 
and the corresponding values of Fs may be substituted 
into Eq. (66) until a sufficiently accurate approximation 
to a solution is obtained. 


UNSYMMETRICAL STIFFENERS—GENERAL 


Since unsymmetrical stiffeners are widely used, a 
solution for this case may be of interest. For this case 
a combination of symmetric and antisymmetric bending 
of the sheet, Fig. 7, will be involved. If adjacent stiff- 
eners are numbered | and 2, the four variables, (i, 
t1, Bz, and v, must now be considered. The usual 
procedures result in the equating to zero of a fourth 
order determinant the elements of which are the coef- 
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Fic. 7. Types of sheet bending deformation considered. (a) 
Symmetric. (b) Antisymmetric. (c) Edge Curvature Type. 


ficients of the above variables in four equations corre. 
sponding to Eqs. (62) and (63). This equation may be 
simplified somewhat by omission of the potential energy 
associated with that part of the sheet deformation shown 
in Fig. 7c, amounting roughly to less than 10 per cent 
of the total potential energy of the resisting moments of 
the sheet. 


ROTATIONAL SPRING CONSTANT FUNCTIONS FOR ANTI- 
SYMMETRIC SHEET BENDING 


For the antisymmetric type of sheet bending shown 
in Fig. 7b, the methods of Eqs. (27) to (37) and Eggs. 
(38) to (44) yield the following functions that 
might be defined by equations analogous to Egs. 
(36) and (43) 


(67) 





b 


i, = — ° ; 
w sinh e€ — esin w 


|= (cosh € — cos | 


and 





F,* = Fee ow = ee |e 
. pi coth (p:/2) — p» coth (p2/2) 


in which the subscript A refers to the antisymmetric 
type of bending of the sheet. These functions are simi- 
lar in form to those for symmetric bending in Eqs. (37) 
and (44). 


TENSILE STRESS IN SHEET AND END LOADS AND Mo 
MENTS ON UNSYMMETRICAL STIFFENER 


At the ends of an unsymmetrical stiffener, we have, 
instead of Eq. (5) for the total stress, 


o =P — Mth —») —Ine@—*)) eg) 


A Ile — Tp? 
Following the methods used earlier in this paper, we 
obtain 
1 
_ Xx 
1 — kv? + (bt/A) 
|=" ~ th Sale *) |, = 
Tl, — The? 





Oo; 


CsM2 (70) 
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Mz = {1/[1 + btCs(h — yo)]} M = CM (71) 
c = CsCeM = C,M (72) 
P = bto, = btC;M = (3M (73) 


THE EQUATION FOR THE BUCKLING VALUES OF AP- 
PLIED MOMENT—UNSYMMETRICAL STIFFENERS 


The total energy expression was set up as in Eq. (60) 
for a superposition of the three types of deformation 
shown in Figs. 7a, 7b, and 7c. The deformation of Fig. 
7c corresponds to zero rotation of both stiffeners, with 
relative translation in the @ or y direction of points 
along the edges ¢ = +b/2 of the sheet of amount 
t — te + g(B: — 82). The terms arising from this 
type of deformation were omitted in obtaining the result 
given below. 

The complete derivation is too lengthy to be included 
in this paper. Four linear equations corresponding to 
Eqs. (61) were obtained. For the buckling condition 
the nonhomogeneous terms are eliminated by reasoning 
based on the duality of configuration at the buckling 
load.? The resulting homogeneous set of equations will 
have nonzero solutions for the 6’s and v’s only if the 
determinant of their coefficients equals zero. 

This equation with terms arising from the deforma- 
tion of Fig. 7c omitted is 


Ht + J?(K? — L*) = 0 (74) 


in which 


4or4 Qa 2 
H = hEle(™ =) _ MCoa(™ =) | 
a‘ a* | 


4 2.23 
if pi{™*) ms uc(™=*") 
a‘ a? 


| 

44 mx? 

K = (h?EI, + ex)(™*") +GC (==) + Fe | 
— at a? (75) 


F,-— M (| co +h?) + 
a 


Co(Tive — Tok) | 
Tl, — Thz* 

| 

| 

| 


2h(Cs— Cayo) | 


| 


L= F, — Fs ! 


ANGLE STIFFENERS 


Angle stiffeners have been used under the conditions 
of loading discussed in this paper. Since the shear cen- 
ter of an angle is at the intersection of the legs, the 
dimension h in Fig. 5 may be taken equal to zero in 
Eqs. (75). This substitution simplifies somewhat the 
solution of Eq. (74). A trial-and-error solution is 
necessary, and a lower limit for the buckling moment 
may be determined using the constant values of Fs 
and Fo given in Appendix I for a plate not under tensile 
stress. 


DISCUSSION 


(1) The limitations of the present analysis should 
be noted. A linear solution can only approximately de- 
scribe a nonlinear system. The approximation improves 
in the present instance with increasing ratio of sheet 
thickness to panel width. 

(2) The curvature of the sheet before buckling, 
neglected in this analysis, will cause nonuniform median 
stresses. If experimental or analytical means of ap- 
proximating the actual distribution of o, are applied, 
they may be utilized in connection with curves of the 
type of Fig. 6—for example, by replacing 0 by an equiva- 
lent width 6, in Eqs. (6) to (13) inclusive and by using 
values ¢, = C;Mb, /b to determine abscissas in Fig. 6 
instead of the values of ¢, given by Eq. (12). Similarly, 
on the basis of experimental or other information about 
the o, stress, the value of kv to be used in curves of the 
type of Fig. 6 may be chosen to agree with available 
data and values of Fs and F, obtained from such 
curves. 

(3) This analysis neglects longitudinal (2 direction) 
forces between the stiffener and the sheet. For the 
pure bending case studied, these are not expected to 
be present until the buckling condition is reached. 
Their neglect might be compensated by including part 
of the sheet area as stiffener area (for bending only, 
and in such manner as not to add twisting strength) 
and treating the remainder of the sheet area as ‘‘sheet”’ 
in the derivations of Eqs. (5) to (13) inclusive. 

(4) For extremely thin sheet, in obtaining a trial- 
and-error solution, the value m = 1 will be the only 
significant value; whereas for extremely thick sheet a 
number of values such as m = 1, 2, or 3 may re- 
quire consideration. In this case sets of curves for 
corresponding values of A{[= mrx(b/a)] will be re- 
quired. 

(5) The curves of Fig. 6 show the marked effect of 
tensile stress on the resisting moments of the sheet. 
For a range of 1.0 < S,/A* < 10° in Fig. 6, we find 
2.38 < (0/D)Fs < 15.7, and 6.25 < (b/D)F,4 < 17.04. 
These values are higher, as would be expected, than the 
values: (b/D)Fso = 2.34 and (b/D) Fao = 6.2 given by 
Fig. 8 of Appendix I for \ = 1, the value used for the 
curves of Fig. 6. ' 
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Fic. 8. Rotational spring constant functions (b/D)Fs, and 
(b/D) F, for sheet not under tensile stress 
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APPENDIX I[ 


Expressions for the Fourier coetlicients for rotational 
spring constant for the edges of a rectangular sheet 
under no tensile stresses* have been found by the meth- 
ods used earlier in this paper to obtain Eqs. (37) and 


(44) and are functions of \ only [A = mm(b/a)|. They 
are 

Fsy = (D/b)(2d(cosh A + 1)/(sinh X + X)| (Al) 

Fay = (D/b)(2dMcosh X — 1)/(sinh A — A)] (A2) 


Values of (6/D) Fs» and (6/D) Fay are plotted in Fig. 
8 against values of \ from 0 to 10. Their use in initiat- 


ing a trial-and-error solution has been suggested. 
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Note on Analysis for Bending with Buckled 
Stringers 


EDWARD A. MacLEAN* 
Bell Aircraft Corporation 


INTRODUCTION 


her AIRPLANE WING is constructed in many cases 
with the main beams having heavy chord sections 
and with comparatively light stringer sections spanning 
between bulkheads that support the skin. These 
stringers act as stress-carrying members, and under 
nominal loads the ordinary flexure formula applies, thus 
presenting no particular difficulties. A linear distribu- 
tion of stress is assumed. At loads approaching the 
ultimate these light stringers may be stressed on the 
compression side to the point where they buckle as a 
column or cripple. There is a similar condition in the 
fuselage with light sections distributed around the pe- 
riphery. Here again, at loads approaching the ultimate, 
some of the stringers most distant from the neutral axis 
may buckle. 

The problem is to design a beam, such as a wing, 
made up of chord and stringer elements under a condi- 
tion where there is a linear distribution of stress over a 
part of the section and where the balance of the ele- 
ments have buckled or crippled. A step-by-step solution 
for this problem has been in use for several years in 
which the section properties must be determined each 
time an element reaches its maximum stress.' 

If it is assumed that the force in the buckled member 
can be determined or estimated, the following method 
of analysis should prove useful to the designer. As far 
as the writer knows, this ‘‘trick’’ for the analysis of this 
condition has never been presented to the profession 
before. It is analogous to a method that was proposed 
by Odd Albert? and others for the analysis of concrete 
columns. The bulkheads are assumed to retain their 
shape. Induced diagonal tension effects after buckling 
occurs are not considered. 


Notation 
The symbols have the commonly accepted signifi- 
cance. 


COMBINED BENDING AND DIRECT STRESS IN GENERAL 


If the post shown in Fig. 1 is subjected to an eccentri- 
cally located axial load, P, then the stress on any ele- 
ment E at a plane xz may be obtained by the familiar 
formula. 
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0 = (—P/A) + (Pex/I,) = (Pez/Iz) (1) 


It is assumed that the plane xz is far enough away 
from P to avoid the effect of localized stress at the point 
of application of P. The assumptions that are made in 
the development of the flexure formula hold here. Also, 
it is assumed that the member is of such propottions 
that the principle of superposition holds. Axes through 
x and gz are the principal axes. 











If x and z are not the principal axes, then the stress 
at E may be determined by :* 


o = +(P/A) + ax + bz (2) | 

where 
a = (+1, + M,I,:)/(Il, — Irs”) (3) 
and . 
b = (—M,I, — M_I,,)/(I,1, — I,,*) (4)° 


Positive P causes positive 
Positive M, causes negative 
Positive M, causes positive i 


Positive stress is tension. 
stress across the section. 
stress in the first quadrant. 
stress in the first quadrant. 

It may be noted in passing that a is the unit stress: 
at a unit distance along the x axis from the origin and 
that 6 is the unit stress at a unit distance along the z 
axis. The designer will find that it will be advantage- 
ous to keep this physical significance of a and 6 in 
mind. ‘ 


403 








404 JOURNAL OF 


APPLICATION TO THE SPECIFIC PROBLEM 


Consider the wing section, Fig. 2, acted upon by the 
forces H, V and F;, Fz. The stresses at the plane xz are 
required. This problem is analogous to the previous 
example. There are more forces, and the solid section 
has been changed to a hollow section with the material 
considered to be concentrated at points 0, 3, 4, 5, 6, and 
7. The stress on any element may be obtained from 


Eq. (2). 
o = + (P/A) + ax + bz 


where P would be equal to F; plus F,. A would be the 
area of elements 0, 3, 4, 5,6, and 7; J,, J,, and J,, would 
be the moment of inertia and product of inertia of these 
elements about the x and z axes through the center of 
gravity of these elements; and M, and M, are the mo- 
ments of all the forces, including F, and F:, about x 
and z. 











Fic. 2. 


Now, if the forces F; and F, are considered to be the 
toads at which the elements 1 and 2 buckle instead of as 
external loads, the problem has in no way changed and 
can be solved by Eq. 2. It should be emphasized that 
the area of elements 1 and 2 should not be included in 
the computation for area, center of gravity, and other 
properties of the section. 

The only additional assumption is that the forces 
F, and F; can be determined after buckling occurs. In 
fact, various values may be assigned to F,; and F, by the 
designer; thus it is not necessary that F; and F, buckle 
either at the same time or at the same stress. 

The user of this method will probably compute the 
section properties including all the elements first in order 
te determine the elements that will buckle. 

Much labor may be saved in determining the sec- 
tion properties, with the buckled elements out, by sub- 
tracting the moments and product of inertia of the 
buckled elements and transferring the result to the new 
center of gravity. 


EXAMPLES 


Given the box beam shown in Fig. 3, acted upon by a 
bending couple of 4,800,000 in.Ibs. 
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Fic. 3. Box beam 
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Fic. 4. Cross section of beam 


A cross section of the beam at any plane xz is shown 
in Fig. 4. The effective skin is assumed to have been 
incorporated in the beam elements. 

The beam is made up of the elements A, B, C, D, E, 
F, G, and H, with the area of the elements and the di- 
mensions shown. 

(A) Determine the stress in the elements due to the 
bending moment of 4,800,000 in.lbs. using the flexure 
formula. 


A=2X (2+1+4 1+ 2) = 12 sq.in. 
I = 2X 6X 10? = 1,200 in.‘ 
The stress in all elements is: 


Mc _ 4,800,000 x 10 


—" = 40,000 Ibs. per sq.in. 
I 1,200 





¢= 


There is compression in the top elements, A, B, C, and 
D and tension in the bottom elements, E, F, G, and H. 
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BENDING 


[he compressive force in B and C is: 
40,000 K 1 = 40,000 Ibs. each. 


B) Now assume that B and C buckle at a stress of 
10,000 Ibs. per sq.in. The force in B and C is 40,000 Ibs. 
Assuming the same moment as before and applying the 
proposed method, the stress of 40,000 Ibs. per sq.in. in 
each element as determined before should be checked. 

Fig. 5 shows a free-body diagram under the assumed 
conditions and Fig. 6 shows a cross section. 
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The center of gravity (c.g.) has now moved down: 
(2 X 10)/10 = 2 in. 
The new section properties are: 
A 2X2+(2+1+4+1 +4 2) = 10sq.in. 
1,000 in.* 


= 1,200 — 2 + 10? = 
1,000 — 10 X 2? = 960 in.* 


| ae 


WITH BUCKLED STRINGERS 


405 


The stress in A is given by: 
o, = +(P/A) — (Mc/D) 


‘ J 
Remember that moments are being taken about 


Xeg. in Fig. 5. 


~ = 4 2% 40,000 (4,800,000 — 2 X 40,000 X 12) 12 
.= Ba: ee es wae wis ota eesti 


10 960 
.. .check. 





a4 = —40,000 Ibs. per sq.in. 
The stress in H is given by: 
o, = +(P/A) + (Me/D) 


2 X 40,000 , (4,800,000 — 2 X 40,000 X 12) 8 
i Mino 





= +40,000 Ibs. per sq.in. ... check. 


On 
(C) An example will now be solved with bending 
about both the x and z axes. The proposed method 
seems to have particular advantages in this type of 
problem which is of frequent occurrence in practice. 
Fig. 7 shows a cross section of the beam with the dis- 
tribution of the material. 


A = (0.2 + 2X 0.1 +2 X 0.1 + 0.1)2 = 1.4 sq.in. 













































































Tassntectins =1xX0.2xX 10? 20.0 
2X0.1 xX 9 = 16.2 
2xX0.1X 7= 9.8 

46.0 X 2 = 92.0 in.‘ 
rg Zee. Zz, 
A 
t | 8 
oy J 
ut fi 1 
| | 
| » 
X¢ L 1% 
Sel 
Xo ~ T « 
o 
° 
x’ 
4 Zee. ¢ 
Fic. 7. Cross section of beam 








406 JOURNAL OF THE AERONAUTICAL SCIENCES—OCTOBER, 1945 


Tecqutattins =2xX0.1 xX 2 = 0.8 
2X 021 X #4 = ..3.2 
1X0.1X 5 =, 2.5 


6.5 xX 2 = 13.0in.4 
The applied couples are: 
M, = 450,000 in.Ibs. 
M, = 60,000 in.Ibs. 
Solve for the stresses: 


450,000 X 10 _ 


%, = 99 — 48,900 Ibs. per sq.in. 


450,000 X 9 60,000 X 2 _ 
Res Se > biel © ee 

— 53,250 Ibs. per sq.in. 
450,000 X 7 _ 60,000 X 4 _ 








ee is 
— 52,700 Ibs. per sq.in. 
op = — or ” = —23,100 Ibs. per sq.in. 
_ __ £50,000 X 9 , 60,000 x 2 _ 
= 92 13 
— 34,750 Ibs. per sq.in. 
on SOMO KT DAO X* 
oh 92 13 


— 15,700 Ibs. per sq.in. 


All other elements are in tension. 

Assume that A will buckle at 45,000 Ibs. per sq.in. 
aud that B, C, D, L, and K will buckle at 40,000 Ibs. 
per sq.in. A, B, and C will buckle out. 

With A, B, and C buckled out: 


A = 14 — (0.2 + 0.1 + 0.1) = 1.0 
9) . 
OFS FO XS PO. 96 ie: felt 


xXx=- 











5 _ 02XK10+0.1 X9+01 X7 _ 


Z= = 
1.0 

— 3.60 in. down 
Tecenterline = 92.0 — 0.2 X 10? — 0.1 X 9? — 0.1 X 7? = 
59.0 in.‘ 

Tee = 59.0 — 1.0 X 3.6? = 46.04 in.4 
Tecenteriine = 13.0 — 0.1 X 2? — 0.1 X 42 = 11.00 in. 

Teeg. = 11.00 — 1.0 X 0.6? = 10.64 in.' 

Isegecgz. = 01 X2X9-O1X4X7—- 


(—0.6) (—3.6) K 1.0 = —6.76 in.‘ 
Mx, = 450,000 — 9,000 X 13.60 — 4,000 x 
12.60 — 4,000 X 10.60 

= +234,800 in.Ibs. 
Mz, = —60,000 + 9,000 XK 0.6 + 4,000 XK 2.6 + 
4,000 X 4.6 

= —25,800 in.Ibs. 


(—25,800) * 46.04 + 234,800 (—6.76) 





46.04 X 10.64 — (—6.76)? 


— 2,775,080 2 

BB ss tela ss = —6,248 Ibs. per sq.in. 
444.167 P ‘ 

5 — 234,800 X 10.64 — (—25,800) (—6.76) _ 
46.04 X 10.64 — (—6.76)? 

— 2,672,680 

———————— = —$017 ibs. per oa. im 
444.167 . . 


Table 1 is a solution of Eq. 2 in tabular form. Col- 
umn (7) gives the stress in the various elements, and it 
will be noted that the compressive stress in element L 
exceeds 40,000. The problem would have to be re- 
worked assuming that this element buckles out at 
40,000. This will not be done here since it would add 
nothing to explanation. Column (9) shows the total 
force in each element. The algebraic sum of this col- 
umn should be zero, since >/7 = 0. 


1.0 1.0 
TABLE 1 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Element 2 bz x ax P/A o A aA 
A — 45,000 0.2 — 9,000.0 
B — 40,000 0.1 — 4,000.6 
Cc e.% if « J. i pre — 40,000 0.1 — 4,000.0 
D + 3.60 —21,661 +5.6 ¢ —34,989 + 17,000 —39,650 0.1 — 3,965.0 
E — 3.40 +20,458 +4.6 —28,741 + 17,000 + 8,717 0.1 + 9871.7 
F — 5.40 +32,492 +2.6 — 16,245 +17,000 +33,247 9.1 + 3,324.7 
G — 6.40 +38,509 +0.6 — 3,749 +17,000 +51,760 0.2 +10,352.0 
H — 5.40 +32,492 —1.4 + 8,747 +17,000 + 58,239 0.1 + 5,823.9 
I — 3.40 +20,458 —3.4 +21,243 +17,000 + 58,701 0.1 + 5,870.1 
a + 3.60 — 21,661 —4.4 +27,491 +17,000 +22,830 0.1 + 2,283.0 
K +10.60 — 63,780 —3.4 +21,243 +17,000 — 25,537 0.1 — 2,553.7 
L +12.60 —75,814 —1.4 + 8,747 +17,000 — 50,067 0.1 — 5,006.7 





—28,525.4 
+28,525.4 
zrcA = 0 
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BENDING WITH 
TABLE 2 
2 3 $ 5 6 
Ele 
Zz oA s'oA x x'oA 
20 — 9000.0 — 180,000 5 — 45,000 
19 — 4,000.0 — 76,000 7 — 28,000 
( 17 — 4,000.0 — 68,000 8) — 36,000 
D 10 — 3,965.0 — 39,650 10 — 39,650 
E 3 + $17.7 + 2,453 8) + 7,359 
F 1 + 3,324.7 + 3,325 7 + 23,273 
( 0 + 10,352.0 5 + 51,760 
H 1 + 5,823.9 + 5,824 3 + 17,472 
I 3 + 5,870.1 + 17,610 1 + 5,870 
a 10 + 2,283.0 + 22,830 0 
K 17 — 2,553.7 — 43,413 1 — 2,554 
L 19 — 5,006.7 — 95,127 3 — 15,020 
— 502,190 — 166,224 
+ 52,042 105,734 
Ys’oA = —450,148 Tx’s1 = — 60,490 


fable 2 is a check on the moment about two arbi- 
trarily chosen lines x’ and z’ which should equal 450,- 
000 in.Ibs. and 60,000 in.Ibs., respectively, the external 


moments. The check is good. 
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Letters to the Editor 


Dear Sir: 

The following remarks can be made about the paper by Prof. 
Eryk Kosko, ‘“‘A Simplified Analysis of Hollow Beams with 
Longitudinal Webs Subjected to Torsional Loads’’ (JOURNAL OF 
THE AERONAUTICAL SCIENCES, Vol. 12, No. 1, p. 103, January, 
1945), and the Letter to the Editor by Prof. Alfred S. Niles 
JOURNAL OF THE AERONAUTICAL SCIENCES, Vol. 12, No. 2, p. 
240, April, 1945) 

(1) Asingle-celled tube considered as a membrane is statically 
determinate, in contradiction with Professor Niles’ statement 
At each point of the tube, there are three unknown stresses, and 
three equations of equilibrium, so that there is a statically deter- 
mined solution, except when there are edge restraints, which do 
not exist in the case of a tube onto which torques only are applied 
Although these facts are well known, the opposite opinion is too 
often accepted. 

2) Professor Kosko is justified to consider that deformation 
and least work methods are practically equivalent for many struc 
tural problems, and too much time is being lost in discussing the 
advantages of both methods. However, it is useful to remember 
that variational methods are generally much more powerful than 
direct methods—a fact that is proved by the history of analytical 


dynamics. These methods are much better adapted to approxi- 


BUCKLED STRINGERS 407 


mate solutions (example: Rayleigh-Ritz method) and avoid the 
use of two sets of unknowns, which is extremely important in 
intricate problems. The writer has been able to solve many 
problems of shells by variational methods in a much simpler 
manner than by considerations of displacements—for instance, 
in the case of torsion bending.* Especially for membranes, the 
difficulties that appear in the boundary conditions when displace 
ments are considered disappear when variational methods are 
applied 
train stress analysts to use variational methods, especially in the 


In addition, experience shows that it is much easier to 


case of three-dimensional problems, than to determine displace 
ments. 

(3) In the solution proposed by the author, preliminary sys- 
tems of two equations with two unknowns must be solved (his 
Eqs. (4) and (5)) before the main system of equations is written, 
which explains the apparent reduction of the number of un- 
knowns. However, when many cells are considered, the author’s 
method leads to equations each containing all the unknowns, 
while the conventional method leads to equations with three 
unknowns each, the two end equations containing only two un 
knowns each, and the system can be easily solved by methods con 
ventional in the case of continuous beams 

Thus, it appears that the author’s method is equivalent to the 
conventional method for two or three cells and is less advan 
tageous for a greater number of cells. 

(4) The analysis developed by the author can be replaced by 
the following developed formulas, which can be established by 
any method: 

Calculate successively : 


292/T = cs; 2q)/T = ¢ = calprd +11); 22/7 = ca(prd +8 


iz = Gi — 92; dz = G2 — @ 


These formulas give the required results with about 60 per cent 
of the computations necessitated by the method proposed by the 
author 


* Beskin, L., Stress Journal of the Aero 


nautical Sciences, Vol 11, No. 4, p. 343, October, 1944 


Analysis of Open Membrane 


LEON BESKIN 
Design Specialist 
Consolidated Vultee Aircraft Corporation 


Dear Sir: 

In a Letter to the Editor (JOURNAL OF THE AERONAUTICAL 
ScIENCES, Vol. 12, No. 2, p. 240, April, 1945), Prof. Alfred S 
Niles makes several criticisms regarding statements contained in 
the writer’s paper on ‘‘A Simplified Analysis of Hollow Beams 
with Longitudinal Webs Subjected to Torsional Loads” (JOURNAL 
OF THE AERONAUTICAL SCIENCES, Vol. 12, No. 1, p. 103, January, 
1945). 

The writer is ready to agree with Professor Niles that the 
number of simultaneous equations to be solved, as required by the 
‘‘standard”’ method, may be made equal to the number of cells 
However, such a reduced system is attained only after one addi 
tional unknown—the angle of twist—has been eliminated, and 
this at the expense of complicating the expressions for the coeffi 
cients 


Continued on page 428 








Plastic Bending—Approximate Solution’ 


WM. R. OSGOOD 
National Bureau of Standards 


ABSTRACT 


In two previous papers the exact solution of the plastic bending 
problem was considered. Since the exact solution is cumber- 
some, an approximation is desirable. This paper gives an approx- 
imate solution, which, in particular, makes it possible to deter- 
mine slopes and deflections. The exact determination of these 
quantities is usually practically impossible in the plastic range. 


INTRODUCTION 


. IS CLEAR from references 1 and 2, the exact deter- 
mination of the curves showing the relationships 
between moment and curvature and between moment 
and strain-difference in plastic bending, though elemen- 
tary in principle, is time-consuming in execution, some- 
times enormously so. And when it comes to the exact 
determination of deflections, it may be said that such a 
determination is practically impossible except in a few 
simple cases.! It has seemed worth while, therefore, 
to consider approximate solutions of the problem which 
give promise of reasonable accuracy. The approxima- 
tion considered here consists of expressing the relations 
between moment and curvature and between moment 
and strain-difference by means of relatively simple 
equations. Two such equations have been found that 
can be made to express these relations to as high a de- 
gree of accuracy as desired. 

If the reader wishes to familiarize himself with what 
has gone before it is suggested that he read reference 2 
and refer to reference 1 only as necessary. The equa- 
tions in the present paper are numbered consecutively 
with those in references 1 and 2. 


NOTATION 


The notation used previously and in this paper is here recapi- 
tulated for convenience, and new notation is included: 
A; = cross-sectional area of one flange of beam 
Az = cross-sectional area of other flange of beam 
A,, = cross-sectional area of web of beam 
E = modulus of elasticity of material of beam 
I = least moment of inertia of cross-sectional area about axis 
perpendicular to plane of bending 
M = absolute value of bending moment at any cross section 
W = total load on beam 
b,, thickness of web of beam 
C1 distance from centroidal axis of cross section to extreme 
fiber or fibers on one side 


Received January 29, 1945. 

* This paper forms part of a project being carried out at the 
National Bureau of Standards for the Bureau of Aeronautics, 
Navy Department. The author is pleased to acknowledge per- 
mission of the Bureau of Aeronautics to publish the paper. 

t Materials Engineer. 


(; = distance from centroidal axis of cross section to extreme 
fiber or fibers on other side 

é¢; = strain in extreme fiber or fibers on one side of neutral 
axis 

é2 = strain in extreme fiber or fibers on other side of neutral 
axis 

h = depth of cross section of beam 

1 = length of beam 

s = stress in any fiber of beam 

v = deflection of beam at x 

x = coordinate measured in direction of length of beam 

€ =—-& (147 

c =4 “g @ | (38) 

uw = Mh/(ED) | 

& =zx/l 

o =s/E 

a, = value of o for extreme fiber or fibers on one side of neu- 
tral axis 

o, = value of o for extreme fiber or fibers on other side of 
neutral axis 

g,, = value of o for extreme fiber or fibers on one side of neu 


tral axis, when stressed to yield point 

o,, = value of o for extreme fiber or fibers on other side of neu- 
tral axis, when stressed to yield point 

¢ hv/I?, called deflection in this paper 

w = Whl/(EI 


il 


THE x,u-RELATION 


One use that may be made of the relation between « 
and yu is in determining slopes and deflections, from the 
equation’ 


d*o/di? = x (70a 


It is therefore desirable that «x be expressed as such a 
function of u as may be integrated readily, it being 
borne in mind that y» is a function of §. The following 
expressions satisfy this condition in most cases that 
arise in practice: j 


IA 


K=pn, uw S po (172) 


kK = ko + tin bate [po + Pile — wo) + 


Pole — wo)? + ...],4 2 wo (173) 


where xo and po are the values of «x and yp at the instant 
an extreme fiber first becomes stressed to its propor- 
tional limit, uw», is the maximum possible value of 4 
(x = ©), po = dx/dyat uw = wo + O, and py, po, ... are 
coefficients to be determined from known sets of corre- 
sponding values of x and uz. Such sets of corresponding 
values can always be obtained either by the methods of 
reference 2 or graphically. 

If these sets are designated as (x1, 1), (Ke, we), (Ks, 
Ms), ..., then 


408 








= 


and 


cros: 
ably 
to st 
cTos: 
way 


extreme 
neutral 


neutral 


irr) 


(147 
(38) 


of neu- 
side of 
of neu 


of neu- 


Cen « 
1 the 


70a) 


ich a 
eing 
wing 
that 


(73) 


ant 
»0T- 
f pu 
are 
rre- 
ing 
; of 


( K3, 








PLASTIC BENDING—APPROXIMATE SOLUTION 409 


(x cats (tm — Bw ) . 
} . —— Po (uw — po)?...| 
(ui — Ho)(Hm — Ho) 





\(k2 — Ko) (itm — we) 





\(u2 — Ho)(Hm — Ho) " 

















1 = * (174) 
Hi — Ho (41 — Ho)”. . «| 
| He — Mo (ue — wo)?. . «| 
(x1 — Ko) (itm — #1) 
Mi — Ho o> Pai; 
(u1 — Ho)(Hm — Ho) 
(kK: — Ko)(Um — pe) 
ue — pL : ~— po. 
(M2 — Ho)(Hm — Ho) 
f= ———__—_—_—_—___—_—_———. (175) 
a — Bo (pt: — ptg)®. . 
a slates )2 ' 
He — Bo (u2 — pmo)?.. ‘| 
hi fu vodgest sPa se Lore bo 
A= etc 
THE €,u-RELATION 
Satisfactory expressions for ¢ are 
€=qu, ws wo (176) 
(um — Ho)(u — bo) 
e=eo+ [go + Qi(u — mo) + 
Lm — 
Q2(u — wo)? + ...],4 2 wo (177) 


where € is the value of ¢ at the instant an extreme fiber 
first becomes stressed to its proportional limit, g = 
(G1 — &2)/h, Qo = de/du at wp = wo + O, and qu, ge, ... are 
coefficients to be determined from known sets of corre- 
sponding values of e and 4. Such known sets can al- 
ways be obtained graphically if not otherwise.? If 
these sets are designated as (€1,441), (€2,u2), (€3,ua), ---> 
then the expressions for qi, g2, ds, ... are the same as 
those for pi, po, Ps, . .. (Eqs. (174) and (175)) when fp is 
replaced by go and the x’s are replaced by e’s. 

Eqs. (172) and (176) are exact. By retaining a suf- 
ficient number of the p’s and q’s in the approximate ex- 
pressions (173) and (177), the approximation may be 
made as accurate as desired; but usually it will suffice 
to retain not more than p; and pe: and gq; and ge, in ad- 
dition, of course, to Pp and go. po = 1 and g = q al- 
ways in the absence of thin flanges. 

The coefficients (p’s and q’s) in Eqs. (173) and (177) 
are really functions of the shape of the cross section 
and of the stress-strain diagram. By examining 
the x,u- and the ¢,u-relations for a goodly number of 
cross sections and stress-strain diagrams, it would prob- 
ably be possible to relate these coefficients empirically 
to some relatively simple property or properties of the 
cross sections and the stress-strain diagrams. In this 
way the somewhat tedious determination of «, wi, &, 


K2, M2, €2, Ka, Mz, 2, ... Would be obviated. It must be re- 
membered, however, that there are essentially at least 
five independent variables present: the shape of the 
cross section, two parameters defining the tensile 
stress-strain curve, and two parameters defining the 
compressive stress-strain curve. This statement op- 
timistically assumes that the cross section can be de- 
scribed by one parameter. If two are required, as is 
pethaps more likely, the number of independent vari- 
ables rises to six. 


APPROXIMATIONS TO THE CURVES OF REFERENCE 2 


In order to show the goodness of fit of the approxi- 
mate curves to the exact curves, the two sets of curves 
will be compared for the cross sections and the materials 
studied in reference 2. The exact curves are shown 
solid in Figs. 3-8, and the adjacent dotted ones are the 
approximate curves. In some cases the approximate 
curves cannot be distinguished from the exact curves at 
the scales used for the drawings. The sets of curves at 
the right in the figures are the x,u-curves; those at 
the left are the e,u-curves. 

Some of the cross sections are shown in Fig. 1, and 
the stress-strain diagrams of the materials are shown in 
Fig. 2. The modulus of elasticity is 10,500,000 lbs. per 
sq.in. The yield strains, corresponding to the (2/3)E- 
secant yield strengths, 42,000 and 50,000 Ibs. per sq.in., 
are 0.006 and 1/140 = 0.007143, respectively. The 
curves marked I and I & III are parabolas. The others 
are straight lines. Three cases are considered: Case I, 
in which the stress-strain relations on the two sides of 
the neutral axis are given by the curves I and I in Fig. 1; 
Case II, in which they are given by the curves II and II; 
and Case III, in which they are given by the curves 
ITI and IIT. 

The cross sections are identified as follows. 


(1) Symmetrical Sections. 


(a) Idealized I-section. The idealized I-section 
consists of a negligibly thin web and of two infinitesi- 
mally thin flanges of finite cross-sectional areas. The 
particular section treated numerically under this head- 
ing has equal flanges. Fig. ld: A; = Az, Ay = 0. 

(b) I-section. The I-section consists of a web and 
two infinitesimally thin flanges of finite cross-sectional 
areas, Fig. ld. The particular section treated numer- 
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ically has the cross-sectional area of each flange equal 
to that of the web, A; = Az = Ay. 

(c) Parabolic section, vertexes in. This section is 
illustrated in Fig. lg. It is bounded laterally by the 
arcs of two parabolas tangent vertically at the center 
of the section. 

(d) Rectangular section. Fig. ld: Ai; = Az = 0. 

(e) Parabolic section, vertexes out. This section is 
illustrated in Fig. lf. It is bounded laterally by the 
arcs of two parabolas with the vertices out on the cen- 
troidal axis of the section. 

In the si foe ose cross sections the upper stress- 
strain curves of Fig. 2 apply to the material above the 
neutral axis and the lower stress-strain curves to the 
material below the neutral axis. 


(2) Unsymmetrical Sections. 


(a) Idealized I-section with one flange. This is an 
idealized I-section in which the cross-sectional area of 
one flange, the upper one, is infinitesimal. Fig. 1d: 

= 0+, A, = 0. 

(b) T-section with infinitesimal web. In this sec- 
tion the flange, at the bottom, is infinitesimally thin but 
of finite cross-sectional area, and the web is infinitesi- 
mally narrow. Fig. Id: A; = 0, by = 0+, Au = 
0+. 

(c) T-section. The T-section consists of a web and 
an infinitesimally thin flange, both of finite cross-sec- 


tional areas. These areas are equal in the particular 
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SCIENCES—OCTOBER, 1945 
section treated numerically under this heading, and 
the flange is at the bottom. Fig. 1d: Ai =0,A2 =A, 

(d) Triangular section. The base is at the bottom, 
Fig. le. 

(e) Semiparabolic section, vertexes in. This sec. 
tion is illustrated in Fig. li. It is bounded laterally by 
the arcs of two parabolas tangent vertically at the top 
of the section. 

(f) Semiparabolic section, vertexes out. This sec- 
tion is illustrated in Fig. lh. It is bounded laterally by 
the arcs of two parabolas with the vertexes out, at the 
bottom of the section. 

The computations to establish the ‘approximate 
curves are indicated in Tables 1-3. The numbers in 
parentheses in the column headed y,, are the numbers of 
the equations from which the values of u,, were com- 
puted. The values taken for «, «, and yw; are those at 
which a yield strain is first reached in either extreme 
fibers, and the values for €, k2, and 2 are those at which 
the second yield strain is first reached in the opposite 
extreme fibers. In the columns giving the first yield 
strain and the second yield strain, the numbers in 
parentheses are the numbers of the equations in refer- 
ence 2 from which the corresponding strains in the 
opposite extreme fibers were computed. Similarly, the 
numbers in parentheses in the columns of 4 and 4 
are the numbers of the equations in reference 2 used to 
compute mw; and pp. 


Case I 


For the stress-strain diagrams of Case Iu, = %, 
since on both sides of the neutral axis the extreme fiber 
stresses become infinite with increasing x. Also yo = 
ko = €& = 0, po = 1, and qo = q because the propor- 
tional limit of the material on at least one side (in the 
present case both sides) of the neutral axis is zero. 
It turns out that in the present case, within the range 
of u’s considered, sufficient accuracy for practical pur- 
poses can be obtained by retaining only p; and q, (in 
addition to pp and go) in Eqs. (173) and (177). Equa- 
tions (173), (174) and its equivalent for q:, and (177) 
consequently reduce to 


ck = (1 + pum) (178) 
e = (q+ qu)u (179) 
pi = (1/m1) [(1/m1) — 1] (180) 
M = (1/m)[(a/m) — gl] (181) 


Moreover, also in the present case, the differences be- 
tween the exact curves, Figs. 3 and 4, and the approxi- 
mate curves within the range of u’s considered are so 
small that no attempt has been made to show the ap- 
proximate curves. 


(1) Symmetrical Sections. 


(a) Idealized I-section. For the particular stress- 
strain diagram chosen for Case I the approximate 





Shap 


[-sectio 


A; = 


b 


Parabo 
Fig. 
Rectan 

A; = 

q = 
Parab« 

Fig. 


. 
T-sectii 
A, = 


Triang 


g 
Semip¢ 
Fig. 


Semipe 
out, 


q 
curve 
will a 
other 
Pny-1 
equal 
lation 
sectic 


a 


















PLASTIC BENDING—APPROXIMATE SOLUTION H11 
1g, and TABLE 1. Case I. 
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i ee 7 f 
Ist Yield 
Strain and 
Shape of Section & Ko = we Po qo Si Corresp. € ky om Pi u 
and g Strain in 
Opp. Ex. Fib. 
I-section, Fig. 1d, é2 = 0.006 
A, = A; = Aw 0 0.008 14/5 -7/5 0.00926 e = 0.00454 —0.00146 0.01054 0.00868 —1,610 620 
q=0 (208) (152) (153) 
Parabolic section, és = 0.006 
vert. in, Fig. 1g, 0 0.008 1 0 0.01053 4 = 0.00521 —0.00079 0.01121 0.00987 ~—296 —5829 
q=0 (212) (156) (157) 
Rectang. section, é. = 0.006 
Fig. 1d, 0 0.008 1 0 0.01304 e = 0.00574 —0.00026 0.01174 0.01060 —117 — 18.5 
A, = A: = 0 (216) (158) (159) 
q =0 
Parabolic section, é, = 0.006 
vert. out, Fig. lf, 0 0.008 1 0 0.01632 e, = 0.00591 —0.00009 0.01191 0.011388 —92.5 —4.52 
q=0 (220) (160) (161) 
T-section, Fig. 1d, é, = 0.00714 
A, =0 0.00476 0.00476 1 1 0.00714 e = 0 0.00714 0.00714 0.00609 —152 — 152 
Ae = 0+ (224) (162) (163) 
q =! 
T-section, Fig. 1d, e, = 0.00714 
A, =0 0.00317 0.00635 1 V/s 0.01127 e = 0.00218 0.00496 0.00932 0.008385 —59.7 15.2 
A. = Aw (227) (164) (165) 
es '/s 
Triangular section, é; = 0.00714 
Fig. le, 0.00238 0.00714 1 V/; 0.01557 e. = 0.00351 0.00363 0.01065 0.01026 —93.5 —25.9 
gq='/3 (231) (168) (169) 
Semiparab. sec- é; = 0.00714 
tion, vert. in, 0.00317 0.00635 1 I/, 0.01840 e = 0.00237 0.00478 0.00951 0.00934 —69.1 —32.7 
Fig. li, (235) (170) (171) 
¢> "/, 
Semiparab. sec- @, = 0.00714 
tion, vert. out, 0.00190 0.00762 1 is, 0.01519 e = 0.00421 0.00293 0.01135 0.01090 —108 — 22.0 
Fig. 1h, (239) (166) (167) 
q= 1/, 
(c) Parabolic section, vertexes in. The approxi- e = —0.886y" (189) 
mate equations, Eqs. (178) and (179), become _ Pe eee ; 
i 5 gas pe: (179), Curves e and e in Fig. 3 show the exact relations. The 


k = (1 + 47.3y)u (184) 


€ = —2.95y? (185) 


Curves c and c in Fig. 3 show the exact relations and, to 
the scale of the drawing, also the approximate relations. 

(d) Rectangular section. The approximate equa- 
tions, Eqs. (178) and (179), become 


(1 + 41.8u)u 


—1.45p? 


(186) 


A 
(187) 
Curves d and d in Fig. 3 show the exact relations. The 
approximate curves are hardly distinguishable from 
the exact curves with the scale used in the drawing and 
are not shown. 

(e) Parabolic section, vertexes out. The approxi- 
mate equations, Eqs. (178) and (179), become 


k= (1 + 34.7y)u 


€ = 


(188) 


approximate curves are hardly distinguishable from 
the exact curves with the scale used in the drawing and 
are not shown. 


(2) Unsymmetrical Sections. 


(a) Idealized I-section with one flange. For the 
particular stress-strain diagrams chosen for Case I, as 
stated before, the approximate curves and the exact 
curves happen to coincide. Curves a and a in Fig. 4 
show the relations between « and yu and between e and 
uw for a section with an infinitesimal upper flange. 

(b) T-section with infinitesimal web. The ap- 
proximate equations, Eqs. (178) and (179), be 
come 


K=e= (1+ 764y)u (190) 


Curves b and b in Fig. 4 show the exact relations, and, 
to the scale of the drawing, the approximate relations 
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are hardly distinguishable from the exact ones. The 


approximate curves are not shown. 


(c) T-section. The approximate equations, Eqs. 
178) and (179), become 
k = (1 + 47.9p)p (191 
e = (1/. + 29.4u)y (192) 
Curves c and c in Fig. 4 show the exact relations. The 


approximate relations differ so little that they are not 
shown. 


(d) Triangular section. The approximate equa- 
tions, Eqs. (178) and (179), become 

xk = (1 + 36.4y)u (193 

e = ('/; + 13.0u)u (194) 

Curves d and d in Fig. 4 show the exact relations. The 


approximate relations are hardly distinguishable from 
the exact ones and are not shown. 


(e) Semiparabolic section, vertexes in. The ap- 
proximate equations for this section are 

kK = (1 + 33.0n)u (195) 

e = (1/2 + 17.8u)u (196) 

Curves e and e in Fig. + shows the exact relations. The 


approximate relations differ so little from the exact 
ones that they are not shown. 


(f) Semiparabolic section, vertexes out. The ap- 
proximate equations are 

kK = (1 + 36.7y)u (197) 

e = (1/4 + 9.47u)p (198) 


No curves are shown for this section. As pointed out 
in reference 2, the x,u-curve is close to the curve for the 


triangular section. 


Case II 


In order to approximate with sufficient accuracy 
the exact curves of Case II, it is again necessary to keep 
only one of the coefficients for each set of curves- 
namely, p; and g;—in addition of course to pp and qo. 
The values of €9, kK», and yo, Table 2, corresponding to 


the end of elastic action, are taken from references 1 and 
») 


1) Symmetrical Sections. 
As for Case I the approxi- 
Curves a 


(a) Idealized I-section. 
mate curves and the exact curves coincide. 
and a in Fig. 5 show the relations between « and yu and 
between ¢ and yu for the section with equal flanges. 

(b) I-secticn. As bending progresses, the passing 
of a finite portion of any cross section through a stress- 
strain relation with discontinuous slope is accompanied 
by a discontinuity of the slope in the «,u- and the e,y- 
relation. Thus this happens when the I-section with 
equal thin flanges, each equal in cross-sectional area to 
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that of the web, reaches the condition xg = wy = 0.008, 
as may be seen from curves b and b in Fig. 5. pp and 
qo are the reciprocals of the slopes of these curves at 
uo = 0.008 + 0, and their values must be found if 
Eqs. (173) and (177) are to be used. For the condition 
in question, 4, = @ and og = o,, and Eq. (153)? be- 
comes, with the aid of Eqs. (115),? 
_ 2( 2 1 3 1 2 I ) 
B= Ta Ke," + 3 e135 + Ke2oy2 + 5 e2*o — 4 


Differentiation with respect to x gives 


du 


12 d 
= -2 (*) + (; )| ee (“*) +e? + 
dk \K 7K? dx 
at (%) - (“#) + eon +e ()] (199 
* \dk — dk lat “— dk 


Similarly equation (152)? becomes 





(€: + e2)e: + 1/2¢;? = ( + €2)Oy2 + oy — Voy" 


and by differentiation with respect to x, 
de; 


de 
- i (2eye — é:) a (200) 


(3¢: + 2 — oy2) 


By differentiating the first of Eqs. (38) with respect to 
x, one finds 


(de,/dx) + (de2/dx) = 1 (201) 

Solving Eqs. (200) and (201) simultaneously gives 
de;/dx = (2oy — €:)/(2e: + @: + oy) (202) 
deéz/dx = (3e: + 2 — oy)/(21 + & + on) (203) 


At w= fo = 0.008: x = Ko = 0.008, &=& = dy = 
0.004. Substituting these values in Eqs. (199), (202), 
and (203) gives 


bo = 1/(du/dk),- y= 14/5 


To obtain go, it may be noted that 


du/de = (du/dx)(dx/de) (204) 
and by differentiation of Eq. (147) that 
dx/de = 1/{|(de,/dx) — (des/dx)| (205) 
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Substituting from Eqs. (202) and (203) in Eq. (205) 
gives 
dx/de = — (2e + 2 + oy2)/(4e1 + a> 30,2) 


For the numerical values of the present case, then, 


(206) 


1 1 
” ~ du/de),-  ((du/dx)(dx/de)],-,, 
(14/5)(—1/2) = —7/5 
The maximum value, u,, of » may be found without 


difficulty, as follows. For o; = o, and o2 = o, Eq. 
(152)? becomes 





Oyi(2e, + €2 — 3/eoy1) = o42(2e2 + ey — '/say2) 


As k —~ ©, o, and oy become negligible compared to 
é; and é:, so that 


€:\/@2 = (202 — oy)/(2, — o,) 
or 
2 om 9 iol 
1 201 Ty = <oy1 Ty2 on7 
— = #4 FLT 7207) 
k +o kK On + Oy 


Similarly Eq. (153)? becomes, when the negligibile terms 
are omitted, 


6 ey € 
‘ K K 


By substituting o,, = 0.00476, o,. = 0.004 in Eqs. 
(207) and (208), one finds nu, = 0.00926. 

Finally, for determining ; and q, it is necessary to 
pick values of «, «, and 4. As before, these will be 
taken as the values of ¢, x, and » when a yield strain is 
first reached in an extreme fiber, e. = 0.006 in the pres- 
ent case. From Eq. (152)? it is then found that e, = 
0.00454 and thus « = —0.00146 and x, = 0.01054. 





Eq. (153)? gives w, = 0.00868. From Eq. (174) 
and the corresponding equation for qi, one now 
finds 
(0.00254) (0.00058) -(¥)| 
= } }/0.00068 = —1,610 
-{6 00068)(0.00126) — \ 5 ) |/0-00%6 , 


E —0.00146) (0.00058) 
% ™ L (0.00068) (0.00126) 





+ ) lo 00068 = 620 


The approximate Eqs. (173) and (177 
2.03(0.00974 — u)(u — = 


) may be written 








; = 0.008 
. + 0.00926 — u 
u = 0.008 (209) 
01026 — — 0.008 
scavatiaasil (0.010 u)(u — 0.00: ) 
0.00926 — yu 
> 0.008 (210) 


The solid curves b and b in Fig. 5 show the exact rela- 
tions. The approximate x,u-curve is indistinguishable 
from the exact curve. 
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(c) Parabolic section, vertexes in. The maximum 
value of » is computed from Eqs. (156)? and (157)? 
When the negligible terms in Eq. (156)? are omitted, 
this equation reduces to 

oyrli(€1? + 3eq”) = oy2€2(e2* + 3e,”) (211 

On introducing oy, = 0.00476, 7,2 = 0.004, and solving, 
it is found that e,/k = 0.278 and e/x = 0.722. Eq, 
(157)? reduces to 


me = Fen (2)L(2) + 2(2)(E) +8 (2) ]4 
on(@)[(C) + 2(2(2) +32) ]} 


By substituting the numerical values of o,, 9,2, e/« 
and é/x, one finds u, = 0.01053. The values of p, 
and gq; are found as before and are given in Table 2. 
The approximate equations, Eqs. and (177), be- 


he 


(173) 


come 

0.750(0.01137 — K)(m — 0. 008) 
= ().008 ———___—_—_— : 
: a 0.01053 — u 
u 2 0.008 (213 

(u — 0. 008) * 

e = —0.147 — u = 0.008 (214 
0.01053 — uw 


The solid curves c and c in Fig. 5 show the exact rela- 
tions. The approximate x,u-curve is indistinguishable 
from the exact curve. 

(d) Rectangular section. The maximum value of 


u is computed from Eqs. (158)? and (159)? by omitting 


the terms that become negligible ask —> ©. Eq. (158)* 
gives 
Tyiei = Tpee 
from which 
Q1/K = O/(6, + Oy), 2/k = oy/(On + oy) (215 
Eq. (159)? gives 
Mm = 6[o,r(e1/x)? + o,2(e2/x)?] (216 


The values of p; and q; are given in Table 2, 





approximate equations, Eqs. (173) and (177), become 
(0.01653 — w)(m — - 0. -008) 
; = 0.008 + 0.591 ————_—— ; 
‘ ba 0.01304 — u 
uz 2 0.008 (217 
(« — 0.098)? 
= —0.0931 2 0.008 (218) 
; 0.01304 -— 4’ ; 


The solid curves d and d in Fig. 5 show the exact rela- 
tions. The approximate x,u-curve is indistinguishable 
from the exact curve. 

(e) Parabolic section, vertexes out. 4», is computed 


from Eqs. (160)? and (161)?. Eq. (160)? gives 


oyer*(€r + 3€2) = oy22*(€2 + 3e1) (219) 


and the f 
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PLASTIC BEN 


On introducing ¢,, = 0.00476, o,. = 0.004, and solving, 
one finds é;/x = 0.471 and @/x = 0.529. Eq. (161)? 
gives 


ec iag a 
a(S) HEM 


When f; and q; are determined, the approximate equa- 
tions, Eqs. (173) and (177), become 
(0.01881 — u)(u — 08) 
0.01632 — 
uw 2 0.008 (221) 


(220) 





0.008 + 0.769 


\l 


(un — 0.008)? 


996 ———— —, > 0.008 (229 
” 0.01632 — x ss ee 


\| 


The solid curves e and e in Fig. 5 show the exact rela- 


tions. 
(2) Unsymmetrical Sections. 

(a) Idealized I-section with one flange. The exact 
curves and the approximate curves, a and a in Fig. 6, 
coincide. 
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(b) T-section with infinitesimal web. Eq. (162)? 
gives, for determining pm, 
Q/x = 1 (223) 
and Eq. (163),? 
Mm = */20y1 (224) 


The approximate equations are 
(0.01133 — u)(u — 0.00476), 


“Te 
u = 0.00476 (225) 





e = 0.00476 + 0.363 - 


t= 


The solid curves b and b in Fig. 6 show the exact rela- 
tions. 





NDING—APPROXIMATE 













SOLUTION 





(c) T-section. From Eq. (164)?, for um, 
Oye: = o(ei + €2) + ayer 
or 
e 2o,2 oy — Oy 
> ere See (226) 
K Oyi + Oy K Ty + Oy 


The approximate equations are 


(0.02311 — M)(u - - 0.00688). 





: = 0.00635 + 0.294 ———_—_____— 
: ~— 0.01127 — u 
u = 0.00635 (228) 
0.02663 — 0.00635 
« = 0.00317 + 0.0746 ( 33 + uu . 5B) 
0.01127 — u 
u = 0.00635 (229) 


The solid curves c and c in Fig. 6 show the exact rela- 
tions. 


(d) Triangular section. 
termining pm, 


From Eq. (168)?, for de- 


‘ 
Tyrer" = 1/901€1" aad 


from which 


OT y2€1€2 + 1/9022" 
e1 oy2 e2 Ty2 4 
= 2. ee — (230 
» 1. + oy, kK 1 + oy — 
and from Eq. (169)? 


wn = 8 on(2)'+ ol) 3(2) +2(2)]f cn 


The approximate equations are 


(0.01784 — u)(u — 0.00714) 











x = 0.00714 + 0.788 —— pay , 
0.01557 — pu 
uw = 0.00714 (232) 
0.02000 — u)(u — 0.00714) 
e = 0.00238 + 0.218 \ oe a +, 
0.01557 — pw 
u = 0.00714 (233) 
The solid curves d and d in Fig. 6 show the exact rela- 
tions. The approximate x,u-curve is indistinguishable 


from the exact curve. 


(e) Semiparabolic section, vertexes in. From Eq. 
(170),? for determining yu», 
Tyier® = oT yee2(3e,? + 3e1ee =a €2”) (234) 


On introducing o,, = 0.00476, o,. = 0.004, and solv- 
ing, one finds e;/x = 0.770 and e@/x = 0.230. Eq. 
(171)? reduces to 
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w Sten(2) + 00(2)[6(2) + 
(2X2) +2(2)]p es 


The approximate equations are 


(0.02081 — u)(u — 0.00635) 








= OG: 833 —— 
0.0 yt 35 a 0. >.> 0.01840 a 
u = 0.00635 (236) 
02 63 — si 
. = 0.00317 + 0.394 (0.02163 — u)(u 0.00055) 
0.01840 — p 
nh = 0.00635 (237) 


The solid cyrves e and e in Fig. 6 show the exact rela- 
tions. 

(f) Semiparabolic section, vertexes out. 
166),? for determining x,,, 


From Eq. 
y1€17(2e, + 3é2) = Fy2e2(3e1" > 6e:e2 + 2e27) (238) 


to 0.004, this equation gives 
x = 0.619 and e,/x = 0.381. Eq. (167)? reduces to 


_-BalST) +42)) 
CHE) + aC) +s) em 


The approximate equations are 


(0.01690 — u)(u — 0.007 62) 
0.01519 — pw 
= 0.00762 (240) 
(0.01897 — u)(un — este es 


0.01519 — py 
= 0.00762 


For gy = 0.00476, cy 





= 0.00762 + 0.817 





0.00190 + 0.167 


~ 
" 


(241) 


Case III 

Although it will always be possible to get a satisfac- 
tory fit by retaining enough of the coefficients py, ps, -. . 
and @;, gz, ..., the more of these coefficients that are 
retained, the more complicated the equations of the 
approximate curves will be. It is desirable, therefore, 


| not to demand a better fit than is strictly necessary. 


For all but one of the sections under discussion /,, pe, qi, 
and g2 will be retained in the approximate equations for 
Case III. It does not follow that a better fit to the 
«#-relation, for example, might not be obtained by 
retaining two other coefficients, rather than p; and pe; 
but if others are used, u enters to a higher power and 
simplicity is sacrified. Moreover, in general, it will 
not be easy to decide which two coefficients to pick for 
a best fit. 

For Case III e,/x = 1 and e/x = Oask— @, 

Table 3, similar to Tables 1 and 2, applies to Case 
IIT. 


(1) Symmetrical Sections. 

(a) Idealized I-section. The approximate curves 
and the exact curves coincide up to um = 0.00952. 
Thereafter » = um = 0.00952 for all values of « and e. 
Curves a and a in Fig. 7 show the relations between « 
and uw and between ¢ and x. 

(b) I-section. From Eq. (153)? 


= (18/7)e, (242) 


After determining ,, 2, qi, and gq from Eqs. (174), 
(175), and the equivalent equations for gq, and go, the 
approximate equations, Eqs. (173) and (177), become 


« = [0.01224u/(0.01224 — u)](1 — 80.34 + 896u*) 
(243) 
€ = 49.9u°(u — 0.01018)/(0.01224 — yz) (244) 
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The solid curves b and b in Fig. 7 show the exact re- 


lations. 
(c) Parabolic section, vertexes in. 


Um = (10/3)oy 


From Eq. (157)? 
(245) 
The approximate equations become 


[0.015874/(0.01587 — »)](1 — 50.0n — 227?) 
(246) 


(247) 


kK 


29.8u?(u — 0.01310)/(0.01587 — p) 


€ 


The solid curves c and c in Fig. 7 show the exact rela- 
tions. 


(d) Rectangular section. From Eq. (159)? 


(248) 


Um = boy 

The approximate equations are 
= [0.02857/(0.02857 — y)](1 — 35.84 + 1,570u*) 
(249) 
= 27.5u2(u — 0.01587)/(0.02857 — pz) (250) 


The solid curves d and d in Fig. 7 show the exact rela- 
tions. 

(e) Parabolic section, 
(161)? 


vertexes out. From Eq. 
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Um = 106, (251) 


The approximate equations are 


x = [0.04762u/(0.04762 — w)|(1 — 14.04 + 635y?) 
(252) 
€ = 15.0u?(u — 0.02407) /(0.04762 — yu) (253) 


The solid curves e and e in Fig. 7 show the exact rela- 
tions. 
(2) Unsymmetrical Sections. 


(a) Idealized I-section with one flange. The exact 
curves and the approximate curves, a and a in Fig. 8, 
are the same, and the same as for Case II, Fig. 6. 
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(b) T-section with infinitesimal web. The exact 
curves, ‘b and b in Fig. 8, and the approximate curves 
are the same as for Case II, and the equations of the 
approximate curves are Eqs. (225). 

(c) T-section. From Eq. (165)? 


km = (12/5)oy 
The approximate equations are 


(0.01143u/(0.01143 — u)](1 — 82.54 + 266y?) 
(255) 


(254) 


K 


a 
Il 


(0.01143y/(0.01143 — p)] (2/2 — 53.84 + 1,530y?) 
(256) 


The solid curves c and c in Fig. 8 show the exact rela- 
tions. 
(d) Triangular section. From Eq. (169)? 


lm = boy (257) 


The approximate equations are 


kx = [0.02857u/(0.02857 — u)|(1 — 48.0u + 2,450u?) 
(258) 
e = [0.02857y/ (0.02857 — u)](1/s — 25.64 + 1,500u?) 
(259) 


The solid curves d and d in Fig. 8 show the exact rela- 
tions. 
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(e) Semiparabolic section, vertexes in. 
(171)? 


From Eq. 


Um = (20/3)o, (260 
The approximate equations are 


(0.03175u/(0.03175 — w)}(1 — 41.7u + 1,960y? 
(261 


Kk = 


e = [0.03175u/(0.03175 — u))(/2 — 26.54 + 1,380y2 

(262 

The solid curves e and e in Fig. 8 show the exact rela- 
tions. 

(f) Semiparabolic section, vertexes out. 
(167)? 


From Eq. 


Mm = (120/19) oy (263 
The approximate equations are 


(0.030084/ (0.03008 — u)](1 — 42.14 + 2,060,") 
(264) 


Il 


K 


[0.03008u/ (0.03008 — u)} (2/4 — 20.74 + 1,180y*) 


(265) 


w 
I 


DEFLECTIONS 


In reference 1 the deflections were considered for a 
beam the cross section of which was an idealized I- 
section. Three simple types of loading were assumed, 
and the three types of material were referred to as 
Cases I, II, and III. The solutions were exact and 
were of the few exact solutions practically possible in 
the plastic range. It is proposed here to obtain a few 
approximate solutions for a rectangular cross section. 
Any other of the cross sections that have been consid- 
ered would involve merely different constants and 
could be handled in the same way. In each case it is 
necessary to solve Eq. (70a). 


Beam Loaded at the Ends by Couples, Case III 


For this simplest type of loading » = constant and 
therefore x = constant. With the origin of coordinates 
at one end of the beam, integration of Eq. (70a) gives 


& = '/x§(€ — 1) 


where «x, is the constant value of «x and is given for the 
rectangular section, Case III, by Eq. (249) when the 
constant value of u is inserted in that equation. The 
value of yw straining the extreme fibers on one side to 
the first yield strain reached, 0.006, is 0.00937, and the 
corresponding value of x is 0.01118, Table 3. There- 
fore for this value of u 


@ = 0.00559&(E — 1) 


(266) 


(267) 
By the elastic theory, 1» = x, and one would have, for 
uw = 0.00937, 

@ = 0.00469(E — 1) 


The ratio of the two deflections is 559/469 = 1.19. 
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When the opposite extreme fibers are strained to the u='/wt OS ES '/2 (83) 
yield strain of 0.00714, » = 0.01147 and «x = 0.01522, 


Table 3. In this case When this value of u is substituted in Eqs. (172) and 


(173), with xo = wo and p. = ps = fy = ... = 0, those 
@ = 0.00761&(— — 1) (263) equations may be written 
By the elastic theory, for u = 0.01147, ; c='wt OS ESHS! (269) 
¢ = 0.00573E(— — 1) a 


Mo 
— sot, ileal K = wo — ~~ = [mo(bo — Piso) 
[he ratio of the two deflections is 761/573 = 1.33. Um — */2wk 


Le Se 1/ 2h. £2 ; 1 (97 
/2@( 0 ~ ao) E — “/4@ ri. 0 = -* 2 270) 
simply Supported Beam; Centrally Loaded, Case II P P whith & Ss ae 
a ae ; where 

With the origin of coordinates taken at one end of the 
beam £ = 2(uo/w) (271) 

Substitution in Eq. (70a) and integration gives 

@ = [(1/12)w*é? + Cj(é/w), OL ES HS '/2 (272) 


0 = "/ouot® + (2/w)(u, — wo) {(pPo — 2piuto + (3/2) Pibtm)om~ — */a(Po — 2Ziwo + Pum,,)E*? — (1/24)piw*s* — 
(2/w)[(po — piso)uo — (Po — 2hito)Mm — Piblm®] (Um — 1/2wE) [log (u, — */ewE) — 1]} + 
Ci(E/w) + (C2/w*), & SES */2 (273) 
The three constants of integration, Cy, Ci, and C2, in Eqs. (272) and (273) may be determined from the conditions 
= fo: demn—o = Geento, (do/dE)peyn-o = (db/dé)pon+0 
1/3: do/dé = 0 


When the values of uo, u,,, Po, and p; for the rectangular cross section (Table 2) are substituted in Eqs. (271) to 
273) and when the constants of integration are determined, these equations reduce to 


wre wt 


lI 


(0.016/w 
o¢= § [(1/12)w?é? — 0.0369w? — 0.000607 + 0.0000746 + 0.0000208 log (0.05216 — w)], OS és } , 
w 1/, 
(274) 
1 
¢= = { 0.04018" — 0.000607w*E(1 — £) — 0.0369H%t + 0.00000242 — 0.00000805wé + 
at 


, 0.016/e $ € S$ /, (275) 


0.0000208 [wt log (0.05216 — w) + 2(0.01304 — 4/2wé) log (0.01304 — 1/2wé)] 


The bending moment is a maximum at the middle of the beam, and the value of u that produces the first yield 
strain, 0.006, in extreme fibers is 0.01060, Table 2. The corresponding value of the load is determined from Eq. 
23) 


w = (2)(2)(0.01060) = 0.0424 

When this value of w is substituted in Eqs. (274) and (275), they become 

@ = 0.00353é(&? — 0.761), OS & S 0.377 (276) 
@ = 0.00208[£* + 0.291& — 1.32€ + 0.0860 + 0.236(0.615 — &) log (0.615 — &)], 0377 S — S 1/2 (277) 


In an elastic beam the same load produces deflections 


@ = 0.000883(4e? — 3), OSES! 
The ratio of the maximum deflections is 902/883 = 1.02. 
Simply Supported Beam, Uniformly Loaded, Case I uw = "/wt(1 — €) (88) 


With the origin of coordinates taken at one end of When this value of u is substituted in Eq. (178), that 
the beam equation may be written 
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« = 1/40[2& — (2 — piw)d? — 2piwk* + piwé] — (278) 
With this value of «x, integration of Eq. (70a) 
gives, after determination of the constants of integra- 
tion, 


@ = (w/240)E(E — 1) [2piwk* — 4pwt* — 
(10 — piw)&* + (10 + pw)E + 10 + prio] 
The bending moment is a maximum at the middle of 
the beam, and the value of yu that produces the first 
yield strain, 0.006, in extreme fibers is 0.00871, Table 1. 
The corresponding value of the load is determined from 


Eq. (88), 


(279) 


w = (2)(2)(2)(0.00871) = 0.0697 


When this value of w and the value of p; = 41.8 from 
Table 1 are substituted in Eq. (279), that equation 
reduces to 


@ = 0.00169£(é — 1)(&4 — 2&* — 1.22§* + 2.22¢ + 2.22) 
(280) 


In an elastic beam the same load produces deflections 
@ = —0.00290&( — 1)(& — — — 1) 


The ratio of the maximum deflections is 1198/907 = 
1.32. 


DISCUSSION 


A few points are worth noting in considering the 
approximate solution that has been presented. First of 
all, Case I is the most nearly typical case that will be 
met with in practice, in the sense that few materials 
have stress-strain relations that can be approximated 
by straight lines, as in Cases II and III. The approxi- 
mate Eqs. (173) and (177) boil dowri to simple poly- 
nomial expressions, like Eqs. (178) and (179), when, as 
in Case I, 2 S m S =@ in the Eq. (1)? for the stress- 
strain curve. The integrations for determining the 
deflections are in general simplest for 2 < nm < © be- 
cause then ¢9 = ko = wo = Oand yu, = ©. 

It was easy in this paper to tell how many of the coef- 
ficients pi, po, pa ..-, Qi» G2 Ys, ... to retain in the 
approximate equations because the exact x,u- and e€,y- 
relations were known, and it was only necessary to 
compare the approximate curves with the exact 
curves. When exact curves are not available, however, 
as will usually be the case, perhaps the best way to 
find out whether more than one of the coefficients 
Pi, Po, ps, ..., for example, is required is to assume 
first that only one is required, determine that one, draw 
the resulting approximate x,u-curve, then assume two 
are required, determine them, and draw the corre- 
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sponding «,u-curve. If, within the range of «’s it is 
desired to cover, the second curve does not depart 
from the first an unacceptable amount, the first ap. 
proximation is adequate. In this connection it may 
be pointed out that in Cases II and III—that is, inp 
cases in which 4, < ©—the maximum possible error 
is limited. The error in uw for any « and any e cannot 
possibly be, and need never be, so great as (1/2) x 
(4m — mo), for example, if, with only », and q; retained, 
these coefficients are so determined that the exact and 
the approximate values of kx, e, and uw coincide when 
# = (*/2)(um + Ho). 

The maximum deflections of the three beams of 
rectangular cross section investigated under the head- 
ing ‘‘Deflections’’ varied for the same yield strain first 
reached, 0.006, all the way from 2 to 32 per cent greater 
than the maximum elastic deflections. This large 
variation depends on two factors: the stress-strain 
characteristics of the material and the type of loading. 
A stress-strain diagram that is “‘soft’”’ in the usable 
range, like the one of Case I, will result in greater de- 
flections than a ‘“‘stiff’’ one, like that of Case II. When 
the loading is such as to strain much of the beam 
heavily, as, for example, when terminal couples are 
applied, relatively larger deflections will result than 
when only a small portion of the beam is severely 
strained. 

The sign of the bending moment did not change in the 
three beams under discussion. _It must be remembered 
that » is always positive, and if, as in an overhanging 
beam, the bending moment changes sign, appropriate 
changes in sign must be made in integrating Eq. (70a). 

Finally, it should be noted that all three papers, 
references 1 and 2 and the present paper, have been 
based on materials, a large group,* the stress-strain 
curves of which can be expressed accurately by the 
equation? 


e= a+ Kot (1) 


for strains as large as any that would be tolerated in a 
structural element subjected to flexure. Much in 
these papers, especially this one, does not depend on 
the particular stress-strain curve (1). 
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SUMMARY 


The performance of simple hydraulic shock absorbers has been 
obtained by the graphical method of analysis. Various elements 
and features of shock absorbers are presented and analyzed 
separately, including the variable orifice type of control. Numer- 
ical examples are used to illustrate the effects of certain variables. 


INTRODUCTION 


- ABSORPTION OF KINETIC ENERGY of moving 
bodies ranks among the important engineering 
problems. The deceleration of a machine in motion is 
often accompanied by shock loads that exceed the 
normal operating loads of the machine, so that the 
design of the machine is governed by the magnitude 
of these shock loads. Shock-abserbing devices are 
used in conjunction with such machines in order to 
minimize these shock loads. One important use for 
such devices is in absorbing the vertical kinetic energy 
of airplanes at the instant of landing. 

For the earlier airplanes, which were lighter and flew 
at slow speeds, the rubber tires on the landing wheels 
had sufficient shock-absorbing capacity. With the ad- 
vent of heavier airplanes, faster speeds, and greater 
wing loadings, more efficient shock absorbers had to be 
developed. Most present-day aircraft are equipped 
with hydraulic shock absorbers of some kind, which are 
interposed between the landing wheel and the airplane 
itself. One simple type of such absorber is shown in Fig. 
|. It consists of a hollow piston A rigidly attached to 
the airplane and an oil-filled cylinder B attached to the 
wheel. The piston head has an orifice connecting cylin- 
der volume B to piston volume A. During landing, 
the shock force transmitted through the wheel builds 
up oil pressure in the cylinder; this causes oil to flow 
past the orifice into volume A, allowing relative motion 
of piston and cylinder, and absorbing the vertical 
kinetic energy of the airplane mass. 


MATHEMATICAL ANALYSIS OF Basic SYSTEM WITH 
CONSTANT ORIFICE AND No TIRE 


The system of Fig. 1 is shown schematically in Fig. 
2, with the hydraulic shock absorber as the only yield- 
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ing member. W is the portion of the airplane weight 
that is supported by the particular strut at the time of 
landing. The orifice is assumed to be of the\ideal 
sharp-edge type with turbulent flow past it. Theo- 
retically, the pressure drop across the orifice is therefore 
proportional to the velocity squared according to the 
relationship: 









Shock Absorber” 


Shock absorber in aircraft Janding gear. 
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Fic. 2. Shock absorber system. 
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Pe — Pa = kpv*® F?/2f? (1) 
where: 

v = velocity of piston relative to cylinder (also 
velocity of W after impact), in. per sec. 

Pe, = pressure in cylinder volume above atmos- 
pheric, Ibs. per sq.in. 

pa = pressure in piston volume above atmospheric, 
Ibs. per sq.in. 

F = piston area, sq.in. 

f = orifice area, sq.in. 

p = mass density of absorber fluid, Ibs.-sec.?-in.~4 

k = orifice coefficient (assumed to be equal to one 


in this analysis) 


Actually, the orifice characteristics may differ ap- 
preciably from the above idealized relationship, and for 
practical problems actual experimental curves should be 
obtained. 

Two significant forces in such a system are the inertia 
force of the decelerating weight W and that due to the 
oil pressure pz, which is assumed to act vertically, in 
opposite: direction to W. Neglecting all other effects 
and assuming that p, remains atmospheric, the follow- 
ing relationship is derived: 


—(W/g)(dv/dt) = Fp, = pv? F3/2f2 (2) 
which can be simplified to: 
dv/dt = —Nv’ (3) 
where 
N = pF*g/2f'W (3a) 


is a constant for a given system. If vp is the vertical 
velocity of contact and if time is measured from the 
instant of contact, the velocity v of W at any other 
instant can be found to be: 


Vv = %/(1 + Nat) (4) 
Substituting this value of v in Eq. (3) 
a = dv/dt = — Nu?/(1 + Noot)? (5) 
Integrating Eq. (4) with respect to time, 
y = (1/N) log, (1 + Naot) (6) 


where y is the stroke of the shock absorber piston. The 
above equation can be rearranged 


(1 + Not) = ev" (6a) 


Substituting Eq. (6a) in Eq. (5), we get for the load 
factor 


(a/g) = — (Nu?/g)e—2¥" (7) 
at? = 0, 
(@/2) maz. = (Nvo?/g) = pF*u?/2fPW (8) 


From Eq. (7) it is seen that the load factor decreases as 
y increases. Defining y; as the value of y at which the 


acceleration reaches 1/e of the maximum value, we get: 
y= 1/2N = fW/pFr (9 
and 
(a/g) = — (4/8) maz.eY % (10) 


which is the expression representing the load factor jn 
terms of stroke y. 

As an example, assume a shock absorber supporting 
a weight W of 10,000 Ibs.; orifice area of absorber, f = 
0.10 sq.in.; piston area of absorber, F = 10 sq.in,; 
density of oil, p = 0.00008 Ib.-sec.*-in.~*; and velocity 
of contact, 136 in. per sec. These values substituted in 
Eq. (8) and (9) yield 


M% = 3.24 in., (@/Z) nar. = 7.4 
so that the load factor of Eq. (10) becomes: 
(a/g) = 7Ae-v/2.% a) 


In analyzing the performance of actual shock ab- 
sorbers, there are many other effects that have to be 
considered. Usually, volume A is under air pressure 
and, as oil flows through the orifice in this space, the 
air pressure increases, slowing the flow of oil somewhat. 
Frictional forces between cylinder and piston may be 
important. In the preceding analysis the mass of the 
airplane was assumed to be rigid, while actually the 
structure deflects under load. Furthermore, the elas- 
ticity and energy-absorbing qualities of the tire itself, 
as well as the weight of the wheel assembly, should be 
taken into consideration in an analysis of actual sys- 
tems. Some shock absorbers have orifices whose effec- 
tive area varies along the stroke. The outline of a 
rather lengthy mathematical solution taking some of 
these factors into consideration has recently been pub- 
lished.’ It appears to be a valuable contribution to the 
field in that it makes use of the tools of advanced 
mathematics toward the solution of the problem. 
However, it still involves simplifying approximations 
in order to make the solution practically possible. 


GRAPHICAL ANALYSIS 


Recently, a graphical method has been developed 
for solving problems involving forces and motions in 
mechanical, hydraulic, and other elastic systems in a 
transient state. This graphical method has been suc- 
cessfully used to solve complex problems that could not 
be conveniently solved by mathematics alone. The 
shock absorber systems just described are only special 
cases of the general mechanical-hydraulic system, the 
graphical analysis of which has been studied by De- 
Juhasz? and Bergeron*, who present a complete de- 
rivation of the theory involved. A concise explanation 
of the method has recently been published.‘ Only a 
brief outline of the method is offered in this paper, 
but for more complete explanations the reader is 
referred to the above-mentioned publications. 
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The graphical analysis is based on the fact that the 

relationships between the various variables, which are 
complex if taken over a relatively long interval of 
time, are nearly linear functions over time intervals 
that are extremely short. The complete phenomenon 
to be studied is therefore subdivided into successive 
small intervals, denoted Af time intervals. This inter- 
yal is chosen small enough so that linearity can be as- 
sumed and yet large enough to cover the complete 
phenomenon in a convenient number of Af intervals. 
The graphical analysis operates with two coordinate 
systems, the time-location or ¢-x chart, and the force- 
velocity or P-v chart. The history diagram of force, 
velocity, or acceleration of any point in the system can 
be drawn from data made available by these two charts. 
Other charts of displacement, kinetic energy, etc., at 
any instant can be calculated from these same data. 

Each of the components of the mechanical system is 
represented on the P-v chart by a line called “‘direc- 
trix” whose slope is terthed its “‘surge constant.’’ The 
value of the surge constant depends upon the nature 
of the component; its physical properties, such as its 
mass, elasticity, etc.; and the chosen Af interval. The 
concept of the Af interval is that it represents the time 
necessary for a disturbance to traverse a given part 
of the system. 

The system solved mathematically in Eq. (11) is 
analyzed graphically in Fig. 3. The ¢-x diagram is 
shown in Fig. 3a. The time of contact is taken at ¢ = 0, 
and the disturbance thus started is assumed to travel 
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Fic. 3. Graphical analysis of basic shock absorber system 


with constant orifice and no tire. (a) t-x diagram. (b) P-v dia- 
gram. (c) Graphical and calculated data of load factors versus 
piston stroke. (d) Variation of kinetic energy and velocity of W 
with stroke. 
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back and forth at a virtual velocity so that it takes one 
At interval for one traversal from the orifice to the 
weight W. The value of At is arbitrarily chosen at 
0.01 sec. This separates the /-x chart into triangular 
areas marked 1, 2, 3, etc. Fig. 3b is the force-velocity 
chart. As weight W is subjected to an unbalanced 
force P for a time element Af, its velocity is changed by 
Av according to the relationship: 


(W/g)( Av/ At) = += AP (12) 


where g is the acceleration due to gravity. The rate of 
change of force relative to velocity representing the 
surge constant for WW can be obtained by dividing 
Eq. (6) by Az, 


AP/ Av = + W/gat . (13 


Substituting the actual values yields tan y = 2,600, 
which represents the load in pounds of unbalanced 
force which, if applied to W for a period of 0.01 sec., 
will change its velocity by 1 in. per sec. 

Eq. (1), representing the flow past an orifice in terms 
of the pressure differential, is used to characterize the 
orifice on the P—v diagram. The resulting curve is a 
parabola, termed the “efflux parabola,” 


F(pp — pa) = pv? F*/2f? 


Using the actual values of the particular example, AP = 
4y°. The pressure in chamber A is assumed to remain 
atmospheric so that the vertex of the parabola is at the 
origin. In the general case, the vertex of the parabola 
is at P = Fp,. 

The following procedure is used to construct the 
P—v chart of Fig. 3b. The mass VW is subjected at 
one end to the conditions of forces and motions char- 
acterized by the flow past the orifice—that is, the 
efflux parabola. The other end of the system is not sub 
jected to accelerating forces if the lift of the wings is 
equal to the weight of the airplane—and is character 
ized by the line P = 0. At the instant of contact 
(¢ = 0), v = vw and P = 0, which is the starting point 
in the construction of the P-v diagram. Points 1, 2, 
3, 4, etc., are obtained by alternately drawing positive 
and negative directrices between the two above- 
mentioned lines—namely, the efflux parabola and the 
line P = 0. These points represent the state of force 
and velocity in regions similarly numbered on the t-x 
chart—that is, in this case, the state of mass W after 
1,2, 3, 4, etc., Atintervals. The stroke of the absorber 
piston is its displacement, y, relative to the cylinder 
as measured from the initial extended position at the 
instant of contact. It can be calculated from: 


tan y = 


AP = (14 


n n 
y = Lay = Dv, At (15 
i i 
where 
y = stroke in in. after » At intervals 
U, = mean velocity during a certain Af interval, 


taken as the arithmetic mean 
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1.€., 


as Yo + 1 + % Vn—-1 + 2) At (16 
y=( 9 + 9 ye erame (16) 





The vertical kinetic energy of weight W at any instant 
can be calculated from: 


K.E. = Wv?/2g (17) 


The data of Fig. 3b and relationships (16) and (17) are 
used to prepare Table 1. 























TABLE 1 
Um 
Time Velocity Mean Stroke Kinetic 
3 v, In. Velocity, %, Energy, 
Sec. per Sec. In. perSec. Ay In. In.Lbs. 
0 136 0 0 240,000 
0.01 115 125.5 1.255 1.255 171,000 
0.02 94 104.5 1.045 2.300 ~° 114,000 
0.03 83 88.5 0.885 3.185 89,500 
0.04 72 77.5 0.775 3.960 67,000 
0.05 65 68.5 0.685 4.645 54,700 
0.06 58 61.5 0.615 5.260 43,500 
0.07 53 55.5 0.555 5.815 36,400 
0.08 49 51 0.51 6.325 33, 600 
80 - j ; 
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Fic. 4. Effect of At interval on the results of the graphical 


analysis. (a) P-v diagram with At = 0.02 sec. (b) Load factor 
versus stroke curves for At = 0.01 and 0.02 sec. 
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Fig. 3c represents both graphical and calculated 
values of the load factor a/g or P/W, as a function of 
the stroke y. The graphical values are those of Fig, 
3b and Table 1, while the calculated values were 
obtained from Eq. (11). There is close agreement 
between the two independently obtained results. Fig, 
3d shows the variation of velocity and kinetic energy of 
mass W, 


EFFECT OF INCREASING At INTERVAL 


The analysis of Fig. 3 was made with the At interval 
arbitrarily assumed to be 0.01 sec. In Fig. 4 the same 
system is analyzed by choosing 0.02 sec. as the Af 
interval. The larger interval is expected to yield a 
result less accurate than the former while saving some 
labor. Fig. 4a is the new P-v diagram, which differs 
from Fig. 3a in that the slope of the directix is now half 
of its original value since At occurs in the denominator 
of the expression for tan y. The load factor is plotted 
on Fig. 4b and the result is compared with that obtained 
in Fig. 3. The error does not exceed 10 per cent any- 
where and is more pronounced in the early period, 
reaching asymptotically the correct value as the stroke 
advances. 

Since the result with Az of 0.01 sec. was near 
the exact calculated value, there is no necessity to 
analyze the system with an interval smaller than 0.01 
sec., because the added labor would not be justified. 


80 + 












































lbs” io’ 
gen f W= 10 000 tis 
pur f-+01 ni 
oo sy Baye ~ {| F= 10 in® 
| =4y° = 00008 
4 - 
mH) oil Ib-sec? int * 
= 
Y, = 136 in-sec’ 
S i 
5 At = +O! secs 
sy 
3 
= 
a 
° — 
2 160 
a BF ine: 
=a at 
a PANS 8 
Gg | o 
| +208 
| 3 
SS Ss 
= 
j 710. - 
} As 
a 
4 6 8 
y inches —» 
Fic. 5. Graphical analysis of shock absorber system con- 


sidering the increase of air pressure in chamber A. (a) P-v dia- 
gram. (b) Air pressure in chamber A, and load factors plotted 
versus piston stroke. 
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Bffect of Air Pressure in Discharge Chamber A 


In Fig. 5, a graphical study is made of the system 
of Fig. 3, considering this time the effect of the increase 
in pressure in discharge chamber A. The effect of this 
increase on the P-v diagram is to raise the efflux 
parabola so that its vertex is no longer at P = 0 but is 
atP = Pa, = Fs. 

The system when fully extended (y = 0) has an air 
volume of 100 cu.in. in chamber A, at a pressure of 200 
lbs. per sq.in. The pressure in A, corresponding to 
other values of y, can be calculated from the known 
area of the piston and the approximate relationship for 
air: 


r 13S 
Pa J m = 


constant (18) 


This result is plotted in one of the curves of Fig. 5b 
in terms of the total force, P4, versus stroke. 

The P-v diagram cannot be obtained directly as 
was done in Figs. 3 and 4, since the location of the 
vertex of the parabola is not known in advance. The 
successive approximations is therefore 
In the first approximation the value of 


method of 
resorted to. 
P, determining the position of the efflux parabola is 
assumed to be that existing at the beginning of the 
particular interval under study. Consider that the 
analysis has reached the end of the rth interval, so 
that v, and y, are known. The value of the velocity at 
the end of the (r + 1)th interval is obtained at the 
intersection of the directrix with the assumed parabola. 
The piston stroke after the particular AZ interval is 


obtained from: 
mi (* + v, *) At (19) 


9 


Kun = ¥, + Ay = 


This value of y, +: gives a corrected value for P.4, the 
vertex of the new parabola. A new value of v,+, can 
then be obtained and the process repeated. However, 
the accuracy at this stage is usually sufficient for engi- 
neering purposes. A second approximation for the 
case of Fig. 5 produced no noticeable improvement in 
the result of the first approximation. 

The load factor plotted on Fig. 5b is compared with 
the result of Fig. 3, where p, was zero. The air pressure 
reduces the rapid drop in load factor as the stroke ad- 
vances and, hence, has a desirable effect. 


EFFECT OF FRICTION 


The effect of friction between shock absorber piston 
and cylinder is considered in the example of Fig. 6. 
The system is similar to that of Fig. 3, except that a 
friction force exists expressed by: 


P; = 


where v tan y is the viscous component proportional 
to the relative velocity between piston and cylinder 
and where R; is the Coulomb friction component which 
is independent of velocity. 


—otan y — Ro (20) 
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The effect of this friction is similar to a hypothetical 
negative force acting on the free end of W, which end 
is characterized by —P; as shown in Fig. 6b. 

The efflux parabola and the directrix of IV remain 
the same as in Fig. 3. Fig. 6b is the P-v diagram, 
and in Fig. 6c is plotted the load factor versus stroke 
for the cases with and without friction. 


VARIABLE ORIFICE TYPE OF SHOCK ABSORBER 


For practical reasons it is desirable to absorb the 
kinetic energy of W with as small a peak value of shock 
force as possible for a given total stroke of piston. An 
ideal shock absorber should, therefore, decelerate W 
at a constant rate throughout the stroke. The ab- 
sorbers of Figs. 3 and 5 do not satisfy this condition 
as seen by their load factor curves. 

One of the ways of improving the characteristics 
of these absorbers is by using a so-called variable 
orifice—that is, an orifice system whose effective area 
changes as the stroke advances. Assuming the ab- 
sorber system of Fig. 5, it is proposed to design a 
variable orifice system that will absorb the kinetic 
energy with a uniform load factor throughout the 
stroke. 

Given the contact velocity v = 136 in. per sec. and 
the total stroke yr = 9 in., the load factor under these 
conditions is given by: 
vo"/2eyr = 2.66 (21) 


a/g = 


The P-v diagram for this case is shown in Fig. 7a. 
Different efflux parabolas are needed for each A? inter- 
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Fic. 6. Effect of friction analyzed graphically. (a) t-x diagram. 


(b) (c) Load factor versus stroke. 
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val, since both the area /,, of the orifice and the vertex 
P, change. The value of y at each instant is calcu- 
lated from the known initial velocity and the decelera- 
tion of Eq. (21). The corresponding values of P, are 
obtained from Fig. 5b. The effective orifice area f, 
after each interval is obtained from the equation: 


AP = 26,600 — P, = pF*v?/2f," (22) 


The solution of this problem is plotted in Fig. 7b, which 
shows how the effective orifice area must be changed 
in order to produce a constant shock force throughout 
the stroke of the absorber. 

One method of.accomplishing this change of orifice 
area is indicated in Fig. 7c. The cylinder carries a 
“metering pin” having a variable cross-sectional area 
along its length. The pin extends into the piston 
volume and obstructs part of the orifice area, so that 
the net orifice area at any piston position is also vari- 
able. The orifice and metering pin can be designed 
from the data of Fig. 7b. 

An alternate method of producing the same effect is 
by using a number of orifices in series (instead of just 
one orifice), as shown in Fig. 7d. This device is covered 
by U.S. Patent 2048418. Considering flow past a 
number of orifices in series, the total pressure drop 
across all orifices is evidently the sum of the pressure 
drops across the individual orifices and, hence, is 
greater than any single pressure drop. The orifices 
in series therefore behave similar to a single orifice 
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that has a certain “effective” area smaller than any of 
the individual orifices. The following mathematica] 
expression is derived from Eq. (1): 


1 1 ] ] 
ee 24 looms (23 


<)) 


Be a Pr we 


where f, = effective area of given number of orifices 
in series (fi, fo, fs are individual orifice areas). 

Consider now the absorber similar to that of Fig. 74, 
The piston volume is separated into many compart- 
ments which are joined by orifices. At the beginning 
of the stroke the liquid has to flow past the first orifice 
only, so that its area represents the effective orifice 
area of the system. After the volume between the first 
and second orifices has been filled with oil, the orifice 
area of the system becomes that of the resultant of the 
two orifices in series and, hence, smaller than it was 
previously. As each successive space is filled, the liquid 
has to flow past more and more orifices, rendering the 
effective orifice area of the system smaller and smaller, 

The function “effective orifice area’ versus stroke 
of such a system is discontinuous at the values of stroke 
where orifices are located. The curve of Fig. 7b is 
approximated by a stepped function, having dis- 
continuities 2 in.. apart, where orifices are located. 
Eq. (23) is used to calculate the required orifice areas 
fo, fo, fs, fo representing orifices 0, 2, 4, 6 in., respectively, 
along the stroke. 


Basic SHOCK ABSORBER WITH ELASTIC SPRING (TIRE) 


In the preceding analyses it was assumed that the 
shock absorber was the only yielding member in the 
system. Absorbing systems of aircraft landing gears 
also include the rubber tire on the landing wheel. The 
tire possesses both elasticity and energy-absorbing 
qualities that are significant. In the cases to follow, 
the elasticity of the rubber tire is its only property 
taken in consideration. Under such limitations, the 
tire acts as a mechanical spring and is characterized 
by its “spring constant” C, the number of units of force 
required to cause unit deflection. The surge constant 
of this element on the P-v diagram is expressed by: 


tan + a = AP/v = +CAt (24) 


The analysis of a shock-absorber system including a 


tire is presented in Fig. 8. The weight W carried by | 


the absorber is taken at 10,000 Ibs.; the orifice area 
(fixed), 0.06 sq.in.; piston area, 10 sq.in.; oil density, 
0.00008 Ib.-sec.?-in.~‘; spring rate of the tire, C = 
5,000 Ibs. per in.; initial contact velocity, v = 136 in. 
per sec.; Af interval chosen at 0.02 sec. 

The pressure at A is assumed to remain atmospheric 
and friction is neglected. Fig. 8a is the t+« diagram, 


which has three reference points—namely, the fixed 
end of the spring (tire) in contact with the ground, 
Dis- 


the free end of the spring, and the weight W. 
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Fic. 8. Graphical analysis of shock absorber system with 
elastic spring (tire) and constant orifice. (a) ¢-x diagram. (b 
P-» diagram. (c) History diagrams of velocities vw, velocity of 
W, ve, velocity of absorber cylinder, and vwc, velocity of piston 
relative to cylinder. (d) Load factor versus stroke. 


turbances are assumed to travel back and forth between 
these limits, taking one Af interval for one traversal 
of an element, thus separating the plane in triangular 
identify the free end of 


areas. Numbers 3, 5, 7, etc., 
the weight and are on the P = 0 line. Numbers 21, 
23, 25, 27, etc., refer to the end of the tire in contact 


with the ground, for which the velocity is zero. Points 
2, 4, 6, etc., represent the end of weight W which is 
subjected to the hydraulic pressure, and points 22, 
24, 26, etc., identify the states of tire axle (or shock 
absorber cylinder). Fig. Sb is the P-v diagram. 
Values of tan a and tan y, as well as the equation for 
the efflux parabola, were obtained from the known 
values of the components and are indicated on the 
diagrams. 

The construction of the P-v diagram is based on 


the relationship 


(25) 


Uw = U% +.Uwe 
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where: 
vy = velocity of W at any instant, in. per sec. 
ve = velocity of tire axle at any instant, in. per sec. 
Ywe = velocity of absorber piston relative to cylin 


der, in. per sec. 


The initial state of the system is at point 0 (P = 0, 
v =v). As the tire hits the ground, its state changes 
along the — a directrix, and, since it comes to rest at the 
point of contact with the ground, the next state of the 
tire is found to be point 21. This disturbance is reflected 
to the free end of the tire along the +a directrix. 
Had there been no absorber between tire and weight IT’, 
the state at the next A/ interval would be the point 2), 
which is the intersection of the +a directrix from 21 
However, vy is 
The 


point 2 is 


and the 
larger than v, because of the flow past the orifice. 
geometrical construction locate 
shown on Fig. Sb. Constant P lines are drawn from 
2, to 22 and 21 to 21;. Points 22 and 21, are joined to 
meet the parabola at 2’. A constant P line is drawn 
from this point to meet the +a directrix at 22 and° 


—y directrix from point 0. 


used to 


the —y directrix at 2. Point 2 is the state of mass IV” 
at f = 2At. Point 22 is the state of the tire axle (or of 
the absorber cylinder) at this same instant. The geo 


metric construction is such that Eq. (25) is satisfied. 
It should be noted that line 2. to 21, makes an angle 
-" -« ° 
3,with the v-axis so that 

cot 8 = cot a + cot y (26 
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Fic. 9. Graphical analysis of system of Fig. 8, including 


effect of increase of air pressure in chamber A. (a) t-x diagram 


b) P-v diagram. (c) Load factor versus stroke. 
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Continuing the construction, a + y directrix is 
drawn from 2 to meet the P = 0 line at 3. From 22 
the —a directrix is drawn to meet the v = 0 line at 
23. From this point on the same process is repeated 
to get points 4 and 24, as was used to get points 2 and 
22. The remainder of the construction is shown in 
Fig. 8b. Fig. 8c is a history diagram of the various 
velocities, while the load factor is plotted in Fig. 8d. 


EFFECT OF AIR PRESSURE IN DISCHARGE CHAMBER ON 
THE PERFORMANCE OF ABSORBER WITH TIRE 


Fig. 9 is an analysis of the effect of air pressure in 
chamber A on the performance of the shock-absorber 
system of Fig. 8. P, increases with the stroke y ac- 
cording to the data of Fig. 5b. Fig. 9a, the t-x 
diagram, is similar to Fig. 8a. Fig. 9b is the P-v 
diagram, which differs from Fig. 8b in that P,, the 
vertex of the efflux parabola, is raised to satisfy the 
data of Fig. 5b. The method of successive approxima- 
tions is used to construct the P-v diagram, and the 

. points are obtained as in Fig. 8b. Fig. 9c is a plot of the 
load factor versus stroke for cases with and without 
pressure at A. 

The number of cases treated in this report are rela- 
tively few and have been presented primarily with the 
view of illustrating the method. The basic analysis 
can be expanded to take account of other factors, the 
accuracy of the result being increased at the expense 
of added labor. Some of the component characteristics, 
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like the efflux parabola and friction between piston and 
cylinder, can be determined experimentally and the 
results used directly on the P-v diagram without the 
necessity of mathematical equations. 
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Letter to the Editor 


Continued from page 407) 


Professor Niles’ contention that ‘a simple tube under torsional 
load is not statically determinate and cannot be treated as one if 
accurate results are desired’’ appears to contradict the derivation 
of the formula g = 7/24, as given in a textbook* of which Pro- 
fessor Niles is coauthor. In the book, the argument leading to 
this formula is based entirely on equilibrium considerations, and 
the structure thus treated (or, more exactly, its stress system) 
should therefore be considered as a statically determinate one. 
To this writer, such a tube, under the usual assumptions (elastic 
isotropic material, thin walls with no discontinuities in curvature, 
no longitudinal restraints, conservation of initial cross-sectional 
shape), presents a typical example of a statically determinate shell 
in the sense of the membrane theory. Its stress system is fully 
defined without resorting to any principle other than that of the 
static equilibrium of internal and external forces at a conveni- 
ently chosen cut. The case is then fundamentally the same as 
that of a beam on two supports, where it is also well known that 
an exact picture of the stress distribution cannot be found by 
statics alone; in the theory of structures, such a beam is, never- 
theless, considered as statically determinate. 

Finally, the writer is accused of treating the Maxwell-Mohr 
method as a less respectable substitute for the method of “‘least 


work.”’ It would seem that a more careful reading of the paper 
under discussion should help to dissipate this misunderstanding. 
In the second paragraph of the first column on page 104, it is 
stated that the stresses in redundant members can be determined 
by either method and that the author considers both methods as 
being practically equivalent. In column 2 of the same page, a 
suggestion is made as to how the problem may be solved by con- 
sidering the continuity at the cuts; this means that the Maxwell- 
Mohr method has actually been put forward. Fearing, however, 
that the reader may be unfamiliar with the expressions for the 
coeflicients (or ‘quantities of displacement’’) to be introduced into 
the equations of continuity, the writer thought it more expedient 
to have these expressions derived by means of ‘‘least work,” 
showing at the same time that both methods yield identical re- 
sults. He thinks it rather strange to be blamed for putting to 
work a method so strongly advocated by Professor Niles. 


* Niles, A. S., and Newell, J. S., Airplane Structures, 3rd Ed., Vol. II, p. 
185; John Wiley & Sons, New York, 1943. 
EryYK Kosko 
Assistant Professor of Aircraft Structures 
Ecole Polytechnique, Montreal 
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INTRODUCTION 


pie THE TIME of Osborne Reynolds, the stability 
problem in fluid mechanics has consistently with- 
stood every effort toward a general solution. The 
mathematical method of superposing a periodic dis- 
turbance upon a parallel flow has, to be sure, yielded 
qualitative results in specific cases, and experimental 
studies have supplied quantitative information in terms 
of characteristic Reynolds Numbers wherever required. 
However, a general criterion for stability is not yet at 
hand (as evidenced by the wide numerical range of 
critical Reynolds Numbers even for related types of 
flow), nor have existing analyses provided a physical 
picture of the controlling factors which is within the 
grasp of the average engineer. The stability index pro- 
posed in this paper does not have the justification of 
rigorous mathematical derivation, nor has it evolved 
from extensive laboratory study. Yet it does stem from 
logical and almost self-evident dimensional and physical 
concepts, and its general significance is indicated by 
experimental data already at hand for several basically 
different types of fluid motion. 


FORMULATION OF THE STABILITY INDEX 


A popular belief among engineers is that turbulence 
will develop at any point in laminar flow at which the 
velocity gradient becomes sufficiently high—this de- 
spite the fact that the gradient is invariably highest at 
the boundary itself and becomes still higher in the stable 
laminar sublayer between the boundary and the turbu- 
lent zone. 

Quite inconsistently, however, disturbances in high- 
velocity zones far from the boundary are often 
blamed for the onset of turbulence, even though the 
velocity gradient is lowest in that region. Although the 
velocity gradient is assuredly a factor that tends toward 
instability fully as much as the viscosity of the fluid 
tends toward stability, the far greater effect of the 
boundary proximity is seldom given credit. As a matter 
of fact, unless the normal distance y from the boundary 
is considered as essential a variable as the velocity 
gradient dv/dy and the kinematic viscosity v, the formu- 
lation of a general criterion of stability will be out of 


the question. If, however, these three variables are 


assumed to be the essential ones involved in the basic 
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stability problem they may be related in the general 
functional form 


¢(y, dv/dy, v) = 0 


for which only one dimensionless combination is ob- 
tainable: . 


¢’ [y?(dv/dy)/v] = 0 


Since dv/dy is invariably a maximum along a plane 
boundary when y is zero and since, with increasing 
values of y, the gradient decreases more and more 
rapidly, in any case of laminar motion the product 
y?(dv/dy)—and hence its ratio to y—should attain a 
maximum value at some point within the flow. From 
the structure of the dimensionless ratio of the three 
variables, it is evident that this optimum point repre- 
sents the zone of minimum stability for the flow in ques- 
tion. Since, however, only one dimensionless param- 
eter is involved in the functional relationship, it must 
necessarily be a constant for the conditions assumed. 
In other words, if the parameter is designated as the 
stability index x, the limit of stability should correspond 
to a constant critical magnitude of this index: 


Xer = [y?(dv/dy)/v]-- = constant 


Evidently, if the maximum value of x for a given state 
of flow is less than this critical magnitude, then the 
flow should be inherently stable to all disturbances. 
If, on the contrary, the maximum value of x exceeds 
this critical magnitude, then at the corresponding point 
within the flow the onset of turbulence should be ex- 
pected once the necessary disturbance occurs. 


FLow ALONG A FLAT PLATE 


Consider, for instance, flow in a laminar boundary 
layer along a flat plate, the well-known velocity dis- 
tribution of which is plotted dimensionlessly in Fig. 
la.! In Fig. 1b is shown the corresponding plot of x 
in its ratio to the square root of a Reynolds Number 
based upon the velocity v at a point far removed from 
the plate and the distance x from the leading edge. The 
stability index evidently varies from zero at the bound- 
ary to a maximum value of 1.44+/uox/v at the boundary 
distance y = 3.1+/xv/v0, beyond which it again ap- 
proaches zero. Then this point of maximum x is the 
location at which the onset of turbulence is to be ex- 
pected, provided that the absolute magnitude of the 
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index exceeds its critical value and the necessary dis- 
turbance occurs. If one takes the Reynolds Number 
ux/v = 1.5 X 10° as the lowest probable limit for 
boundary-layer turbulence,’ the critical value of the 
index will be found to be approximately x,, = 560. 


FLow THROUGH PIPES 


A related, although considerably different, type of 
flow is that through a long pipe of uniform diameter, 
which is generally considered to be stable to all dis- 
turbances if a Reynolds Number based upon the aver- 
age velocity V and the pipe radius 7 is lower than 1,000. 
Since, according to the Poiseuille relationship,* the 
velocity gradient may be expressed in terms of the in- 
tensity of boundary shear 79, the dynamic viscosity y, 
and the relative distance from the boundary, 


dv/dy = (270/uro)(ro — ¥) 
and since, therefore, 
T = 2uV/ro 
it will be found that 


aUinfis) . sin (ra? = 9") 


v Vv ro? 


Placing the derivative of x with respect to y equal to 
zero, 


dx _ 4V1r9 2rey — 3y’ 
= -—_—— a —- = 


dy v ro ° 
from which it follows that x = xXmaz. when y = 27)/3. 
This, then, should be the zone of initial instability in a 
long pipe, provided that the index exceeds its critical 
value and that a disturbance occurs. If, furthermore, 
the x criterion is as general as assumed, its critical value 
for the pipe should be numerically equal to that for the 
boundary layer along a plate. From the foregoing 
development it will be found that 


Xmar. = (16/27) (Vro/v) 


whence, for the value V7o/vy = 1,000, x.- = 590. 
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FLow BETWEEN PARALLEL BOUNDARIES 


Although little experimental information is at hand 
for the critical limit of laminar flow between stationary 
parallel boundaries or of laminar free-surface flow down 
a sloping boundary, such flow should obviously be sub- 
ject to the same general stability criterion. Since the 
velocity distribution for laminar flow in either instance 
follows a parabolic curve similar to that of the pipe, 
the point of maximum x should again be located two- 
thirds of the distance yo from the boundary to the mid- 
section between the boundaries or to the equivalent 
free surface. If, as is customary, the critical limit of 
either type of flow is estimated from tests on pipes in 
terms of the so-called hydraulic radius (i.e., the ratio of 
the cross-sectional area of flow to the ‘‘wetted”’ bound- 
ary perimeter), the Reynolds Number based on the 
mean velocity V and the distance yo is found to have 
a magnitude of 500. However, experimental evidence 
for open-channel flow,‘ as well as the location of the 
intersection of the dimensionless resistance curves for 
the corresponding laminar and turbulent regimes, indi- 
cates that this value should be at least as high as 800 
to be fully comparable. Under such circumstances 


Xmar. = (4/9)(V0/v) and x,, = 380 


As a final test, flow that is produced by the motion of 
one plane boundary past another should be considered. 
Experimental data are available only for the case of 
rotating cylinders, but it appears from extrapolation‘ 
that cylinders of infinite radius would yield, for sta- 
bility, the condition 


Av Ar/v =~ 2,000 


While the velocity gradient is constant between the 
inner and outer boundaries, variation in y would make 
xX a maximum midway between them, at which point 


(~)( Av \ (2) Av me 
Xnez.. = | — - 2 . 
2 Arv/ 4 ar 


Under such circumstances the value of xXmgr. at which 
instability should exist is found to be x,, = 500. 


GENERAL SIGNIFICANCE OF THE STABILITY INDEX 


Although four somewhat different values (560, 590, 
380, and 500) have been obtained herein for an index 
that was asserted to be a constant, it should be noted 
that three of these values have been computed from 
commonly accepted critical limits without any attempt 
at readjustment and that the lowest is based upon a 
limit that itself is not yet fully established. In every 
CaS€ Xx. iS directly proportional to the Reynolds Num- 
ber or is, in fact, a special form of the Reynolds Number, 
just as the Richardson Number is a special form of 
the Froude Number. Nevertheless, only by arbitrary 
manipulation of the length term in the Reynolds Num- 
ber would it be possible to obtain comparable critical 
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STABILITY INDEX FOR 


yalues in the several cases, while the x criterion at once 
yields values that depart so little from the average x,, * 
500 that it would appear to have both physical and 
gumerical significance. 

Essentially different from the foregoing case of trans- 
jormation from laminar to turbulent flow is the question 
of the limit of stability of the laminar sublayer—the 
zone of demarcation between laminar and turbulent 
motion occurring simultaneously in neighboring regions. 
The latter problem nevertheless involves the same three 
variables comprised in the x parameter, which may 
readily be evaluated from existing measurements on 
smooth pipes. According to these measurements, the 
nominal thickness 6 of the laminar sublayer may be ex- 


pressed as 

6 = 11.6r/W70/p 
in which 7 is the intensity of boundary shear and p the 
fluid density. Since, in obtaining this value, it is neces- 


sarily assumed that 
(dv dy), =; = U;/0 = To ‘us 


it follows that 
(11.6)? = 134 


Because of the essential difference between these two 
phases of the stability problem, it is hardly to be ex- 
pected that the respective values of x,, should be numer- 


Letters to 


Dear Sir: 

In the paper ‘‘Bending Beyond the Proportional Limit’’ by 
M. Yachter (JoURNAL OF THE AERONAUTICAL SCIENCES, Vol. 12, 
p. 21, January, 1945) and in the Letter to the Editor by Karol 
and Goran (JOURNAL OF THE AERONAUTICAL SCIENCES, Vol. 12, 
p. 251, April, 1945) there are errors that lead the authors to 
incorrect results. Fundamentally, the error in both cases amounts 
to the assumption that, as the stress (S) is increased or reduced 
in the region above the proportional limit, the strain may be 
represented by the abscissa of a point moving back and forth 
along the original stress-strain curve. 

Thus, in Eq. (6) of the original paper, when an(z) is added 
to S(c), and a is allowed to vary from unity to zero, it is assumed 
that the stress-strain relationship may be represented by the 
original stress-strain curve. Physically, this is not true. As a 
reduces from unity, the point departs from the original stress 
strain curve and moves along a line having the slope Eo. Thus, 
it is seen that the derivative ¢€,,’(s) = dem(s)/dS is not only dis- 
continuous but is discontinuous at every point of the stress- 
strain curve above the proportional limit. Therefore the second 
derivative €»,”(s) becomes infinite at all such points. Similarly, 
in the Letter to the Editor, the derivative dA,/dS is discontinu- 
ous above the proportional limit. Both of these derivations are 
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ically equal. That they are nonetheless of the same 
order of magnitude is therefore probably of greater in- 
terest than significance. As a matter of fact, the con- 
stancy of x,, indicated by the initial dimensionless re- 
lationship is wholly dependent upon the similarity of 
flow conditions tacitly assumed in the analysis. 
Whether or not the slight variation in x,, for the four 
cases previously discussed is also due to inherent dif- 
ferences in the flow conditions must remain subject to 
further investigation. On the other hand, if such addi- 
tional variables as boundary curvature or density gradi- 
ent were involved in the problem, the same stability 
index would then obviously assume the role of a de- 
pendent variable, its magnitude for critical conditions 
becoming a function of the boundary geometry or of 
either the Froude Number or the Richardson Number. 
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the Editor 


therefore in error. Both assume an imaginary material that may 
be loaded above the proportional limit and then unloaded to 
This is equivalent to assuming a nonlinear elastic 
Energy 


zero strain. 
law. Real materials do not behave in this manner. 
that is used in producing plastic flow is not recoverable. It 
escapes from the system in the form of heat. The system is 
therefore nonconservative, and setting the variation of the total 
work (6W) equal to zero becomes an absurdity. 

Now, considering two identical, short, axial elements of a 
beam with nonlinear strain distribution and with constant 
moment as in the accompanying figure, it may be seen that the 
two elements are not compatible—i.e., they will not fit together. 
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This simple approach leads to the conclusion that the only 
possible manner in which compatibility of adjacent elements may 
be achieved is for the strain distribution to be linear across the 
depth of the beam. 

It must be concluded that the results of both references are 
erroneous and that extension of the least work principle into the 
plastic range will lead to incorrect results. 

The assumption of linear strain distribution appears to be the 
only practical solution to the problem of plastic bending of 
prismatic bars. 

WILLIS J. BENCKERT 
Stress Group Engineer 
The Glenn L. Martin Company 


Dear Sir: 

In the article entitled ‘‘A Note on Bending Beyond the Pro- 
portional Limit” by M. Yachter (JouRNAL OF THE AERONAUTI- 
CAL SCIENCES, Vol. 12, No. 1, p. 21, January, 1945), a funda- 
mental mistake was made in using the Principle of Least Work 
in a case for which this principle does not apply. 

It has been pointed out by F. Engesser in his article ‘‘Ueber 
statisch unbestimmte Trager bei beliebigen Formanderungs- 
Gesetze und iiber den Satz von den kleinsten Erganzungsarbeit”’ 
(Zeitschrift des urchitekten- und Ingenieur-Vereins zu Hannover, 
Vol. 35, 1889, column 733-744, especially 738-744) that the 
Principle of Least Work applies only in the case of a stress-strain 
relation of the form 


Ss = ce” (1) 


where s denotes the stress, e the strain, and ¢c and m are constants 
characteristic of the material. Hooke’s law, s = ce, is, of course, 
a special case of Eq. (1), with m = 1. For stress-strain relations 
of any form other than Eq. (1), the Principle of Least Work is 
not valid but must be replaced by Engesser’s Principle of Least 
Complementary Energy (see, for instance, the section on the 
Theory of Structures by Griining in the Encyklopddie der mathe- 
matischen Wissenschafter, Vol. 4, subvolume 4, Leipzig, pp. 453- 
454, 1907-1914). 

As work is an integral of force times increment of distance or 
of stress times increment of deformation, so is complementary 
energy an integral of distance times increment of force or of 
deformation times increment of stress. Referring to Fig. 1, the 
complementary energy per unit volume is represented by the 
shaded area and is defined as 


to 


w, = feds 





Oo € 


The Principle of Least Complementary Energy states that among 
all the statically possible states of stress in a rigidly supported 
structure, the correct one is that which renders the complemen- 
tary energy of the internal stresses a minimum. 

If one were to define em(s) as 


em(s) = e(s)(A,,/Ar) 
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where A,, is the area OAS between the axis of S and the origina! 
curve (Fig. 1, Yachter’s paper), then by the Principle of Leas 
Complementary Energy, the same theoretical results would f 
obtained as in Yachter’s paper. The numerical results obtaineg 
in Yachter’s paper, however, are not correct. 
CHI-TEH Wane 
Brown University 


Dear Sir: 

Several errors can be noted in the paper ‘Stresses in a Ring 
Loaded Normai to Its Plane’ by E. R. Walters (JOURNAL OF THE 
AERONAUTICAL SCIENCES, Vol. 12, No. 2, p. 235, April, 1945). 

(1) The sign of the second members of Eqs. (6) should be 
minus. 

(2) The sixth equation (7) is generally incorrectly written, 
because the torques must be calculated about the twist center, 
which does not generally coincide with the centroid. This fact, 
well known for open sections, has been completely elucidated by 
Prof. J. N. Goodier! in the case of closed sections. It results 
that the quantities, x, y, a in Eq. (7) must be replaced by the cor- 
responding quantities that define the line of the twist centers. 

(3) When tubes are considered, the flexural rigidity is a fune- 
tion of the radius of curvature of the tube and cannot be repre- 
sented by EJ; this expression must be divided by a factor D, 
this reduction being caused by the flattening of the tube. Nu- 
merical values of D have been calculated by the writer in the case 
of round tubes.? For this reason, the curves for torque and mo- 
ment plotted on Fig. 3 are valid only for round bars and not for 
round tubes, as stated by the author. 


REFERENCES 
: Goodier, J. N., A Theorem on the Shearing Stress in Beams with Applica 
tions to Multicellular Sections, Journal of the Aeronautical Sciences, Vol. 11 
No. 3, p. 272, July, 1944. 
2 Beskin, L., Bending of Curved Thin Tubes 
Vol. 12, No. 1, p. A-1, March. 1945 
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LEON BESKIN 
Design Specialist 
Consolidated Vultee Aircraft Corporation 


Dear Sir: 

In the derivation of Eq. (73) in an article by Hsue-shen Tsien 
and Lester Lees entitled, ‘‘The Glauert-Prandtl Approximation 
for Subsonic Flows of a Compressible Fluid,” which appeared in 
the April, 1945, issue of the JouRNAL OF THE AERONAUTICAL 
ScIENCES, the writer wishes to point out that this equation is 
identical with the following one 


ar) _ —__dG/da). 
da/~ 1+ [(dC,/da)-/xR] 


where (dC,/da)e = (dC;,/da);/V 1 — M*. Itis immediately 
recognized that the equation for the wing lift-coefficient curve 
slope for the compressible fluid is similar to that for the incom- 
pressible fluid according to Prandtl’s lifting-line theory with the 
section-lift-coefficient curve slope increased by the Glauert’s 
factor, VV1 — M?. With the equation in this form, it is more 
readily apparent that Husk’s assumption that (dC,/da), is in- 
creased by the ratio V1 — M? is in error as pointed out by the 
authors. 
HOSHEN Lu 
Aerodynamicist 
Republic Aviation Corporation 
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load for elastic buckling; in the second, it is greater. 


tional to the bending moment, independent of the slope 


therefore cover the large majority of practical cases. 


readily be applied to the respective equations. 
NOMENCLATURE 


through hinges 

Px = Euler’s load for elastic buckling of hinged bar 

distance from hinge 

instantaneous deflection at distance x from hinge 

; instantaneous deflection at center of bar 

fi = initial deflection at center of bar, assumed relatively 
small 

= deflection at center of bar when force P is released 

= maximum deflection at center of bar 

= lateral velocity at center of bar when force P is re- 
leased 


ie & 


Received December 18, 1944. 
* Research Engineer. 





Bucyrus-Erie Company 


INTRODUCTION l = length of bar, approximately equal to initial distance 
between hinges 
. . ; 5 : A = area of cross section of bar, assumed constant 
- CLASSIC THEORY of elastic buckling is based on I «~qidicdeibedes at eetiid-dbadeellie: eniaid 
the equilibrium of external and internal bending ouutane 
moments. It does not consider, however, the time ele- r = radius of gyration of cross section 
ments and the inertia forces involved. The lateral vi- R = initial radius of curvature at center of bar. 1/R is 


bration of compressed bars has been investigated,’ but 


: - ; S = section modulus of cross section of bar 
the use of formulas so obtained for the experimental F \ ‘natin af dlaiilalig af Gis 
determination of elastic buckling loads apparently has ‘ = density of bar 
not been widespread. Yet, this method has many o = stress 
promising aspects. Little information seems to be Q = vibration energy of bar 
° ° . r = 4 ¢ ; a acti « 
available on buckling under impact, although this te external bending moment acting on bar 
bl 5 onal + neies : M; = internal bending moment of bar, opposing deflection 
pro om must con ron many engmeers. : V, = bending moment due to inertia forces, opposing the 
In this article, time-deflection relations are investi- rate of change of deflection 
gated when an axial force is rapidly applied to a nearly a = distance defined by Eq. (9) 
straight bar. Distinction is made between two cases: Pp = factor defined by Eq. (11) 
q = factor defined by Eq. (18) 


In the first, the force applied is smaller than Euler's 


AY = time element 
The investigation is limited to cases where the center F = frequency of vibration 
deflection of compressed bars stays relatively small C,, C, = constants of integration 
with respect to the length of the bars. The curvature 
of the elastic line is therefore assumed to be propor- CONDITION OF DyNamic EouImLIBRIUM 


A rigorous analysis, using the strict equation for the 
curvature and considering inertia forces, would become 
unduly complicated. However, calculations? show that 
a center deflection of 11 per cent of the original hinge y =f sin (xx/l) (1) 
distance increases the elastic buckling force by only 1.5 

per cent, while the hinge distance is decreased by 3 per This corresponds to the first mode of vibration and the 


cent. The method of analysis set forth here should shape of the elastic line when the bar undergoes buck- 


Damping is not considered in this analysis. However, 
where it is of importance and the damping constants flection and the elements of the bar undergo transverse 


can be established, a correction factor for damping can accelerations. 


P = force applied to hinged bar, line of action passing 

















































of Elastic Buckling 


MEIER* 


generally referred to as “‘maximum curvature” 


t = time 


Given: a hinged bar of length / and center deflection 
fo (Fig. 1). For convenience, the shape of the axis is 
assumed to be a sine curve at all times, i.e., 


ling. 
If a force P is applied, bending tends to increase de- 


Immediately after the force is applied, three bending 
moments are present. Their distribution along the bar 
is sinusoidal (analogous to Eq. (1)), and they can there- 
fore be identified by the respective values at the center. 


M, = the external bending moment due to the force 
P and the instantaneous center deflection f 

M, = the internal bending moment due to the stiff- 
ness of the bar and the instantaneous bend- 
ing deflection (f — fo) 

M, = the bending moment due to inertia forces op- 
posing the instantaneous acceleration d?f/ 
dt? 


The moment MM, tends to increase deflection, while 
the moment M, opposes deflection and the moment M, 
retards it, thus acting in the same sense as M,. The 
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three bending moments form a system of equilibrium, 
i.€., 


M, = M,+ M, (2) 


MAGNITUDE OF THE BENDING MOMENTS 


The External Bending Moment 
M, = Pf (3) 


The Internal Bending Moment: M; 


At center of bar: 
Internal bending moment = M,. 


At any point: 
Internal bending moment = M;, sin (xx/I). 
Change in slope due to bending 


—(M,/IE) sin (2x/l) dx 
Slope due to bending 

(M,/IE) (1/2) cos (rx/l) 
Deflection due to bending 

(M,/IE) (1?/m?) sin (ax/1) 


SCIENCES—OCTOBER, 1945 


At center of bar: 
Deflection due to bending 


f — fo = (M,/TE) (I*?/x?) 
hence, 

M, = (?IE/I?) (f — fo) = Pe(f — fo) (4) 
where Py, is Euler’s load for elastic buckling. 
The Bending Moment Due to Inertia Forces: M., 
At center of bar: 

Transverse acceleration = d*f/dt?. 
Inertia force 
—Ap (d*f/ dt?) dx 
At any point: 
Inertia force 
—Ap sin (rx/l) (d*f/dt?) dx 
Shear due to inertia forces 
Ap(l/m) cos (axx/l) (d*f/dt?) 
Bending moment due to inertia forces 
Ap (/?/m?) sin (xx/l) (d*f/dt*) 
At center of bar: 


Bending moment due to inertia forces 


M, = Ap(l?/x*) (d2f/dt?) (5) 


DIFFERENTIAL EQUATION FOR TRANSVERSE MOTION OF 
POINT AT CENTER OF BAR 


The differential equation of the transverse motion 
of the point at the center of the bar is found from Eq. 
(2) by substituting the respective values for the bend- 
ing moments as established by Eqs. (3), (4), and (5). 





Pf = Pe(f — fo) + (PAp/x*) (d*f/dt*) (6) 
or 
2 2 
(S2\(PAP) + (Pe — Pf - Pafo = 0 
dt? rT 
and 








~ 
— 


if (2) (i) ah ia 
— + (Py, — P)f - Peo = 0 (| 
dt? —_ PAp afo 


Introducing a new variable, 
fii=f-—a (8) 
where 


i - (x!/PAp)Prx fo ag ( Pr \f (9) 
(x?/l?Ap)(Pz — P) P,-—P 





the differential equation becomes: 


(d°f;/dt®?) + (x?/l?Ap)(Pe — P)fi = 0 


(10) 





The » 
better 
the secc 
tic bucl 


which | 


In E 


which 
form 


The 
writte1 


where 
to be 
partici 


Rec 
becom 


Assi 
plied s 
gratio: 


from 1 


from ' 


He 


Rey 
9) le 


f 


or 


Th 











(5) 


N OF 


The physical meaning of the quantities involved is 
better understood if numerator and denominator of 
the second term are multiplied by Euler’s load for elas- 
tic buckling, 


P, = wlE/I? 
which leads to 
th (r(IBY(Pe— Pao cm 
di? /4 Ap P, 
Case Il. P < P,, Stable Condition 
SOLUTION OF DIFFERENTIAL EQUATION 
In Eq. (10a), introduce 
P = (w*/l4)(IE/Ap) |(Pe > P)/Pr} (11) 


which brings the differential equation to the reduced 


form 
(d*f,/dt*?) + p*fi = 0 (12) 


The solution of this differential equation can be 
written as 


fi = Cy cos pt + sin pt (13) 


where C, and C2 are constants of integration and have 
to be determined from the known conditions at any 
particular time. 


Recalling Eq. (8), the solution for the deflection f 
becomes 


f =a+ Cocos pt + CQ sin pl (14) 


Assuming the bar is at rest and the force P is ap- 
plied suddenly at the time ¢ = 0, the constants of inte- 
gration are determined as follows: 


t=0; f=fp=at+G 
from which C, = fo — a. 
t=0; df/dt=0= pC, 
from which C; = 0. 
Hence, 

f =a+t (fo — a) cos pt 
Replacing a in Eq. (14a) by the value given in Eq. 


(9) leads to 
) cos pl 


f =fol(Pe — P cos pt)/(Pz — P)| 


(14a) 


Pr Pr 
f = fy( — wad 2 
' fo(5-e) + fo( P, —P 





or 
(14b) 
The transverse speed at the center of the bar is 


df/dt = fo[Pp sin pt/(Pz — P)| (14e) 
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and the transverse acceleration at the center of ‘the bar 


1S 


a = fo[Pp? cos pt/(Pe — P)| 
dt? 


(14d) 


INTERPRETATION AND APPLICATION OF SOLUTION 


The quantity a introduced by Eq. (9) has a physical 
meaning in the stable case. It is the center deflection 
about which the bar vibrates, and, when vibration 
ceases, the bar has assumed this deflection at the center. 
This deflection is obviously the same as the one ob- 
tained by applying the force P gradually. Accordingly, 
Eq. (9) is readily recognized as the equation of the 
center deflection given by the theory of buckling of 
hinged bars.* 

Py/(Px — P) = a/fo can be considered as a magnifi- 
cation factor representing the influence of the com- 
pressive force upon the static transverse deflection. 

The frequency of vibration of the bar is 

F = p/2x (15) 
and, introducing the value for p from Eq. (11), one ob- 
tains the natural frequency of a compressed bar as 


F = (n/2I?) VIE/Ap V (Px — P)/Pe (15a) 


For P = 0--i.e., for a hinge supported bar with no 
compressive force—the natural frequency becomes 


F’ = (x/2l2) VIE/Ap (15b7) 


Eq. (15a) can also be expressed as 
F = p/2m = (x/2l) (r/l) WE/p V (Pp — P)/Px (15e) 


since introducing the radius of gyration, r = V1 /A, in 
Eq. (11) leads to 


p = (x/l)(r/l)WE/p V (Pe — P)/Px (16) 


The physical meaning of the individual factors in 
Eqs. (15c) and (16) is readily recognized: 


m/2] and x?/l, respectively, are length factors. 

r/l is the reciprocal of the slenderness ratio. 

VE/p is a factor representing the properties of the 
material; it is the speed of sound propagation 
in the bar. 

V (Px — P)/P,x is a correction factor for the com- 
pressive force acting on the bar. It is of interest 
to note that the natural frequency of a compressed 
bar varies inversely with the square root of the 
magnification factor for static deflections. 


Eq. (15a) should be useful for the experimental de- 
termination of Euler’s load for elastic buckling. It 
establishes a nondestructive method of finding Euler's 

* See reference 2, p. 33 and p. 177. 

Tt See reference 1, p. 339, Eq. (144). 
vibration), the equations are identical. 


® in 
For n = 1 (first mode of 
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load for actual structures or small scale models. 


accurately determined. Then, by plotting natural 
frequency versus applied force and extrapolating by 
means of Eq. (15a), Euler’s load is obtained at the point 
of zero frequency. Good accuracy can be expected, 
even when bars of variable stiffness and latticed struc- 
tures are investigated. 

For instance, if the natural frequency is F; without a 
compressive force and F2; with a compressive force P, 
one obtains 


F,/F, = V (Ps — P)/Pz (17) 
and 
P, = P[Fi*/(Fi? — F,?)] (17a) 


All the above equations are based on substantially 
constant forces P. In the experimental determination 
of Euler’s load by means of frequency relations, care 
should be taken to fulfill this condition as nearly as 
possible. Spring loading may lead to more accurate 
results than loading by weights, because the force 
exerted by weights varies due to the accelerations in 
the direction of the bar axis. . 

All equations for Case I hold also for tension forces 
P, providing the sign of P is reversed. 


Case II. P> P,, Unstable Condition 


SOLUTION OF DIFFERENTIAL EQUATION 
In Eq. (10a), introduce 
gq? = (x*/l*)(IE/Ap)[(P — Pr)/Pr] 


which brings the differential equation to the reduced 
form 


(18) 


The solution of this differential equation can be 
written as 
fi = Ci cosh gt + C sinh gf (20) 


where C, and C; are constants of integration and have 
to be determined from the known conditions at any 
particular time. 

Recalling Eq. (8), the solution for the deflection f 


becomes: 
f =a+ CQ cosh gt + C sinh gt (21) 


Assuming that the bar is at rest and the force P is 
applied suddenly at the time ¢ = 0, the constants of 
integration are determined as follows: 


t=0; f=fr=at+GQ 
from which C, = fo — a. 

t=0; df/dt=0=qC; 
from which C, = 0. 
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By 
means of electrical strain gages, the natural frequency 
of bars with and without compressive forces can be 


1945 


Hence, 


f =a-+ (fo — a) cosh gt (21a) 


DISCUSSION OF SOLUTION 


Quantity a expressed by Eq. (9) is negative for the 
unstable case, and its physical meaning is not so readily 
explained as in the stable case. Elimination of a by 
combining Eqs. (9) and (21a) leads to 


> a mone 
f= h(5 7) +H(1 h-—?P 


) cosh gt 
or 
f = fol(P cosh qt — Pg)/(P — Pz)] 


The transverse speed at the center of the bar is ob- 
tained as 


(21b) 


df/dt = fo[Pq sinh gt/(P — Pz)] (21c) 
and the transverse acceleration as 
d*f/dt® = fo[Pq? cosh gt/(P — Pz)] (21d) 


It is thus seen that the bar buckles out with pro- 
gressive speed. However small the initial eccentricity 
fo may be and however little the applied force P exceeds 
Euler’s load Pz, the bar will soon assume large deflec- 
tions, because the terms cosh gf and sinh gt increase 
rapidly with time. 

Analogous to Eq. (16), the factor g governing the 
speed of buckling can be split up into several factors, 
the physical meaning of which is easily understood: 


q = (x*/1)(r/l) VE/pV(P — Ps)/Pz (22) 

It is of interest to note that, if two bars with equal 
slenderness ratio and geometrically similar initial axes 
are compressed by forces that are equal multiples of the 
respective Euler’s loads for elastic buckling, the center 
deflection of the shorter bar increases faster. 

For structural elements the product of the first three 
factors of Eq. (22) is generally so large that they will 
buckle rapidly when the applied force exceeds Euler's 
load for elastic buckling. For derricks and booms this 
product may become considerably smaller, but, as a 
rule, forces on such structures are applied through ropes 
and are therefore slow in being applied and released. 
Therefore, the lateral inertia of bars, struts, and 
structures is usually of small influence in providing 
extra capacity for short duration forces. 

However, the lateral inertia has considerable in- 
fluence on the behavior of slender bars used for impact 
texting and studies on wave propagation. Here, the 
factor g frequently is relatively small and the time ele- 
ment is usually extremely short. Such bars can thus be 
subjected to a multiple of Euler’s load for elastic 
buckling without assuming excessive deflections. 

If the force P is applied for a short time only and if 
the original deflection fy is small, the deflection f, when 





the fore 
the kine 
continue 
released 


Consid 


TRAN 


Wher 
a centel 
center. 
means ¢ 
force P 
charact 
The ba 
rium. 
initial « 
from E 
force, i 

A ne 
so that 
Using | 
no com 


fr * 
which 


and 


The 
harmo 


or, by 


Sim 


passes 


or, by 


The 


or, by 


Buck 


WI 
ject, | 








(21a) 


br the 
eadily 
a by 


(21b) 


S ob- 


(21¢) 


21d) 


pro- 
city 
eds 
lec- 
ase 


the 
rs, 


2) 


ial 
es 
ne 


~ 


I] 


—_ F|F§ @ WB 





the force is released is also relatively small. Because of 
the kinetic energy of the transverse motion, the bar will 
continue to deflect for some time when the force P is 
released. 


Considerations Holding for Case I and Case II 


TRANSVERSE MOTION OF BAR AFTER Force Is 
RELEASED 


When the force P is released, the bar has, in general, 
acenter deflection f, and a transverse velocity v, at the 
center. The values of f, and v, can be calculated by 
means of the equations established above. After the 
force P is released, the elastic behavior of the bar is 
characterized by the equations derived for Case I. 
The bar vibrates around its position of static equilib- 
rium. Since no force is acting, this is obviously the 
initial center deflection fo. The factor p is obtained 
from Eq. (11), and, because there is no compressive 
force, it is only a function of the properties of the bar. 
A new time origin is introduced for this analysis, 
so that ¢ = 0 at the moment the force P is released. 
Using Eq. (14) and recalling that @ = fo when there is 
no compressive force, one finds for ¢ = 0: 


f, =fot+ (f, — fo) = fo + Ci cos pt + C sin pt 
which leads to 


f, =fot+ Gi; (23) 


hence, C, = f, — fo 


and 
(1/p)o, (24) 


The maximum deflection is found from the theory of 
harmonic vibration as 


hence, C, = 


= pC2; 





or, by using Eqs. (23) and (24), 
fmaze = fo + V(f, — fo)? + (1/p%)v,? (26) 


Similarly, the speed at which the center of the bar 
passes the position of equilibrium is obtained as 


max. df/dt = p VC! + C? (27) 

or, by using Eqs. (23) and (24), 
max. df/dt = Vp*(f, — fo)? + 0, (28) 

The vibration energy of the bar is found as 

Q = 1/2Ap(df/dt) mar? Jguo' sin? (wx/I)dx (29) 

or, by using Eqs. (23) and (24), 
Q = '/sAlp[p*(f, — fo)? + 2,7] (30) 
BUCKLING UNDER IMPACT PRODUCED BY STRIKING 


OBJECTS 


When impact is produced by a bar striking an ob- 
ject, or vice versa, the time during which the forces act 
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as assumed in the previous discussion (Fig. 1) is rela- 
tively short with respect to the time it takes to produce 
this loading condition. 

The time element and the forces involved can be 
calculated by the theory of wave propagation in solids. 
In particular, if a free bar moving in the direction of its 
axis strikes a large, rigid anvil, the contact force acts as 
long as it takes the stress wave to travel to the far end 
of the bar and back. (Stress waves and sound waves 
are identical in nature; their speed of propagation is 
pressive stress in the element at the far end acts only 
for an infinitely short time. For intermediate points, 
the time element during which the stress acts is given 
by the linear relation : 


At = 2(1 — x) Vp/E (31) 
the point of contact being at x = 0. Averaging the 
time element of Eq. (31) for all elements of the bar 
yields one-half the contact time. 

The accurate investigation of elastic buckling for 
such impact conditions becomes much involved. Since 
the duration of stress depends on the location of the 
element, a bar axis of ‘originally sinusoidal shape 
changes to a more complex curve during impact. How- 
ever, by assuming the hypothetical case of the forces 
acting as shown in Fig. 1 during the entire impact time 
(thus assuming that all elements are stressed during 
the entire contact time) and applying the equations 
derived above, greater lateral deflections are calculated 
than actually occur. Such a calculation of an ‘“‘upper 
limit” is sufficient in most practical cases to estimate 
the effect of buckling. It shows, for instance, why a 
slender bar moving in the direction of its axis may not 
buckle appreciably when it strikes an anvil with a speed 
that produces an impact force equal to a multiple of 
Euler’s load for elastic buckling. It also explains why a 
storm can drive a straw into a tree, or why a knitting 
needle shot from a gun will penetrate into a piece of 
wood without buckling to the point of failure. 


THE Ear ty STAGES OF ELASTIC BUCKLING 


Assuming a force P suddenly applied to a bar at 
rest, Eqs. (14a) to (14d) have been derived for the 
stable case, and Eqs. (21a) to (21d) for the unstable 
case. The respective equations are analogous and their 
further study leads to interesting results as to the early 
stages of buckling under rapidly applied forces. They 
are also useful in the investigation of the various modes 
of buckling and vibration. 

The transverse acceleration at the center of the bar 
is in the stable case 

d°f/dt® = fo[Pp? cos pt/(Pg — P)| (14d) 
and in the unstable case 


d°f/dt? = fo[Pq? cosh gt/(P — Pz)} (21d) 
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The physical meaning of these equations is better 
understood if p? and q? are replaced by the respective 
values, Eqs. (11) and (18), and if the maximum initial 
curvature of the bar axis is introduced: 


1/R = fo(x?/I?) (32) 
This leads in the stable case to 
d°f/dt? = (1/R)(P/Ap) cos pt (33) 
and in the unstable case to 
d*f/dt? = (1/R)(P/Ap) cosh qt (34) 


Since cos pf and cosh gf are unity for ¢ = 0, the initial 
acceleration is found in both cases as 


d°f/dt? = (1/R)(P/Ap) (35) 


The initial transverse acceleration at the center of 
the bar is directly proportional to the applied force and 
thus is independent of its relation to Euler’s load for 
elastic buckling. This is readily appreciated because, 
at the beginning of buckling, there is no internal bend- 
ing moment to counteract the external bending moment 
produced by the force P and the initial deflection fp. 
Hence, the entire external bending moment is available 
for transverse acceleration of the bar. 

Eq. (35) can also be verified by considering the 
equilibrium of forces on the element at the center of 
the bar during the initial stage of buckling (Fig. 2). 

The resultant of the two forces P is a force acting 
transverse to the bar. Its magnitude is P(dx/R), while 
the mass of the element is Ap dx. 

For small arguments pf and qt, the values of cos pt 
and cosh gt remain substantially at unity—i.e., the 
transverse acceleration remains nearly constant. Hence 
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in the early stages of buckling, the transverse speed at 
the center of the bar can be expressed as 


df/dt = (P/Ap)(1/R)t (35a) 
and the transverse deflection at the center as 
f = fo + (P/A)(1/R)(#2/2) (35b) 


If the applied force P equals Euler’s load for elastic 
buckling, Pz, one finds p = q = 0, and Eqs. (35) to 
(35b) hold for arbitrary values of ¢ up to the point 
where the stiffness of the bar is appreciably affected 
by the deflection. 


VARIOUS MODES OF BUCKLING 


Higher modes of vibration and buckling can be inves- 
tigated by applying the formulas derived to individual 
half waves. If equal maximum initial curvatures are 
assumed for the half waves of the various modes of 
buckling, it is thus seen from Eq. (35a) that in the early 
stages of buckling the deflections increase at the same 
rate for all modes. As buckling progresses, however, 
the greater stiffness of the bar in the higher modes 
causes the deflections of the higher modes to lag behind 
those of the lower modes. While a bar may be unstable 
in its lower modes of buckling for a certain force, there 
is always a critical mode from which on up it is stable. 

The modes of buckling deflection and vibration de- 
pend on the shape of the initial deflection line, and vari- 
ous assumptions may have to be made, both as to modes 
of vibration and corresponding curvatures, in order to 
find the most critical case. In particular, an extremely 
long and slender bar subject to impact will have a 
tendency to buckle in a higher mode, because the sec- 
tion of the bar near the point of contact is stressed 
longer than the rest. Under such conditions, a section- 
wise investigation considering the effective time of com- 
pression may become necessary. 

Investigations of this kind are greatly facilitated by 
developing the trigonometric terms into series. If p’ 
and q’ are eliminated in the respective terms and if the 
factor (P — Pr) is introduced, series are obtained that 
hold for all cases. For the stable case, P < Pr, some 
tems of the series become negative and the series con- 
verge. In the critical case, P = Py, the series reduce to 
the terms shown in Eqs. (35) to (35b). For the un- 
stable case, P > Pz, all terms of the series are positive 
and the series are divergent. 
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DYNAMICS 


NUMERICAL EXAMPLE 


A bar of the following dimensions and properties is 


considered : 


Dimensions: Length: / = 125in. 
Section: Round, 1 in. diameter 
Area: A = 0.785 sq.in. 
Moment of inertia: J = 0.0491 in.‘ 
Section modulus: S = 0.0982 in.’ 
Radius of gyration: r = 0.25 in. 
Slenderness ratio: 1//r = 125/0.25 = 500 
Initial center deflection: fo = 0.50 in. 


Maximum initial curvature: 1/R = 
fo(x?/I*) = '/s,166 in. 
Material: Steel 
Modulus of elasticity: EE = 30,000,000 
Ibs. per sq.in. 
Density: p = 0.283/386 = 0.000733 Ibs. 


sec.” per in.! 

Speed of stress propagation: VE/p = 
202,300 in. per sec. 

Weight of bar: W = 27.81 Ibs. 


Euler's Load for Elastic Buckling: 


r(IE/I?) = (3.1416)2(0.0491) [30,000,000/(125)?]_ = 


930 Ibs. 


It is further assumed that a force of P = 10,040 Ibs. 
is suddenly applied. (Note that P = 10.8P,; hence, 
the equations for Case II apply in this example.) 

Eq. (22) now yields 





ze (22 ef (202 300) @ | 191040 — 930 
125 /\500 930 


(0.07896) (0.002) (202,300) (3.130) = 100.0 


The deflection at the center is calculated from Eq. 
(21b) as 


f = 0.50[(10,040 cosh (100) — 930)/(10,040 — 930)| 
or 

f = 0.5510 cosh (1002) — 0.0510 

From Eq. (21c) the transverse speed at the center is ob- 
tained as 

df/dt = 0.50[(10,040) (100) sinh (100f)/(10,040 — 930)] 
or 

df/dt = 55.10 sinh (1002) 

and from Eq. (21d) the transverse acceleration at the 
center is found as 


qf _ 0.50 eee es cosh 004) 
eo” 10,040 — 930 





or 


d°f/dt? = 5,510 cosh (1008) 


ELASTIC BUCKLING 





TABLE 1 


Calculation of Deflection, Transverse Speed, and Acceleration 


——At Center of Bar— 


Trans- 

verse 
Trans-  acceler- 

0.5510 verse ation, 

Time, x Deflec- speed, d?f/d?*, 
t, Cosh Sinh Cosh tion df/dt,in. in. per 

Sec. 100t 100¢ 100f f, in. per sec. sec.” 
0.000 1.0000 0.0000 0.5510 0.5000 0 5,510 
0.002 1.0201 0.2013 0.5621 0.5111 11.094 5,621 
0.004 1.0811 0.4108 0.5957 0.5447 22.635 5,957 
0.006 1.1855 0.6366 0.6532 0.6022 35.077 6,532 
0.008 1.3374 0.8881 0.7369 0.6859 48.934 7,369 
0.010 1.5431 1.1752 0.8502 0.7992 64.754 8,502 
0.012 1.8107 1.5095 0.9977 0.9467 83.173 9,977 
0.014 2.1509 1.9043 1.1851 1.1341 104.927 11,851 
0.016 2.5775 2.3756 1.4202 1.3692 130.896 14,202 
0.018 3.1075 2.9422 1.7122 1.6612 162.116 17,122 
3 3.6269 2.0730 2.0220 199.842 20,730 


0.020 3.7622 3. 


Stee! Bar /25 injong, iin Diameter, Initial Center Deflection .50in. 


Evlers Lood for Elostie Buckling : 730/bs. Suddean/y Applied Force : /0,0€0 ibs 
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| 
9 Time st totes Stress 
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Length of Bar :.00/236 Sec 


Cherocter:stics of Pigtes 
While Force 13 Acting 


Table 1 gives the values for f, df/dt, and d*f/dt* for 
times up to 0.020 sec. Fig. 3 shows the respective 
curves. 

Assuming that the force P is released at the time ¢ = 
t,, the deflection f, and the transverse speed v, at the 
moment of release are available as the corresponding 
values of f and df/dt in Table 1. The maximum de- 
flection is thus obtained from Eq. (26) as 


since, in the case of P = 0, p = (x?/l)(r/l) VE/p = 
(0.07896) (0.002) (202,300) = 31.95 (from Eq. 11). 

The maximum bending moment is calculated by 
means of Eq. (4): 


max. M,; = 930(fmaz. — 0.50) 
This leads to the maximum bending stress 


max. M, _ ( 930 
> 0.0982 





O mar’ — 


\\ Sma — 0.50) = 
9,470( f maz. 0.50) 
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Calculation of Vibration Energy, Maximum Deflection, and Bending Stress After Release of Force 


TABLE 2 








Tine of ————___—_—_- 
Release Deflec- Transverse 
of Force tion speed, v,, v, (=) 
t,, Sec. fin. im. per sec. p f, —fo p 
0.000 0.5000 0 0 0 0 


0.002 0.5111 11.094 0.3473 0.0111 0. 1206 
0.004 0.5447 22.635 0.7085 0.0447 0.5020 
0.006 0.6022 35.077 1.0980 0.1022 1.2056 
0.008 0.6859 48.934 1.53817 0.1859 2.3461 
0.010 0.7992 64.754 2.0269 0.2992 4.1083 
0.012 0.9467 83.173 2.6035 0.4467 6.7782 
0.014 1.1341 104.927 3.2844 0.6341 10.7873 
0.016 1.3692 130.896 4.0973 0.8692 16.7879 
0.018 1.6612 162.116 5.0745 1.1612 25.7506 
0.020 2.0220 199.842 6.2554 1.5220 39.1300 
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The vibration energy is found from Eq. (30) as 


Q a 
(*/4) (0.785) (125) (0.000733) [(31.95)2(f, — fo)? + 9,7 
or 
Q = 18.351[(f, — 0.50)? + (a,/(31.95)?] 

The values of fnaz., Smar., and Q are given in Table 2. 
which covers times of action of the force P up to 0.020 
sec. The corresponding curves are shown in Fig. 4. 

Suppose that the force P is produced by longitudinal 
impact of two bars of the dimensions and properties 
described above and that one of the bars is at rest be- 
fore impact.’ The time of contact is 


At = 21IV p/E = (2)(125)(1/202,300) = 0.001,236 sec. 


An impact force of P = 10,040 Ibs. causes a direct 


stress 
¢ = 10,040/0.785 = 12,790 Ibs. per sq.in. 


This corresponds to a speed of the contact area of 





o/VEp = 12,790/30,000,000(0.000733) = 
12,790/148.3 = 87.42 in. per sec. 


2,4 


Since the area of contact moves at one-half the speed of 


—At Moment of Release-—————-——-—-—~ 


Maximum 

Bending 

Vibration Maximum Stress, ¢ 

Energy, fmar. — fo, Deflec- Lbs. per 
(f, —~fo® ( )? Q, In.Lbs. In. tion, In. Sq.In. 

0 0 0 0 0.500 0 

0.0001 0.1207 2.21 0.3474 0.8474 3,290 
0.0020 0.5041 9.25 0.7094 1.2094 6,718 
0.0104 1.2160 22.32 1.103 1.603 10,445 
0.0346 2.3807 43.69 1.543 2.043 14,612 
0.0895 4.1978 77.04 2.049 2.549 19,404 
0.1995 6.9777 128.05 2.642 3.142 25,020 
0.4021 11.1894 205.3 3.345 3.845 31,680 
0.7555 17.5434 322.0 4.188 4.688 39,660 
1.3484 27.0990 497.3 5.206 5.706 49,300 
2 6.438 6.938 60,970 


.3165 41.4465 760.6 


the striking bar, the velocity of the striking bar is 
2(87.42) = 174.84 in. per sec. 
and the kinetic energy of the striking bar is 
[(174.84)?/2] (W/g) = 15,285 (27.81/386) = 1,101 in.Ibs, 
If the bars are to be checked for buckling by the fic- 
titious but conservative assumption that the full 
length of the bars is under stress during the entire con- 


tact time, Figs. 3 and 4 show that the effect of buckling 


is indeed small. Calculation for t, = 0.001,236 sec. 


yields: 
Center deflection at instant of separation of the bars 


f, = 0.5042 in. 

Transverse speed of centers at instant of separation 
v, = 6.827 in. per sec. 

Maximum deflection at center of bars 

Jess. = 0.7141 in. 
Maximum bending stress 

Omar. = 2,027 lbs. per sq.in. 

Vibration energy 

Q = 0.84 in.lbs. 


Thus, the maximum bending stress is less than 16 
per cent of the direct stress due to impact. Of particu- 
lar significance, however, is the fact that the vibration 
energy of less than | in.Ib. is almost negligibly small in 
comparison with the energy of 1,100 in.Ibs. transmitted 
from one bar to the other during impact. 
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HAROLD B. CROCKETT* 


Reverse-Pitch Propellers as Airplane 
Landing Brakes 


AnD E. ARTHUR BONNEY* 


Lockheed Aircraft Corporation 


ABSTRACT 

Reverse-pitch propellers, operating with full engine power, 
may be as effective in decelerating an airplane during the land- 
ing ground run as are conventional wheel brakes. The factors 
governing the effectiveness of reverse-pitch braking are power 
loading (W/P), wing loading (W/S), and such propeller char- 
acteristics as number of blades, diameter, and activity factor in 
comparison with conventional wheel braking. The result of 
varying the first two of the above factors is studied for the case 
of an airplane with a tricycle landing gear, and the method of 
calculation is developed. 

The great safety advantage of reverse-pitch braking for large 
airplanes landing on ice-covered, snow-covered, or wet runways 
is emphasized; the possibility of reducing the landing airport 
length required by the C.A.A. is discussed; and the reduction in 
tire and brake maintenance and replacement costs due to every- 
day use of reverse-pitch braking is considered. 

Also considered is the feasibility of reducing the glide plus 
transition distance by applying reverse-pitch braking during the 
final stage of the transition to eliminate floating. 


INTRODUCTION 


eine ARE that for acceptable safety in landing 
on snow- or sleet-covered runways of reasonable 
length, or in the event of wheel brake failure, the large 
airliners, cargo planes, and bombers being designed 
today for immediate and postwar use must be equipped 
with some type of auxiliary landing brakes such as 
reverse-pitch propellers. 

Besides the great safety advantage of reverse-pitch 
propellers, there is the advantage of reducing the nor- 
mal landing or accelerate-stop ground run and that of 
reducing tire and brake maintenance and replace- 
ment. The latter item may represent a considerable 
saving for airplanes equipped with six or more large 
wheels. 

This paper presents a simple method of estimating 
the landing ground run of an airplane with tricycle 
landing gear using reverse-pitch propellers as brakes 
and also indicates that reverse-pitch braking may be 
used to reduce the transition distance. The curves 
given show the calculated increments of landing dis- 
tance, assuming different reverse-pitch power loadings, 
wing loadings, and wheel-brake friction coefficients (i.e., 
ground-resistance coefficients). Although calculations 
actually were made for a large transport airplane, the 

Received November 13, 1944. To have been presented at the 
LA.S. Thirteenth Annual Meeting, which was canceled to co- 
operate with a Government appeal (January, 1945) to refrain 
from holding conventions and meetings. 


* Aerodynamicists. 


results are shown on a percentage basis for the sake of 
generality. To present the results in this manner is 
advantageous because the lift-drag relationships of 
various tricycle-geared airplanes in the landing run 
position are nearly enough equal to make the braking 
distance curves similar percentagewise. . 

As will become apparent, some of the numerical 
results and discussion are considered from the question, 
outside of safety, of most concern to the airplane manu- 
facturer—-that is, how much will the use of reverse 
thrust reduce the landing or take-off airport length 
required by the Civil Air Regulations? This point of 
view, which means comparing the effect of reverse- 
pitch propellers with that of full application of wheel 
brakes, does not show the effect of reverse-pitch propel- 
lers in so favorable a light as comparing their effect 
with that of the normal application of wheel brakes. 
Even if the advisability of using reverse-pitch propel- 
lers appeared questionable in this unfavorable light, 
the writers would recommend their use on large air- 
planes for the sake of gains in safety, brake mainte- 
nance, and ease of ground handling. 

Other investigators*** have indicated procedures 
for calculating the braking due to reverse-pitch propel- 
lers. By comparison, it may be seen that the method 
used in this paper differs from that of the references 
chiefly in the determination of the thrust of the reverse- 
pitch propellers. Herein, derivation of the ground run 
equation is shown in detail; however, the curves calcu- 
lated from the equation are of most general interest. 
These are presented first. 


RESULTS 


The accompanying figures present the effect on 
total landing distance, and in particular on ground run, 
of using reverse-pitch propellers alone or in conjunc- 
tion with wheel brakes. Note that all the curves and 
subsequent derivations are for an airplane having four- 
bladed propellers, a tricycle landing gear, and landing 
flaps down unless otherwise noted. 

Calculations actually were made for a large trans- 
port airplane powered with four engines, but the re- 
sults are presented on a percentage basis so that they 
may be more general. A separate investigation of the 
landing run of a medium-sized twin-engined airplane 
indicates that the curves of this paper give correct 
trends of the effect of using reverse-pitch propellers for 
braking two- as well as four-engined airplanes. 
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No flight tests of airplanes equipped with reverse- 
pitch propellers have been made at Lockheed. How- 
ever, the results of this study are in agreement with the 
statement of McCoy’ that reverse-pitch propellers may 
be as effective in decelerating an airplane during the 
landing ground run as are conventional wheel brakes. 
The results are also in agreement with the tests re- 
ported by Sheets and MacKinney.*® 

In the interest of clarity the following statements 
are made concerning, among other items, the approxi- 
mations used, even though some of these may also be 
mentioned later. For more detailed calculations than 
required by preliminary design work, the approxima- 
tions may be eliminated. 


(a) W/S = airplane gross weight (Ibs.) for condi- 
tion considered divided by wing area 
(sq.ft.). 
W/P = airplane gross weight (Ibs.) for condi- 
tion considered divided by total power 
(b.hp.) for condition considered. 

(b) The airplane is assumed to land at stalling air 
speed, even though the average airplane land- 
ing ordinarily is made at 1.05 to 1.1 times the 
stalling speed. 

(c) A 3-sec. free rolling period at stalling speed is 
assumed—i.e., the deceleration is neglected 
during this time. 

(d) For simplicity, the braking force is assumed to 
be based on a normal force equal to the total 
airplane weight minus the lift. It is believed 
that most tricycle gears employ braking on the 
main gear only; hence, the above assumption is 
unconservative for a refined calculation. In 
the latter instance, the total braking force 
would be free-roll ground resistance coefficient 
times weight minus lift on nose gear plus braking 
coefficient times weight minus lift on main gear. 

(e) In the calculation of the braked or unbraked 
ground run without use of the reverse-pitch 
propellers, the drag of the windmilling propellers 
is neglected. For the unbraked roll the effect 
might be appreciable, although the free-roll u 
of 0.05 assumed and defined below should be 
high enough to account for it. 

(f) No reduction in lift after application of reverse 
thrust is assumed. This assumption is con- 
servative. 


A short discussion of the braking coefficients u and 
uw, and of the landing speeds assumed precedes the 
discussion of the figures. 


Braking Coefficients 


The wheel-braking coefficient 4 is a measure of the 
effectiveness of the wheel brakes and is defined as the 
ratio of the rolling friction (horizontal resistance) to the 
normal force (weight minus lift). For comparative 


purpose, it is convenient to define an effective braking 
coefficient u, as that obtained using reverse-pitch pro- 
pellers alone or in combination with wheel brakes. 
By definition, the coefficients u and yu, are numerically 
equal for equal airplane stopping distances. 

The wheel-braking coefficient » with brakes fully 
applied varies from 0.4 to 0.6 for airplanes having tri- 
cycle gear operating on a macadam or concrete runway. 
Table 1 shows representative values of » for various 
landing surfaces determined by Der Muhll,’ the 
N.A.C.A.,’ Lockheed, etc.: 





TABLE 1 





Brakes Fully 


Type of Surface Brakes Off Applied 


Average ground- Average  wheel- 


resistance co- braking coef 


efficient ficient 
Concrete or macadam 0.03 to 0.05 0.4 to 0.6 
Hard turf 0.05 0.4 
Firm and dry ; 0.33 
Soft turf 0.07 rag 
Wet concrete 0.05 0.30 
Wet grass 0.10 0.20 
Snow- or ice-covered field 0.02 0.07 to 0.10 





Landing Speeds 


In the curves, various factors are plotted with wing 
loading as a parameter—that is, the airplane is as- 
sumed to land at different weights. Further, the as- 
sumption is made that the airplane touches the ground 
at the stalling speed. With the same Cz.) used for 
landing at any weight, the landing speeds for the wing 
loadings considered become as follows: 





Landing 
W/S Speed, Mph. 
45 82 
40 77 
35 72 
30 67 





Distance to Land over a 50-Ft. Obstacle with and Without 

Propellers Reversed 

The C.A.A. specifies in CAR 04.7533-T and CAR 
61.7124 that the landing runway used by a transport 
airplane must be the minimum distance required for 
landing over a 50-ft. obstacle, divided by 0.6. Where 
flight tests have not been made, this minimum distance 
is calculated in the following increments: 

(a) Horizontal distance needed to lose 50 ft. of 
altitude at a gliding speed of 1.3 times the landing- 
flaps-down stalling speed = 1.3V 44) 

(b) Horizontal distance required for transition at 
the ground = from 1.3V an to Vetan. 

(c) Rolling distance before braking is applied. 
Unless otherwise noted, the free rolling distance herein 
is considered to be that for a 3-sec. run at stalling speed. 
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This assumption takes care of pilot reaction time, 
airplane inertia effects, etc. The 3-sec. run is con- 
servative, for Lockheed Constellation flight tests 
indicate only 2 sec. taken. 

d) Braking distance with maximum braking force 
available. 

Fig. la shows the relative values of the above incre- 
ments for a large transport airplane having a wing 
loading of 44, and either power off, a reverse-pitch 
power loading of 32 (two engines operating), or of 16 
four engines operating) and with or without wheel 
brakes applied. Note that the minimum landing 
listance with power off and wheel brakes fully applied 
u = 0.5) is taken as 100 per cent in Fig. la. This 100 
per cent divided by 0.6 gives 167 per cent, the runway 
length required by the C.A.A. and indicated on the 
figure. 

Neglecting, for a moment, consideration of the solid 
triangles and circles on Fig. la, the following observa- 
tions hold: 

(a) If the brakes failed or the field were icy and no 
reverse-pitch power were available—that is, u = 0.05— 
the airplane would run off the runway specified by the 
C.A.A. regulations. The high wing loading upon 
landing and the great rolling distance occasioned by 
brake failure when a tricycle landing gear is used are 
the factors that tend to make the emergency landing 
distance greater than the runway length required by 
the C.A.A. From Fig. 3, to be discussed later, may be 
established the fact that for u» = 0.05, an in-bounds 
brakes-off landing may be made at a wing loading of 
ibout 30 instead of 44; and as a matter of interest, a 
separate calculation shows that, were the airplane with 
a wing loading of 44 equipped with a conventional 
gear, the total landing distance would be 174 per cent 
with brakes off, as compared with the 214 per cent 
for the airplane with tricycle gear and the 167 per cent 
required. The writers do not suggest an increase of 
the runway length required by the C.A.A. but, rather, 
propose that safe landings may be made on presently 
authorized fields under icy conditions or in the event 
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Fic. la. Distance to land over a 50-ft. obstacle with and with- 
out propellers reversed. W/S = 44; W/P = 16 with four pro- 
pellers reversed, and W/P = 32 with two propellers reversed. 

Key: X, = glide distance; X,; = transition distance; X, = 
rolling distance before brakes and/or reversed propellers are ap- 
plied; X, = braking distance 


of brake failure if the airplane in question is equipped 
with reverse-pitch propellers. 

(b) In Fig. la, with two engines operating at a 
total reverse-pitch power loading of 32 and without 
brakes applied, the airplane will stop in 138 per cent 
of the best wheel-braking-only distance (i.e., normal 
minimum landing distance), as compared with the 167 
per cent required. 

(c) In the example of Fig. la, the braking distance 
X, is less with wheel brakes operating alone than with 
four reverse-pitch propellers operating alone. As will 
be shown later, these distances may be equal if the 
reverse-pitch power loading is less (i.e., power more); 
on smaller airplanes, a wheel-braking yw of 0.4 may be 
the maximum obtainable, and, hence, the basis of 
comparison rather than yu of 0.5, in which case the 
propellers will be more effective comparatively. 

(d) With wheel-braking 4» = 0.5, the braking dis- 
tance is only 20 per cent of the total landing distance; 
therefore, the reduction in total landing distance due to 
supplementing full wheel-braking is relatively small. 
This fact tends to emphasize again that reverse-pitch 
braking may best be utilized (1) to increase safety and 
(2) to reduce wheel-brake and tire maintenance and 
replacement by using only moderate wheel-braking in 
conjunction with moderate reverse-pitch braking. 


Reduction in Transition Distance 


From Fig. la, it appears that the easiest way to 
reduce the total landing distance a sizable amount is 
to cut down the transition distance. The solid tri- 
angles on Fig. la indicate the total landing distance if 
reverse-pitch power is applied when the airplane is in 
the final stages of transition (3 to 4 ft. off the ground). 
The solid circles indicate the point at which the air- 
plane touches the ground if the assumptions are made 
that the pilot calls for reverse pitch as the plane passes 
75 per cent of the calculated transition distance and 
that the copilot or engineer supplies the reverse-pitch 
power within 2 sec. of the request. Note that in this 
case the free roll on the ground is eliminated and this 
distance is saved, in addition to the 20-22 per cent of 
calculated transition distance saved. 

No doubt certain aerodynamic,* mechanical, and 
psychological problems will have to be solved,® but the 
practicability of reducing the transition distance is 
substantiated by Fig. 1b, wherein a comparison of 
calculated and flight-test glide-plus-transition distance 
(X, + X,) is given. Lockheed Constellation (Model 
49) test glide and transition distances are compared 
with values calculated by the methods of this paper 
from the aerodynamic report for that airplane. Fig. 
1b shows that in one case floating (4 ft.-up) occurred, 
which caused the airplane to land at 120 per cent 

* The aerodynamic effects such as increased stalling speed and 
lessening of control due to interference with the slipstream are 


recognized and must be allowed for when considering the re 
verse-pitch propellers for reducing this distance 
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Fic. 1b. Comparison of calculated and flight-test glide plus 


transition distance. 


calculated XY, + X,; however, in the other instance the 
airplane landed at 75 per cent X, + X,. In each of 
these flights the pilot held a gliding speed of 1.3 Vatau. 
If negative thrust had been applied in the first case 
when the airplane was about 4 ft. off the ground, the 
floating would have been eliminated. Sheets and Mac- 
Kinney’® indicate, on the basis of tests, that applying 
negative thrust when the plane is 10 ft. off the ground 
is much too drastic; however, the writers of the present 
paper feel that, as the use of reverse-pitch propellers 
becomes more common, techniques will be developed 
for eliminating floating during the final stage of transi- 
tion. 

For ease of discussion, reference is made to ‘‘reverse- 
pitch propellers operating alone’ and ‘‘reverse-pitch 
power loading.’’ However, all ground run distances 
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Fic. 2. Effective braking coefficient », with and without pro- 
pellers reversed. W/S = 44. 
Key: A = wheel-braking y» of 0.5; four propellers reversed; 
W/P = 16. 


B = wheel-braking yw of 0.5; two propellers reversed; 
W/P = 32. 

C = wheel-braking uw of 0.5; no power. 

D = no wheel braking (u = 0.05); four propellers re- 

E 

F 


versed; W/P = 16. 

= no wheel braking (u = 0.05); 
reversed; W/P = 32. 

= no wheel braking, no power; we = L = 0.05. 


two propellers 


calculated with power on include the effect of roll- 
ing friction with brakes off—that is, « = 0.05. 


Effective Braking Coefficient u, with and Without Pro- 
pellers Reversed 

Fig. 2 shows the effective braking coefficients 4, 
corresponding to the braking distances X, shown in 
Fig. la. The distance C required to stop with wheel 
brakes having a uw of 0.5 and with power off is taken as 
100 per cent. 

For the power conditions of the example of Fig. 2, 
the four reverse-pitch propellers (”/P = 16) develop 
an effective braking coefficient of only 0.26. However, 
as may be seen from the figures following, which are of a 
general nature, decreasing the reverse-pitch power 
loading sufficiently will increase the effective braking 
coefficient u, to any desired value up to a maximum of 
about 0.5. 


General Curves 


The wheel-braking distance is shown for various 
wing loadings in Fig. 3. Because the landing speed is 
greater for greater wing loading at any constant 4g, 
the landing distance is greater. Of particular interest 
is the fact that the braking distance rapidly increases for 
w less than 0.3. 
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Fic. 3. Wheel-braking distance vs. wheel-braking coefficient. 
No power. As in Fig. 2, C is braking distance with wheel-braking 
p of 0.5, W/S of 44, and no power. 


Probably the most important curves developed in 
this paper are those of Fig. 4, for they show the effective 
braking coefficient to be expected from any reasonable 
reverse-pitch power loading. The distinct advantage 
of power loadings less than 12 is indicated. 

The safety feature of using reverse-pitch propellers is 
accentuated by Fig. +, which shows that, even with a 
high power loading of 36—-that is, with low power—», 
is about three times greater than that of the value of 
0.05 which holds for the condition of no braking. Re- 
ferring to Fig. 2, one may see that the above fact means 
a reduction in ground run to less than half that neces- 
sary with no wheel brakes or power. 





FIG 


Fix 
Land 
30 to 


‘rj 
— 
Q 
_ 


Fi 
tance 
whee 
pitch 
for tl 
dista 
(1/C. 
the « 
lines 

Fis 
with 
B&B an{ 


decel 








aL- 


ro- 


uy 
in 
ee] 


as 


op 


er, 


yer 


ng 
of 


it. 
ng 


ve 
le 
ze 





REVERSE-PITCH PROPELLERS AS LANDING BRAKES 445 


5r 
} u/s 
4 45 
a 7 4 
35 

ir 

ar 

ae 

l | i rl l l | I i 








0 4 6 4 6 20 4 8 2 86 
POWER LOADING ~W/P 


Fic. 4. Effective braking coefficient obtainable with various 
reverse-pitch power loadings. 
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Fic. 5. Variation of braking distance with wing loading. 
Landing speeds vary from 67 to 82 m.p.h. for wing loadings from 
30 to 45, respectively 
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Fic. 6. Variation of average deceleration with wing loading 


Fig. 5 shows a straight-line increase of braking dis- 
tance X, with wing loading for both lines of constant 
wheel-braking coefficient u and lines of constant reverse- 
pitch power loading. This variation is to be expected 
for the constant yu lines from the equation for braking 
distance X, given later if one considers that V,? + 
(1/CL,) is proportional to W/S. It is not obvious from 
the equation for X, that the constant power loading 
lines should be straight. 


Fig. 6 shows the variation of average deceleration 
with wing loading for both lines of constant coefficient 
» and lines of reverse-pitch power loading. That the 
deceleration is constant with wing loading for any 


wheel-braking coefficient 4 is to be anticipated from 
the definition of yu, since a constant value of u implies a 
constant ratio between the decelerating force and the 
normal force. 

For all the constant power loading curves herein, 
the approximation is made that thrust/power remains 
constant for any given speed. Therefore, since nega- 
tive thrust increases with speed, the deceleration for 
constant power loading increases with wing load- 
ing. 

Fig. 6 gives a deceleration of 11.9 it. per sec. per sec. 
for 4» = 0.5 (wheel brakes applied alone). Wheel brak- 
ing in combination with reverse-pitch braking gives 
even higher decelerations. For comparative purposes, 
it may be stated that reference 5 indicates the maximum 
deceleration of the Douglas DC-3 during the landing 
run to be about 7 ft. per sec. per sec. For ordinary 
landings, decelerations of 6 to 7 ft. per sec. per sec. are 
desirable. 


DERIVATION OF FORMULAS 


The nomenclature used in the derivation of the 
formulas for landing distance is as follows: 


Basic Symbols 
X = ground distance, ft. 
D = drag, Ibs. 
L = lift, Ibs. 
W = landing weight, lbs. 


m = mass of airplane = W/g = Ib.-sec.? per ft. 
T = total negative thrust of one propeller 
F = total retarding force at any point during braking distance 


Cy, = lift coefficient 

Cp = drag coefficient 

u = coefficient of friction (u = 0.05 with no wheel braking 
or reverse-pitch braking) 

V = speed in m.p.h. 

speed in ft. per sec. 


S = wing area 

o = density ratio at altitude 

a = acceleration (negative if deceleration) in ft. per sec.* 

n = number of engines operating with propellers in reverse 
pitch 

g = acceleration due to gravity, ft. per sec.? 

Subscripts 

g = gliding 

t = transition 

r = rolling (no retarding force) 

b = braking (wheel and/or negative thrust of propellers) 

s = stalling conditions (power-off) 

run = conditions at ground-run attitude 


The landing distance is the sum of the glide distance 
from a height of 50 ft., the transition distance, the 
distance covered in the 3 sec. required to apply the 
brakes and/or decrease propeller pitch, and the ground 
run required for stopping after the brakes are applied. 
The method of computation in this analysis is derived 
as follows: 
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Glide from 50 Ft. 
Gliding angle 
6 = tan-! (D/L), = tan“! (50/X,) 


X, = 50 (L,/D,) = 50 (C;,./Cp,) 


Transition from V,, to V., Where V, = 1.3 V. 
From the relation 
¢ ‘ = "Vs y 7\/ 
Xt = 2.15 Jv. (V dv )/a 
wherein the acceleration can be expressed as 


b= — F/m = —F,/W = —[(D, + D,)/2\(¢/W) 


the expression for the transition distance in terms of 
the known quantities can be derived and is shown here: 


X, = W/S[18.00/(1.69 Cp, + Co... )o] 


‘ound 


In the event that no wind-tunnel data are available 


from which to determine the drag coefficient at stalling’ 


speed at the ground Cp, ait may be assumed con- 
*“groun 


servatively that the reduction in drag coefficient due to 
the ground effect is equal to the drag coefficient incre- 
ment of the landing gear. 
Rolling Distance for 3 Sec. 


= (3)(V,)(1.467) = 4.4 V, 


Distance To Stop with Wheel Brakes Applied and Propel- 
lers in Reverse Pitch with Power On 


Braking distance, 
, 6 \/ 0 
X, = Ss. (vdv)/a = JS, dv?/2a 


where a = —Fg/W. 


gt 
Cmae oN <> D+nT 


o Guouns © cane —— pt (W-L) 


tw 


The total retarding force F is the sum of the airplane 
drag, the negative thrust of the reverse-pitch propellers, 
and the wheel-braking resistance, as follows: 


‘= D+ nT + p(W — L) 


Here, conservatively, the reduction in lift due to reverse 
slipstream effects is neglected. 

The negative thrust of one propeller 7 is found by the 
method outlined in reference 4* and in general will 
closely approximate a parabolic curve when plotted 
against speed, as shown in Fig. 7. Hence, the thrust 
can be represented by an equation as follows: 


T = K,+ Ky’ 








eas ees 
* Later data than those given in reference 4 are available but 
have a security rating of ‘‘Restricted.” 
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Key: A = thrust calculated from oes? data and B = ap- 
proximate parabola having equation T 1 + Kov%ps, where 
K, = 100 per cent negative static thrust s aa "Ks = appropriate 
constant. 


Therefore, 


F = '/2 Cyopw* S + n(K, + Kz 0*) + 
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Therefore, 
v,?/2g 
ie [(uC, — Cp)/Cr,] — (Kenv,?/W) x 
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Notice that if the terms containing items due to propel- 
ler thrust are removed (i.e., m = 0), the conventional 
formula for braking distance using only wheel brakes 
remains. 

Figs. 8 and 9 show, without units, data from which 
the negative thrust at constant propeller speed is 
calculated. The thrust is calculated as shown in any 
textbook on aerodynamics. Constant negative blade 
angle operation gives about the same negative thrust as 
cogstant speed operation, which means that choice 
between the two may be made by the propeller manu- 
facturer, airplane manufacturer, or operator. In sup- 
port of the statement of McCoy’ that the negative blade 
angle need be no greater than —30°, Fig. 9 indicates a 
definite maximum negative thrust coefficient C; ob- 
tainable as the blade angle is increased negatively. 
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Fic. 8. Typical C, vs. 8.12 with propeller blades reversed. 
C, = power coefficient; 8 = blade angle; J = advance ratio 
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1G. 9. Typical Cr vs. 8o.1sr with propeller blades reversed. 
7 = thrust coefficient; 8 = blade angle; J = advance ratio. 
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CONCLUSIONS 


(1) Reverse-pitch propellers, operating with full 
engine power, may be as effective in decelerating an 
airplane during the landing ground run as are conven- 
tional wheel brakes. 

(2) The greatest advantage of, and a sufficient 
one for using, reverse-pitch braking on airplanes having 
tricycle gear and a high wing loading is that of safety in 
landing on snow- or ice-covered runways or in bringing 
the airplane to a stop after wheel brake failure. 

(3) By using reverse-pitch braking to reduce the 
transition distance and to eliminate the free rolling 
distance, the minimum landing distance may be re 
duced substantially. Therefore, when the Civil Aero- 
nautics Administration allows the use of reverse-pitch 
propellers in air-line landing procedure, the required 
airport length for planes so equipped may be re- 
duced. 

(4) In calculating the braking distance X, for the 
condition where reverse-pitch propellers are used, the 
speed versus negative thrust curve may be approxi 
mated by a parabola. This simplifies integration of the 
general equation for X,. 

(5) The problem of failure of an engine during re- 
verse-pitch operation may be serious, particularly if the 
reverse-pitch power is applied while the airplane is still 
in the air in order to reduce the landing transition dis 
tance. 

(6) McCoy? states that there is no danger of the 
engine’s overheating during the ground run with full 
reverse-pitch power because only 20 sec. are required to 
make the stop. 

(7) McCoy? also indicates that a maximum rate-of 
pitch change of about 45° per sec. is desirable for re 
versing pitch at full throttle conditions, although flight 
tests by Sheets and MacKinney‘ show satisfactory op 
eration at appreciably lower rates of pitch change. In 
any event, the rate of change must be fast enough to 
prevent the engine from overspeeding as the blade goes 
through 0°. Naturally, the quicker the reverse thrust is 
applied, the more effective it will be for braking. Mc- 
Coy infers that 45° per sec. pitch change is, or soon will 
be, available and that the power required for changing 
the pitch of a four-bladed propeller at that rate will 
vary from '/, to 1 per cent of the normal rated power. 
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Influence of Prestressing and Cyclic 
Stressing on Stress-Strain Characteristics 
of Magnesium Alloys 


F. A. RAPPLEYEA,* R. E. PERRY,{ anp G. ANSELT 
The Dow Chemical Company 


ABSTRACT 


The factors that produce Bauschinger effects in most metals 
operate in magnesium. In addition, the stress-strain curves of 
magnesium upon prestressing or cyclic loading are influenced by 
the mechanisms of deformation (slip and twinning) occurring in 
this metal. 

Data on the influence of prestressing and cyclic loading of 
wrought and cast commercial Dowmetal alloys are presented. 
The effects of recovery on the stress-strain curve are covered. 
The results are analyzed, and recommendations as to how to cope 
with the few problems caused by prestressing or cyclic loading are 
made. 

This work demonstrates the following points: 

(1) In service, cyclic stressing at stresses up to the yield 
point will result in no harmful effects on the magnesium structure. 

(2) Accidental precompression loading of a magnesium-alloy 
structure beyond the yield strength is not detrimental to the 
strength of the structure upon reversal of stress. In the case of 
accidental pretension, immediate subsequent column action re- 
sults in strengths slightly lower than the design values. 

(3) Any deleterious effects caused by forming or fabrication 
can be eliminated by appropriate treatments. 


INTRODUCTION 


QO OF THE IMPORTANT ITEMS of information which 
the designer must have in order to use a metal is 
the stress-strain curve. It is well known that the shape 
of this curve may be affected by cold-work or plastic 
deformation. In consequence, it is of interest to deter- 
mine the effects on service characteristics of forming 
operations during fabrication of or accidental plastic 
deformation in service. The purpose of this paper is to 
present such information for magnesium alloys. 

The problem of cyclic stressing of materials is not 
new. Investigators have already determined the effect 
of cyclic stressing on iron, steel, brass, etc.1~’7 It has 
been only recently that other investigators*:* '! have 
studied the effects of cyclic static stressing on mag- 
nesium alloys. It was found by these investigators that 
the stressing of wrought magnesium alloys in compres- 
sion beyond the yield strength, followed by subsequent 
stressing in tension, produced a lowered tangent modu- 
lus curve. This does not, however, mean that the initial 
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modulus of elasticity is lowered, since it is constant, 
being determined by the distance between atoms in the 
crystal structure. Extensive statistical studies as given 
in reference 10 have shown that a value of 6,500,000 
Ibs. per sq.in. is acceptable for the modulus of elasticity 
of commercial magnesium alloys. 

The lowering of the tangent modulus curve as found 
upon tension stressing of compressed wrought mag- 
nesium alloys has led some designers to conjecture as to 
its possible effect upon the use of magnesium alloys as a 
structural material. However, it is to be pointed out 
that steel, copper, and brass show similar lowering of 
the proportional limit and therefore a reduction in the 
tangent modulus curve. Aluminum has shown similar 
effects, at least for cases where the tension stressing is 
followed by compression.'? In the case of magnesium, 
however, in addition to the Bauschinger effects present 
in the other metals, the cyclic stress-strain studies are 
further complicated by the fact that the stress-strain 
characteristics are strongly influenced by the mecha- 
nisms of deformation operating, and the preferred orien- 
tation of the grains in the metal. These facts do not 
seriously affect the use of magnesium as a structural 
material, for, as will be shown in this work: 

(1) In service, cyclic stressing at stresses up to the 
yield strength will result in no harmful effects on the 
magnesium-alloy structure. 

(2) Accidental precompression loading of a magnes- 
ium-alloy structure beyond the yield strength is not 
detrimental to the strength of the structure upon re- 
versal of stress. In the case of accidental pretension, 
immediate subsequent column action results in strengths 
slightly lower than the design values. 

(3) If it is necessary, the effects of cold-forming 
can be avoided by the use of one of two methods— 
e.g., hot-forming or low-temperature thermal treat- 


ments. 
TESTING TECHNIQUE 


The specimens were prepared by. machining round 
bars to a reduced section 0.75 in. in diameter and 11/2 
in. long at the center of the bar. The bar was then 
threaded at the ends with the exception of '/, in. at the 
extreme ends, which was machined to a diameter slightly 
less than the root diameter of the threads (see Fig. 1). 
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Fic. 1. Test specimen 


Tests were made in a 60,000-Ib. Riehle universal 
testing machine. Tuckerman gages of 1-in. length were 
used to measure the strain in most cases. On the other 
tests autographic Templin recorders were used. In 
order to obtain axial alignment in compression, a ball- 
in-socket head was used. One of the difficulties of these 
tests was the fact that it was desired to run the test 
continuously without removal of the specimen from the 
machine. Obviously, this was impossible. In order to 
solve this problem, a change from the compression setup 
to the tension setup was made as rapidly as possible 
with care. Thus, creep and recovery were reduced to a 
minimum. 

The materials investigated in this report are: 

(1) Magnesium-alloy sand castings with random 
orientation and equal compression and tension yield 
strengths. 

(2) Magnesium-alloy with preferred 
orientation and a compression yield strength 0.7 of the 
tension yield strength. 

(3) High-strength magnesium-alloy extrusions with 
preferred orientation and a compression yield strength 
equal to the tension yield strength. 

The typical properties of the classes of material used 
for this report are presented in Table 1. 


extrusions 


EXPERIMENTAL RESULTS 


Effect of Prestressing and Recovery on Tension and Com- 
pression Properties of Dowmetal FS-1 and Dowmetal 
O-1HTA Extrusions 
The material for this part of the work was obtained 

from 1l-in. extruded rounds. The test bars were 





TABLE 1 
Typical Properties of Material Used 





Com- Elonga- 
Tensile pressive tion 
Tensile Yield Yield in 2 


Strength, Strength, Strength, In., 


Dowmetal Lbs. per Lbs. per Lbs. per Per 
Alloy Form Sq.In. Sq.In. Sq.In. Cent 
C-HT asting 40,000 16,000 16,000 10 
H-HT Casting 40,000 14,000 14,000 12 

FS-1 Extruded 
bar 40,000 30,000 17,000 15 

O-1HTA ° Extruded 
38,500 36,000 s 


bar 


52,500 
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stretched or compressed to permanent deformations 
of 0.2, 0.5, 1.0, 2.0, and 4 per cent. 

After prestressing, some bars were tested immedi 
ately. Stress-strain curves were obtained by auto- 
graphic methods. The time between reversals of stress 
averaged about 2 min. A portion of the bars was held 
at room temperature for 2 weeks after prestressing and 
before final testing. Other bars were given a low-tein 
perature thermal treatment of 1 hour at 350°F. 

In Fig. 2 the effect of prestressing in tension upon the 
tension and compression yield strengths of Dowmetal 
FS-1 extrusions is presented. It is to be noted that this 
material, which has a compression to tension yield ratio 
of about 0.7, shows no lowering of the compression yield 
due to the initial tension stressing. On the contrary, 
the compression yield is raised by the stretching. 

In the case of Dowmetal O-IHTA extrusions, which 
have a compression yield to tension yield ratio of 0.9- 
-1.0, there is a definite decrease in compression yield due 
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Fic. 3. Effect of prestretch on yield strengths of Dowmetal 


O-1HTA extruded bars. 
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to prestretching. As can be seen in Fig. 3, the effect is 
of considerable magnitude when the prestretch amounts 
to 2 per cent or more. Room temperature storing (2 
weeks) allows substantial recovery of the compression 
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yield properties. Additional experiments have indicated 
that the original compression stress-strain curve is com- 
pletely restored by a 1 hour anneal at 350°F. following 
the prestretch. 

When a magnesium-alloy extrusion is subjected to 
precompression and then tested immediately in tension, 
the resulting stress-strain curve will show a deviation 
from the 6,500,000 Ibs. per sq.in. modulus line at ex- 
tremely low stresses—i.e., the proportional limit of this 
material is extremely low. Figs. 4 and 5 illustrate these 
effects on Dowmetal extrusions FS-1 and O-1HTA. 
These curves, as well as those in Figs. 6, 7, and 8, have 
been adjusted to a constant modulus of 6,500,000 Ibs. 
per sq.in. for uniformity. by laying off the strain at 
various loads from the 6,500,000 Ibs. per sq.in. modulus 
line equivalent to the strain from the actual test 
modulus. In actual test the autographic moduli 
varied from about 6,000,000 to 7,000,000 Ibs. per 
sq.in. 

The majority of the curves in Figs. 4 and 5 were made 
by immediate testing after precompression. However, 
the stress-strain curves of the material precompressed 
4 per cent (Curve 5 in Figs. 4 and 5) show the effect of 
a 20-min. recovery period on the proportional limit in 
tension. The 20-min. wait on the 4 per cent precom- 
pressed specimen was caused by inability to reload 
axially without machining. The influence of room tem- 
perature recovery is further illustrated in Figs. 6 and 7, 
which represent the stress-strain curves of precompres- 
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Fic. 8. Effect of 1.0 per cent precompression and recovery upon 
tension stress strain characteristics of Dowmetal FS-1. 


sed extrusions after holding at room temperature for 
2weeks. It will be noted that, though room tempera- 
ture recovery partially restores the original elastic char- 
acteristics, the stress and 0.2 per cent deviation from 
the modulus in tension is still lower than the original 
tension yield. 

In Fig. 8 the effect of 1.0 per cent precompression on 
various stress-strain curves in tension is illustrated for 
Dowmetal FS-1. The influence of room temperature 
recovery and of a low temperature thermal treatment 
upon the elastic properties is quite pronounced. In fact, 
the curve for the 350°F. treatment indicates that the 
residual stresses have been reduced to a negligible 
amount. The yield strength in tension now equals the 
original compression yield. 

The effect of precompression on the tension character- 
istics involves the largest departure from the normal 
stress-strain curve of any of the data presented. How- 
ever, it is to be noted on the curves presented in Figs. 
4, 5, 6, and 7 that the stress (indicated by the slanted 
line) at the strain corresponding to the original tension 
yield strain, plus the compression strain to which the 
bar was subjected, is equal to the original yield stress. 

Ordinarily, precompression strains greater than the 
original compression yield strain will only be encount- 
ered in forming operations. Even in these cases, the 
high amounts of compression will most likely have taken 
place in a bending operation, where only a portion of 
the cross section is subject to plastic compression. In 
addition, a majority of formed parts will be stressed at 
right angles to the direction of forming, for which man- 
ner of loading there is no lowering of properties. For 
example, a hat section roll formed from Dowmetal 
FS-la sheet exhibited the same stress-strain character- 
istics as the original sheet. 


TABLE 2 


Influence of Forming Temperature on Tension and Compression 
Properties of Extruded Dowmetal J-1 


Properties in Compres- 
sion Prestrained Areas 





Properties in Tension 
Prestrained Areas 


Tensile Compressive Tensile Compressive 
Yield Yield Yield Yield 
Strength, Strength, Strength, Strength, 
Lbs. per Lbs. per Lbs. per Lbs. per 
Condition Sq.In. Sq.In Sq.In. $q.In 
As extruded 34,000 19,000 34,000 19,000 
Formed at 
room tem- 
perature 17,600 36,000 $2,500 23,900 
Formed at 
600°F. 33,100 20,300 36,000 21,200 





Service experience has shown no cases of failure or 
excessive deflection of formed parts. However, if it is 
suspected that excessive deflections might occur, it has 
been shown that, if the forming is done at 600°F., the 
decrease in tension yield is avoided. A 1'/2 by 1'/2-in. 
square bar of Dowmetal J-1, compression to tension 
yield ratio of about 0.7, was bent to a 9/',-in. radius both 
at room temperature and at 600°F. Results are pre 
sented in Table 2. 

In the case of Dowmetal O-1HTA extrusions the 
above procedure cannot be used without an additional 
step consisting of a reheat-treatment and age. If the 
above treatment is impractical, an alternative method 
would be one in which the material is formed befor« 
aging and then aged for 24 hours at 350°F. Both of 
these methods will restore the properties of the 
formed part almost to those of unformed Dowmetal 
O-1HTA. 


Influence of Prestressing in Tension Upon Column Prop- 
erties of a Dowmetal O-1HTA Extrusion 


As has been shown in Fig. 3, the compression yield 
strength of Dowmetal O-1HTA is decreased when the 
metal has been prestretched immediately beforehand. 
The effects of this lowered compression yield strength 
on the column properties of Dowmetal O-1HTA are of 
interest. For that reason some Dowmetal O-1HTA was 
stretched to approximately 1 per cent permanent set 
and then immediately tested (within 8-50 min.) as a 
pin-ended column. The resultant curve is shown in 
Fig. 9. On this curve is also shown a column curve for 
Dowmetal O-1HTA from the same stock in the original 
unstretched condition. A comparison of these curves 
shows about a 10 per cent decrease in column strength 
for the stretched material at values of slenderness 
ratio (1/2) less than 100. 

It is to be strongly emphasized that the above results 
are not peculiar to magnesium alloys but will occur 
under similar circumstances in any metal exhibiting 
the Bauschinger phenomenon. 
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Fic. 9. Plot of column data for Dowmetal O-1HTA pre- 
stretched 1.0 per cent in tension and also as fabricated. Nominal 
size '/,-in. round extrusions—pin-ended tests. 


Cyclic Testing—Wrought and Cast Magnesium Alloys 


To complete the study on cyclic stressing of magne- 
sium alloys, different types of cycles on both cast and 
wrought alloys were run. These cycles were as follows: 

(1) Tension to | per cent, tension to 2 per cent, 
tension to 3 per cent. 

(2) Compression to | per cent, compression to 2 per 
cent, compression to 3 per cent. 

(3) Tension to | per cent, compression to | per cent, 
tension to | per cent. 

(4) Compression to 1 per cent, tension to 1 per cent, 
compression to 1] per cent. 

(5) Multicycle stressing, loading first in compres- 
sion and keeping the limits of strain to 1 per cent com- 
pression and 1 per cent tension. 

(6) Compression to 0.7 per cent and tension to 0.7 
per cent. 

Dowmetal alloys C-HT, H-HT, and O-1HTA (with 
a ratio of compression yield strength to tension yield 
strength of one) were tested. These alloys were chosen 
to give a general picture of the behavior of alloys with 
random orientation of crystals versus alloys with pre- 
ferred orientation. All strains were measured by means 
of Tuckerman extensometers, and the resulting stress- 
strain diagrams are given in Figs. 10-20. 

A detailed study of Figs. 10-20 is presented below: 

In the case of Figs. 10 and 11, representing successive 
cycles of tension, it is to be noted that the yield strength 
is raised by the prestressing. In the case of Dowmetal 
O-1HTA, Fig. 11, the proportional limit is decreased by 
the prestressing. Similar results have been found in 
iron and steel.!* In the case of the cast material there 
appears to be an increase in the proportional limit. 

Figs. 12 and 13 indicate that the behavior of mag- 
nesium alloys when subjected to successive compression 
cycles is similar to that occurring in cyclic tension stress- 
ing. 

Figs. 14 and 15 indicate that the proportional limit 
in compression decreases because of prestressing in 
tension, thus exhibiting the characteristic Bauschinger 
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11. Effect of repeated tension stressing on Dowmetal 
O-1HTA. 























Fic. 12. Effect of repeated compression stressing on Dowmetal 
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Fic. 13. Effect of repeated compression stressing on Dowmetal 


O-1HTA. 
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Fic. 14. Effects of cyclic stressing on Dowmetal C-HT tension 
compression-tension. 
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Fic. 15. Effects of cyclic stressing on Dowmetal O-1HTA 
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Fic. 16. Effects of cyclic stressing on Dowmetal C-HT com- 
pression-tension-compression. 
effect. However, in agreement with Fig. 3 for small 


amounts of permanent stretch, there is little lowering 
of the compression yield strength in Dowmetal O-1HTA. 
Upon reapplication of tension stressing there is an early 
deviation from the 6,500,000 Ibs. per sq.in. modulus. 
In the case of the cast material, a small portion of the 
original elastic properties are recovered. Further ex- 
amination of the curve of the second tension cycle 
shows that the stress at a strain from the zero point 
equal to the original tension yield strain is approxi- 
mately equal to the original tension yield stress. 

In Figs. 16 and 17, the Dowmetal alloys were first 
subjected to compression and then loaded in tension. 
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Fic. 17. Effects of cyclic stressing on Dowmetal O-1HTA 
compression-tension-compression. X 
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Fic. 18. Effect of compression-tension cyclic stressing for 15 


cycles on Dowmetal H-HT. Last cycle is recorded here. 
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Fic. 19. Effect of compression-tension cyclic stressing for 8 
cycles on Dowmetal O-IHTA. Last cycle is recorded here. 


Upon application of the tension loads there again is an 
early deviation from the modulus line, and, once more, 
the stress at a strain from the zero point equal to the 
original tension yield strain is approximately equal to 
the original tension yield stress. In Fig. 16, a second 
tension loading was applied and in this case elastic 
properties and yield strength were fully recovered. In 
the case of Fig. 17, the reapplication of compression after 
tension produced an effect similar to that shown in 
Fig. 15. 
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Fic. 20. Effect of cyclic stressing below the yield strength on 
Dowmetal O-LHTA. 


Figs. 18 and 19 are the last cycles of 15-cyclic load- 
ings on the cast material and 8 cycles on the wrought. 
No significant departures from the previous data are 
to be seen in this work on repetitive cycles. 

One other test was made in which the Dowmetal 
O-1HTA specimen was stressed to a strain between the 
proportional limit and compression yield strains. This 
specimen was then loaded in tension. Here, in Fig. 
20, it is shown that the same effects of Bauschinger and 
retwinning are present, but not to the degree shown in 
Fig. 17. The effects of slight permanent strain in com- 
pression would be practically negligible upon subsequent 
tension stressing. 


DISCUSSION 


Magnesium, in contrast to the other engineering ma- 
terials that possess a cubic crystalline structure, has a 
hexagonal structure that undergoes two types of plastic 
deformation—slip and twinning. The preferred orienta- 
tion or lining up of crystallographic planes in wrought 
magnesium products combined with the characteristics 
of the operating mechanisms of deformation act to 
produce, in general, a material more resistant to tension 
yielding than to compression yielding. However, recent 
metallurgical improvements have produced an extruded 
magnesium alloy, Dowmetal O-1HTA, whose tension 
and compression yield strengths are substantially equal 
and of a high order. The differences in the reaction of 
extruded Dowmetal FS-1 and O-1HTA to the effects of 
prestressing as presented in the experimental results 
can be rationalized on the basis of the compression to 
tension yield ratio. In the case of Dowmetal FS-1, 
which does not exhibit the normal Bauschinger be- 
havior, the results can be explained in the following 
manner. ‘The grains least favorably oriented for twitf- 
ning in compression and, consequently, more favorably 
oriented for slip in tension are plastically deformed in 
the pretension cycle and are under residual compres- 
sion stresses upon unloading. In subsequent compres- 
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sion these grains are stronger than the grains that are 
favorably oriented for twinning, even though the latter 
grains may be subjected to residual tensile stresses. 
Yielding then occurs exactly as in metal that has not 
been prestretched—e.g., by twinning. 

In the case of Dowmetal O-IHTA there the compres- 
sion yield is equal to the tension yield, the prestressing 
in tension produces residual compression stresses in 
some of the grains. These grains now deform early when 
subjected to compression, thus influencing the com 
pression stress-strain curve. This effect is no different 
from that in other metals. 

The effects of precompression on subsequent tensile 
stress-strain curves in the wrought magnesium alloys 
are complex because of the varied influence of orienta- 
tion, deformation mechanisms, and the Bauschinger 
phenomenon. However, in those cases where a struc- 
ture is fixed in place and then stressed beyond the com- 
pression yield strength, no harmful effect will result 
upon subsequent stressing in tension, as was shown in 
Figs. 4and 5. This is true because the structure, being 
fixed in place, need only stretch back to its original 
length and then to a strain equal to its original yield 
strain in order to reach its original yield strength. 

It would appear from all that has been said that 
magnesium alloys respond to the Bauschinger effect, in 
general, the same as other metals. Two obvious devia- 
tions in behavior in cyclic stressing are apparent. The 
first is the lack of decrease of compression yield in 
wrought alloys, with a 0.7 compression to tension yield 
ratio, subjected to pretension. Second, the lowering of 
the tangent modulus curve in tension, following pre- 
compression due to retwinning as well as Bauschinger 
effects, is greater than for most metals. However, this 
has little significance in the use of magnesium alloys as 
an engineering material. 


CONCLUSIONS 


(1) In service, cylic stressing up to the yield 
strength will not influence the ability of the structure to 
carry the original design loads within the allowable limit 
deformations. 

(2) Accidental precompression loading of a mag- 
nesium-alloy structure beyond the yield strength is not 
detrimental to the strength of the structure upon re- 
versal of stress; nor will the original design limit de- 
formations be exceeded. In the case of accidental pre- 
tension beyond the yield strength of Dowmetal 
O-1HTA, immediate subsequent column action results 
in strengths slightly lower than the design values. 

(3) If necessary, the effects of cold-forming can be 
avoided in the case of Dowmetals FS-1 and J-1 by 
forming at temperatures over 600°F., where the tend- 
ency to twin is greatly reduced. In the case of the 
high-strength extrusion, forming is recommended prior 
to the final aging treatment. 


Continued on page 460 








co 
th 
th 
ink 
in 

th 
me 
pli 
ho 


tw 


tel 
be 
pr 
rel 


en. 
th: 


ope 


fro 


at are 
latter 
resses. 
as not 


npres- 
essing 
ses in 
when 
com- 
ferent 


ensile 
alloys 
ienta- 
linger 
struc- 
com- 
result 
wn in 
being 
ginal 
yield 


that 
*t, in 
evia- 
The 
d in 
yield 
ig of 
pre- 
nger 
this 


S as 


teld 
e to 
mit 


lag- 
not 

re- 
de- 
ore- 
tal 
ilts 


be 
by 
nd- 
the 
ior 





The Applicability 


of Saint-Venant’s 


Principle to Airplane Structures 


N. J. HOFF* 
Polytechnic Institute of Brooklyn 


SUMMARY 

It is common practice in engineering to disregard the local 
effects of loads and to calculate the stresses in elements of struc- 
tures and machinery from formulas valid only at some distance 
from the region in which the loads are applied. Whenever this 
is done, use is made of Saint-Venant’s principle either con- 
sciously or unwittingly. It is shown in the present paper that in 
thin-walled structures, like monocoque cylinders, the region in 
which the stresses are materially influenced by the manner in 
which the loads are applied may be extended enough to render 


conventional formulas entirely unreliable. 


INTRODUCTION 


; . oon ALL THE FORMULAS developed under the 
titles Strength of Materials and Theory of Struc- 
tures are valid only at some distance from the point of 
application of the loads. They do not take into ac- 
count local effects dependent upon the manner in which 
the loads are applied. Experience has shown that in 
the heavy, solid-section elements of structural engineer- 
ing and machinery the predictions of the formulas are 
in good agreement with reality. It is understandable, 
therefore, that in many cases the aeronautical engineer 
made use of them without first scrutinizing their ap- 
plicability to airplane structures. In recent years, 
however, several discrepancies have been observed be- 
tween conventional theory and the strains measured in 
experiments. The so-called shear lag effect encoun- 
tered in many problems of airplane stress analysis may 
be mentioned as an example. There are many more 
problems in which long-accepted stress formulas are un- 
reliable when applied to airplane structures. 

The validity of the classic formulas of Strength of 
Materials is founded upon Saint-Venant’s principle. 
Since in a bent beam of solid rectangular section de- 
viations from the straight line law for the normal stress 
distribution and the parabolic law for the shear stress 
distribution are noticeable only within a distance from 
the point of application of concentrated loads equal to 
the width (or depth) of the beam, in the major portion 
of the beam the stresses can be predicted by simple 
beam theory with an accuracy entirely satisfactory for 
engineering purposes. It will be shown in this paper 
that the region in a monocoque cylinder in which local 
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effects are of importance may extend over a distance 
equal to several times the diameter of the cylinder. 
Since the cross section of a fuselage or a wing is seldom 
constant over such a distance, the validity of the simple 
formulas is doubtful. In the future, therefore, air- 
plane stress analysts will have to investigate local effects 
much more than they did in the past. 


STATEMENT OF SAINT-VENANT’S PRINCIPLE 


The principle is stated by Love' in the following 
manner: 

“According to this principle the strains that are 
produced in a body by the application, to a small part 
of its surface, of a system of forces statically equivalent 
to zero force and zero couple, are of negligible magni- 
tude at distances which are large compared with the 
linear dimensions of the part.” 

The principle can be used in the following manner to 
calculate the stresses in a beam simply supported at its 
ends and loaded in the middle with a concentrated 
load. A transverse section can be imagined through 
the beam on each side of the concentrated load and at an 
infinitesimal distance from it. Similarly, a transverse 
section may be assumed an infinitesimal distance from 
each end of the beam. The actual stress distribution 
in these sections is unknown, but it is certain that the 
normal stresses add up to a bending moment, and the 
shear stresses add up to a shear force of magnitudes that 
can be calculated from the requirements of static 
equilibrium. The Bernoulli-Navier theory of bending 
gives linearly distributed normal stresses and para- 
bolically distributed shear stresses. Let the actually 
prevailing system of stresses be denoted by So, and let 
a system S; of stresses, equal and opposite to that corre- 
sponding to the Bernoulli-Navier theory, be applied to 
each of the sections. The system 5S; will be in equilib- 
rium with the system So of stresses actually prevailing. 
But according to Saint-Venant’s principle the effect of 
the system Sp + S; of self-equilibrating forces is negligible 
at some finite distance from the sections where it is 
applied. Consequently, the beam will be in a state of 
stress only in a region the length of which is of the 
order of magnitude of the width (or depth) of the beam 
when the system So + .S; is acting. 

In order to nullify the effect of the system 5; intro- 
duced arbitrarily and without any justification, let one 
more system S; of stresses, equal and opposite to S;, be 
introduced in the same sections. The simultaneous 
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application of S, and S, obviously cannot change the 
stress distribution caused by the actual loading of the 
beam. On the other hand, since the system Sp + S; 
is in equilibrium and was taken into account, the re- 
maining loading of the beam is equivalent to the action 
of the system S; alone in each section. But in S; the 
stresses are distributed in accordance with the Ber- 
noulli-Navier theory. Consequently, the stresses along 
the beam must be equal to those predicted by this 
theory except that, in the immediate vicinity of the load 
and the reactions, the local effects of the system Sp + S; 
are superimposed. 

Therefore, it is considered unimportant whether, for 
example, the reaction at the end of the beam is applied 
through the pressure of a knife-edge or through some 
skilfully realized parabolic distribution of the shear 
stresses in the end section. Beyond a distance equal to 
the depth of the beam, the stresses will not be in- 
fluenced noticeably by these details of the load applica- 
tion.? 

The principle was enunciated by Saint-Venant as a 
fact of experience. Southwell? and Goodier* showed 
that it is a consequence of the principle of conservation 
of energy and the principle of superposition. Good- 
ier’s reasoning will be followed now in order to estimate 
the size of the region in which local effects may be of 
importance in a thin-walled airplane structure. 

First, let it be assumed that a monocoque cylinder 
consisting of a thin cylindrical sheet, reinforced longi- 
tudinally with stringers and transversely with rings, is 
loaded at one end section with stresses distributed over 
its cross section. The stresses are assumed to con- 
stitute a system of equilibrium. The diameter of the 
cylinder is denoted by D, and the thickness of an ‘‘ef- 
fective’ sheet by ¢. The effective thickness is defined 
as the total cross-sectional area of stringer and sheet 
covering divided by the length of the circumference of 
the cylinder. The order of magnitude of the applied 
stress is s. Let one element of the loaded area be re- 
garded as fixed both in position and orientation. If E 
is the modulus of elasticity (or, in the more general 
case, the slope of the stress-strain curve of the material), 
then the strain is of order s/E, and, consequently, the 
displacements of points in the section are not greater 
than of order Ds/E. The work done by the applied 
load is the sum of the work done by the stresses on all 
the infinitesimal elements of the area. Evidently part 
of the section may be displaced in the direction and 
part opposite to the direction of the stress prevailing 
there, so that part of the external work may be positive 
and part negative. If all of it were positive, the 
order of magnitude of the work would not be greater 
than 


s(mDt)(Ds/E) = 2D*ts*/E 
Consequently, it is safe to state that the order of mag- 


nitude of the work of the applied load must be smaller 
than, or equal to, rD*ts?/E. 
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The size of the portion of the cylinder can now be 
estimated in which the stress is of the same order of 
magnitude s as is the applied stress. Obviously, if the 
stress is of order s, the strain energy stored is of order 
s°/E per unit volume. It follows, therefore, from the 
requirement that the work done be equal to the strain 
energy stored, that the region in which the stress is of 
order s must be of order rD*t. Since the cross-sectional 
area of the cylinder is rDt, the length of the cylinder 
affected by local stress is of the order of magnitude of 
the diameter of the cylinder. 


EXAMPLES IN WHICH CONVENTIONAL THEORY BREAKS 
Down 


The typical difference between the behavior of a solid 
section and that of a thin-walled section is shown now 
in a numerical example. The structural element con- 
sidered is a straight bar 20 in. long, one end of which is 
rigidly fixed to a rigid wall while the other end is free 
(Fig. 1). At the free end, a torque of 10 in.Ibs. is 
applied by means of shear stresses distributed according 
to the requirements of the theory of pure torsion. Be- 
cause of the restrictions to warping at the fixed end, 
normal stresses are introduced in the bar in addition 
to the shearing stresses of Saint-Venant torsion. 

The magnitude of the normal stresses in the rectangu- 
lar bar is calculated from Timoshenko’s® approximate 
theory. The maximum value at the fixed end is equal 
to 157 lbs. per sq.in. Curve 1 in Fig. 2 presents the 
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ratio Maximum normal stress fner - in any section x 
divided by the maximum normal stress fmer.o in the 
fixed end section, plotted against the ratio distance x 
of the section from the fixed end of the bar divided by 
the total length L of the bar. 

The other two sections considered are channel sec- 
tions. The normal stress in them was calculated 
from the theory of torsion of thin-walled sections with 
nonuniform warping.® The thicker section has a wall 
thickness of 0.114 in.; the thinner one, of 0.032 in. 
The maximum normal stress in the fixed end section 
of the former was found to be 1,230 Ibs. per sq.in.; the 
latter, 10,900 Ibs. per sq.in. Curves 2 and 3 in Fig. 2 
are plots of the stress ratio, defined earlier, against the 
distance ratio for the case of the two channel sections. 
Inspection of the curves reveals that, while in the case 
of the solid rectangular section the normal stress caused 
by the restriction to warping at the fixed end is highly 
localized, it has appreciable values over the entire 
length of the channel section bars. Consequently, re- 
liance on Saint-Venant’s principle in the calculation of 
the stresses caused by torsion is entirely justified with 
the bar of rectangular section. In contrast, stresses 
in the thin-walled section bars depend largely upon the 
end conditions. 

As a second example, the stresses are calculated in a 
cantilever reinforced monocoque (Fig. 3) that is loaded 
at its free end with a concentrated transverse force 2P. 
According to simple beam theory, the intensity of the 
shear flow q in the sheet covering, defined as shear 
stress multiplied by sheet thickness, is a sine function 
of the angle g in good approximation. The maximum 
intensity is reached at the end points of the horizontal 
diameter of the cylinder. It has the value gms = 
2P/xr. The sine curve is shown in Fig. 4 and is 
marked ‘‘conventional curve.” 

The figure also contains shear flow curves as calcu- 
lated by strain energy methods.’ In these calculations 
the cylinder was assumed to have a great number of 
longitudinal reinforcing elements (stringers) and a 
finite number of ring frames. The shear flow was con- 
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Fic. 3. Monocoque cylinder with concentrated load. 


sidered constant between adjacent rings for any given 
value of the angle g. Stringers were assumed to have 
no flexural or torsional rigidity and rings no flexural 
rigidity in bending perpendicular to their plane and no 
torsional rigidity. It is believed that these assumptions 
represent closely enough the actual conditions in many 
monocoque cylinders. 

Under these conditions the stress distribution in the 
cylinder depends on the number of rings and the two 
nondimensional parameters 


A= 1.91 Leot./Tring) (7/L’)* 
B = 15.6(Atot /A skin) (7/L’)? 


where A... and Lyo¢. are the cross-sectional area and the 
moment of inertia of the cross section of the motlocoque 
cylinder, respectively; Agxin is the cross-sectional area 
of the sheet metal covering of the cylinder; J,ing is the 
moment of inertia of the ring section; r is the radius 
of the cylinder; and L’ is the frame spacing. 








5° 
° 20. + +40 #260 80 00 120 140 160 180 
Fic. 4. Shear flow in sheet next to loaded ring of monocoque 
cylinder. 
The shear flow curves of Fig. 4 are marked with a 


Roman and an Arabic numeral. The former refers to 
the type of the cylinder; the latter, to the ring section 
as shown in Fig. 3. In all the four specimens investi 

gated the radius was 33 in. and the thickness of the 
sheet covering was 0.032in. With these values Agi, = 
6.63 sq.in. The total cross-sectional area Azo, was 
assumed to be 19.5 sq.in., and, hence, J;.¢. = 10,600 in.‘ 
The values of the moment of inertia of the ring sections 
are noted in Fig. 3. Consequently, the nondimensional 
parameters have the following values: 


Designation of Cylinder it II.1 II.2 11.3 
Parameter A 107 370,000 13,700 1,000 
Parameter B 500 55.5 55.5 55.5 


All of the four curves of Fig. 4 deviate markedly from 
the sine function of the Bernoulli-Navier theory. The 
deviations increase with increasing shearing rigidity 
of the covering and with decreasing flexural rigidity 
of the ring. The same is true of the curves of normal 
stress distribution at the fixed end of the cylinder. 
Fig. 5 presents these curves. Among them Curve II.3 
corresponds to the weak sheet and the heaviest ring and 
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Fic. 5. Normal stress distribution in fixed end section of mono- 
coque cylinder. 


therefore approaches most closely the Bernoulli- 
Navier theory, but even it differs sufficiently from the 
straight-line law of simple beam theory to make an ap- 
plication of Saint-Venant’s principle impossible for the 
fixed end section. 


FoRCES IN A SPACE FRAMEWORK 


It is believed that the manner in which Saint-Ven- 
ant’s principle works can be best understood if the force 
distribution in a space framework is considered. This 
is true because of the comparative ease with which 
forces in the elements of this structure can be calcu- 
lated. Fig. 6 shows a space framework that may be 
representative of a welded steel tube fuselage. The 
cross section of the fuselage is square, and the edge 
length of the square is equal to the length of each field 
of the side walls. It can be easily established that the 
space framework is statically determinate. The load- 
ing of the structure is a ‘‘warping group” consisting of 
four parallel forces applied to one end section. The 
forces add up to zero force and zero couple. The 
figures written on the elements of the framework repre- 
sent the forces acting in the bar measured in the same 
units as the applied loads. Negative sign indicates 
compression. 

It can be seen that, in spite of Saint-Venant’s prin- 
ciple, the effect of the forces at one end of the structure 
is still noticeable at the other end. The maximum 
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force in the fourth bay amounts to 25 per cent of the 
concentrated load applied to one corner. Of course, it 
is known from framework theory that there is only one 
state of equilibrium possible in a statically determinate 
framework, so that in such a structure Saint-Venant’s 
principle can hardly be expected to apply. The ques- 
tion arises, therefore, whether the effect of the concen- 
trated loads will become more localized when the struc- 
ture is transformed into a redundant one through the 
addition of further bars. Fig. 7 shows the framework 
after a second diagonal has been added to each rec- 
tangular field of the surface of the structure. The 
framework now has 18 redundant bars, and, conse- 
quently, there is an 18 times infinite number of possible 
states of equilibrium under the action of the applied 
loads. 
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While in the case of the statically determinate frame- 
work the forces in the bars are not affected by the cross- 
sectional area and the material of the bars, they must 
be known before the forces in the bars can be calculated 
in a redundant structure. In the calculations every 
bar except the diagonals was assumed to have the same 
cross-sectional area, and each diagonal was assumed to 
have one-half the area of the other bars. The material 
was assumed to be the same throughout the structure. 

One would anticipate that, because of the high re- 
dundancy, Saint-Venant’s principle would apply fully 
in the case of the cross-braced framework. This antici- 
pation, however, is only partially fulfilled, since the 
maximum load in the fourth field is still 12'/2 per cent 
of the value of the load applied to one corner. The 
redistribution of the loads consists only in evening out 
the differences between the forces acting in adjacent 
flanges of the same bay. 

The third and last space framework is shown in Fig. 
8. In addition to the bars of the framework of Fig. 7, 
it contains three pairs of transverse diagonals which are 
provided in the planes of the three inner bulkheads and 
have the same cross-sectional area as the surface di- 
agonals. It may be seen that the addition of the six 
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Fic. 8. Forces in space framework having 24 redundant bars. 


new redundant bars, which make the structure 24 
times redundant, is extremely effective in localizing 
the internal forces in the structure. In the fourth bay 
the maximum force is now 0.7 per cent and in the third 
bay it is 5.1 per cent of the load applied to one corner 
of the structure. In this case, therefore, appreciable 
forces appear only within a distance from the points of 
application of the loads equal to twice the length of a 
side of the square cross section. 

In the calculation of the forces the redundant frame- 
work was divided into four units, cells, or cubes, each 
consisting of four longitudinals, eight uprights, four 
pairs of crossed surface diagonals, and two pairs of 
crossed transverse diagonals. Consequently, each bar 
of the intermediate transverse frames was considered 
as belonging to two adjacent cells. The actual force in 
each bar of these frames was the algebraic sum of the 
forces obtained for the particular bar in the two adja- 
cent cells. Because of the symmetry it was possible to 
determine, from the conditions of equilibrium alone, 
the forces caused by a warping group in any single cell. 
The warping groups acting between adjacent cells were 
considered as the ‘‘unknown quantities’ of the redun- 
dant force system in the complete space framework. 
In the case of the structure shown in Fig. 7 the un- 
knowns were calculated from the condition that the 
actual force in the diagonals of the intermediate trans- 
verse frames must be zero, since in this structure there 
is no intermediate transverse bracing. In the case of 
the structure of Fig. 8 the unknowns were determined 
so as to make the total strain energy stored in the 
framework a minimum. 

It is interesting to note that experiments carried out 
by Pippard® on space frameworks led to conclusions 
similar to those that may be drawn from the foregoing 
theoretical considerations. In his experiments Pip- 
pard loaded a practically pin-jointed cantilever space 
structure that consisted of four regular hexagonal 
transverse frames connected by six longitudinals. In 
part of the experiments the square fields of the side- 
walls were braced with single, in others with double 


(crossed), diagonals. Similarly, the frame at the free 
end of the cantilever structure and the one adjacent 
to it were unbraced in some tests, and braced with three 
diagonals each in others. Different vertical and hori- 
zontal forces were applied to the joints of the frame at 
the free end in such a manner that in each case they 
added up to the same transverse resultant force. The 
effect upon the forces in the bars of the structure of 
changes in the bracing and in the load application was 
investigated through the actual measurement of the 
forces in the members of the space framework. The 
following conclusions were drawn from the experiments: 

(1) The principle of Saint-Venant can be applied to 
the case of a redundant framework. . 

(2) If the plane of loading is braced, the tendency 
toward the equalization of strains is pronounced, and 
the distance required for the variation of strains to be- 
come negligible is dependent to a great extent upon 
the efficiency of the bracing in this and parallel 
planes. 


CONCLUSIONS 


The example of the space framework shows clearly 
that Saint-Venant’s principle works only if there is a 
possibility for it to work, or in other words if there exist 
paths for the internal forces to follow in order to balance 
one another within a short distance of the region at 
which a group of external forces is applied which is stat- 
ically equivalent to zero force and zero moment. In 
the structure of Fig. 6 there is just one possible state of 
equilibrium because the framework is statically deter- 
minate. Although the structure shown in Fig. 7 has 18 
redundant bars, the redundancy is only on the surface 
of the structure, and Saint-Venant’s principle cannot 
well be applied. On the other hand, the addition of the 
six transverse bracing elements in Fig. 8 opens up new 
paths for the internal forces to follow, and, conse- 
quently in the bars that are farther away from the load 
application the forces are greatly reduced. 

The behavior of the reinforced monocoque fuselages 
of present-day airplanes is not unlike that of the space 
framework just discussed. Because of the thin gage of 
the material and the hollow shell-type structure of the 
monocoque, there are few possible paths for the stresses 
to follow. Increasing the thickness of the sheet cover- 
ing has an effect upon the stress distribution similar to 
that obtained by adding surface diagonals to the original 
framework. The incorporation of transverse frames 
having appreciable bending rigidity in their plane 
amounts to much the same thing as the addition of the 
space diagonals shown in Fig. 8. It must be noted, 
however, that the stiffening effect of a simple ring frame 
is much smaller than that of a pair of crossed diagonals. 
An effect similar in magnitude to that obtained through 
the introduction of the internal bracings can be achieved 
in a monocoque fuselage only by the utilization of a full 
bulkhead or a rigidly braced frame. 
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It is concluded, therefore, that in reinforced mono- 
coque structures, and especially in monocoque fuselages, 
calculation of the stresses by conventional formulas 
should be replaced to a great extent by more accurate 
analyses that take into account the local effects of the 
lead application. 
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Stress-Strain Characteristics of Magnesium Alloys 
(Continued from page 454) 


(4) Operations such as stretching have a beneficial 
effect on alloys of the Dowmetal FS-1 and J-1 type both 
in tension and compression yield. In the case of Dow- 
metal O-1HTA, stretching decreases the compression 
yield. Properties may be completely restored by a 
low-temperature thermal treatment. 
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Shear Lag and Torsion Bending of Four- 
Element Box Beams 


R. E. NEWTON* 
Curtiss-Wright Corporation 


ABSTRACT 


A method of solution, cousistent with the conventional as- 
sumptions of shear lag analysis, is developed for the axial and 
shear stress distribution in four-element box beams of the type 
frequently used in aircraft structures. Account is taken of the 
effects of shear lag, beam taper, skin cutouts, and the stresses 
due to restraint against torsional warping. There are no re- 
strictions on the type of external loading. 

The procedure is based upon the determination of a self- 
equilibrating set of ‘‘correction” stresses to be superposed upon 
the stresses calculated by conventional bending theory. The 
equations for the “‘correction”’ stresses are formulated as recur- 
ring pairs of finite-difference equations, which permits the hand- 
ling of arbitrary variations of flange areas, web thicknesses, and 
external loads. Solution of the equations is performed by simple 
tabular calculations that may be done by a computer who does 
not understand the theory. 

Numerical examples are presented for the stress distributions 
in a cantilever beam, with and without a midspan cutout, under 
various external loadings. A simple means is provided for 
determining approximately the errors resulting from the use of 
finite increments of spanwise length, and it is shown that rela- 
tively large increments will normally give satisfactory accuracy. 


SYMBOLS 

Am = cross-sectional area of flange m, sq.in. 
a,b,c,d = specific flange and web subscripts 
B; = flange flexibility constant at station j 

[ =(G/E)ECn?2/(Am);), in.~? 
t = axial load constant for flange m (= Qe/Qm) 
E = elastic modulus of flanges, Ibs. per sq.in. 
G = shear modulus of webs, Ibs. per sq.in. 
H; = web energy constant for bending theory shears at 


station ji = 2Km[PalWm/tn)];}, Ibs. per in. 


J; = web energy constant for unit value of g; at station 
Il = DK m?/ Ke) (Wm/tm);} 
m 
j = subscript for spanwise station 
Kn = shear flow constant for web m(= gmAy/ AQa) 
m = general subscript for flanges and webs 


N; = constant for cross-sectional distortion at station 
il= GECr(vm);], Ibs. per in. 
m 


n = specific value of 7 denoting tip station 

Pus = bending theory axial load in stringer m, Ibs. 

Dm = bending theory shear flow in web m, lbs. per in. 

Q; = “correction” axial load in flange a at station 
Jl= (Qa);], Ibs. 

Ou = “correction” axial load in flange m, lbs. 
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qi = “correction” shear flow in web a at station 
Jl= (Ge);], Ibs. per in. 


In = “correction” shear flow in web m, Ibs. per in. 

Rn = net axial load in flange m, lbs. 

Pa = net shear flow in web m, Ibs. per in. 

bus = thickness of web m, in. 

U. = external work done by virtual loads C,,, in. 

U; = internal energy stored by action of virtual loads 


C,, on element of length Ay, in. 
Um displacement (in positive y direction) of point on 
flange m, in. 


Wm = developed width of web m, in. 
x,y, 2 = Cartesian coordinates (see Fig. 2), in. 
A = change of quantity in progressing from station j 
to station 7 + 2 [(AQs) = (Qa)j+2 — (Qa);) 
b> = summation of quantities with subscript m, letting 
- m=a,b,c,andd. (2Catm = Cote + Gn + 
Cote + Cava) , 
INTRODUCTION 


B™ BEAMS HAVING FOUR FLANGE ELEMENTS con- 
nected by thin sheet webs are frequently used in 
airplane wing and fuselage structures. A general solu- 
tion for the stresses in such beams is derived here under 
the following assumptions: 

(1) Webs carry only shear. 

(2) Flanges carry only axial load. 

(3) Ribs or bulkheads are rigid in own plane, but 
have no resistance to deformation normal to plane. 

(4) All elements of flange length are straight. 

(5) Cross sections are geometrically similar with 
respect to locations of flange centroids and web center- 
lines. 

(6) Taper of beam is “moderate.” 

(7) Hooke’s law is assumed, but effective values of 
material moduli may be used. 

(8) External loads are applied at ribs or bulkheads 


RESOLUTION OF LOADS 


The resultant axial and shear flow loads (R,,, 7,,) are 
resolved into a set of loads (P, P») as given by classic 
bending theoryt and a set of ‘“‘correction’”’ loads (Q,, 
dm). By definition, then, 


Px + On ee Rnl 
(1) 
Pm + Ym rn 


t The term “bending theory” as used herein includes the 
Bernoulli-Navier theory of bending and the Saint Venant theory 
of torsion as they are customarily employed in airplane stress 
analysis. 
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Fic. 1. Positive senses for axial loads and shear flows. 


(The subscript system and positive senses for axial 
loads and shear flows are shown in Fig. 1.) 

The method of finding the bending theory loads 
(Pm, Pm) is well known! and needs no discussion here. 
Since these loads and the resultant loads (R,,, 7,,) are 
in equilibrium with the external forces, it follows that 
the ‘‘correction’”’ loads (Qn, dm) are self-equilibrating. 
For this reason, if the value of Q, be specified, the values 
of Q,, Q., and Q,; may be determined from statics. It 
is convenient to define a set of constants C,, C,, C,, 
and C, by the relations 


Om = CmQa (2) 


By definition, C, = 1 and C,, C,, and Cy are deter- 
mined solely by the locations of the spar cap centroids. 
If the value of Q, be specified at every station, the 
values of ga, Yo, Qc, and ga may be determined from 
statics. A set of constants K,, is defined by the equa- 


tions 
Qm = Km(AQ,/ Ay) (3) 


(It should be noted that the constants C,, and K,, are 
independent of y by virtue of Assumption (5).) 


DERIVATION OF COMPATIBILITY EQUATIONS 


As the structure has been shown to be once-redun- 
dant, a single set of compatibility equations will suffice. 
For the purpose of formulating these equations in 
finite difference form it will be useful to divide the span 
into equal parts of length Ay/2. The system of sta- 
tion numbering is shown in Fig. 2. 

The method of virtual work is applied in deriving the 
equations. Self-equilibrating virtual axial loads C,, 
(magnitudes given in Eq. (2)) are applied at the mid- 











Virtual loads on beam element. 


Fic. 3. 


station of a spanwise element of length Ay (see Fig."3). 
If the displacements (due to the loads R,,) of the points 
of load application in the positive y direction be 2,, 
and the external work done by the virtual loads (dur- 
ing the application of the resultant loads R,,) be U,, 
then 


U, = DCm (Om) +1 


The shear flows accompanying the virtual loading are, 
from Eq. (3), Kn/Ay. The work done by these shear 
flows during the application of the resultant loads is 
denoted by U;;: 


U;, = (1/G) OK» [7m (Wm, tm) 91 
m 
(The internal work done by the virtual cap stresses is 


omitted since it approaches zero as Ay 0.) Equating 
the internal work to the external work: U, = U,; or 


GYCa(Om)41 = > Km[rm(Wm/tm)]5+1 (4) 


m 


It is convenient to define a special symbol for the left 
hand side of Eq. (4): 


Ni+1 = GYCa(Om)s+1 (5) 
Substituting in Eq. (4): 
Ny+1 = DK ml? m(Wm/ tm) ]4+1 (6) 
Since Eq. (6) holds for all values of 7, it follows that 
sae Bef), Be) 
m lm v1 m bm a 
(7) 
Expanding the left-hand side of Eq. (7) gives 
N5+1 _ Nj-1 = G>Cm (Om) j+1 ~~ G>>Ca(Um)s—-1 
G>>Ca[(Om) 9+1 Boia (Um) 3-1] 
™ 


The expression [(v»);+1 — (Ym)s-1] represents the stretch 
of cap m between stations j7— 1 and j+1 due to the axial 
load R,,. It follows that 


(Om)j+1 — (Om)p-a = (Rn/EAm)s Ay 
Therefore, substituting for R,, from Eq. (1): 
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r = GA m GAy Px 
Ny+1 ~— N-1 + = xc. $ ) + = rew( 4 *) 


(8) 


The second term on the right-hand side of Eq. (8) 
yanishes because it is proportional to the work done 
by virtual loads C,, during a bending theory deforma- 
tion of the flanges. Since the loads C,, are self-equili- 
brating and since bending theory axial deformations 
involve no distortion of cross-sectional planes, this term 
must be zero. Substituting in the first term for Q,, 
from Eq. (2) and utilizing the convention that Q; = 
(Q,);, Eq. (8) becomes 


Now — Nea = Qray BOgy 
or 
Ny = Ny-1 + By AyQ, (9) 
where 
B,= (G/E)XCm'/(Am)s (10) 


Substituting for 7,, from Eq. (1), the second term on the 
right side of Eq. (7) becomes 


exjri%)| =>DKd¢. v2) + 
m, ban io} m tn o=§ 


From Eq. (3): 
Im = Kn( AQ./ Ay); da = K,(AQ,/ Ay) 


Whence, 
Qm = (Km/Ka)qa (3’) 


Defining two new constants, 


Ay = DK m[Pm(Wm/tm) 7-1 (11 
J 5-1 — > (K°m/Ka) (Wm/tm) j—1 ( 12 


and using the convention gj;-1 = (@a)j-1: 

DK mlm (tm/tm) ]¢-1 = Jpigei + Hpi (13) 
Substituting the results of Eqs. (9) and (13), Eq. (7) 
becomes 

ByAyQ; = Jstigsti + Aji as Jpeig-1 — Ay 
or 
SyeiQetn = Jpagea + Hy — Aya + ByAyQy (14) 


A second relation between Q and g is obtained by sub- 
stituting Qj+2 — Q; =eAQ, in Eq. (3): 


Qj+2 = Q; + (Ay/Ka)q3+1 (15) 


FOUR-ELEMENT BOX BEAMS 








PROCEDURE FOR ANALYSIS 


Detailed consideration will be given to the problem 
of finding the axial loads and shear flows for a structure 
having a plane of symmetry at y = 0. For the purposes 
of this discussion it is further assumed that all external 
loads are applied to the ribs, or bulkheads, in their 
planes. Any external loading condition may be re 
solved into a symmetric and an antisymmetric set of 
loads, and only one-half of the structure need be con- 
sidered in each case. 

The first step is to find the bending theory axial loads 
and shear flows (P, p). It is usually most practical to 
find P at rib stations and # at the intermediate stations. 
It will be assumed that the even values of j represent 
rib stations and that the odd values represent the inter 
mediate stations. 

The next step is to calculate the values of K,, B,, 
and J; at the appropriate stations. The necessary 
values of H are also found, using the p’s found 
above. 

The calculation of the ‘‘correction’’ axial loads and 
shear flows (Q, g) is now begun. Eqs. (14) and (15 
are a set of recursion formulas which permit the cal- 
culation of Q and g at alternate stations if a value of () 
and the value of g at an adjacent station are known. 
The boundary conditions are used to determine these 
initial values. 

For an antisymmetric loading condition the boundary 
conditions are Qo = Q, = 0. The procedure is to as- 
sume a value of gq, and, using Eqs. (14) and (15), to 
calculate successive values of Y and g until the value 
of Q, is obtained. Unless a correct value of q,; was 
assumed, this value of Q, will not be zero. Since, 
however, Eqs. (14) and (15) are linear and none of the 
constants depends on the assumed value of q:, the 
value of Q, obtained will be a linear function of 4). 
After a second trial assumption for q, it is therefore 
possible to determine the value of g, which will give 
Q, = 0. A further cycle of calculation will establish 
final values of Q and q. 

For a symmetric loading, (, will again equal zero. 
The other boundary condition is provided by the 
fact that all of the v,,’s must be zero at 7 = 0. Using 
Eq. (5), then, No = 0. Substituting the results of 
Eq. (13) in Eq. (6): 


N; = Jig, + Hy (16) 


By inserting the condition Ng = 0 in Eq. (16) the value 
of go may be determined, and it is then possible to 
proceed as in the antisymmetric case, though here it is 
the value of Q; which must be assumed. This procedure 
is quite direct, but it has the disadvantage that the 
necessary values of p; are normally obtainable at odd 
values of j7. Further, values of p; at ribs (even values of 
j) are of questionable physical significance. This 
difficulty is avoided by assuming a value of Q) and find- 
ing the value of g, in the following manner. 
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Eq. (14) may be modified to read 
Jig. = Jogo + Hy — Hi + Biy,(Ay/2)Q:, 
Using Eq. (15), Q:,, may be approximated as 
Qi, = Qo + (Ay/4Ka) Qo 
Substituting Vo = 0 in Eq. (16) gives 
Jig +H =90 or g = —H/SJo 


Using these results, the expression for J;g, becomes 


Jan = By. (S2)on— {rn + Bf AQ |()h 





(17) 


Once a value of Qp has been assumed and the corre- 
sponding value of g, is found from Eq. (17), the sym- 
metric case may be handled in the same manner as the 
antisymmetric case. 

The final step is to compute the values of (Q,,), and 
(Gm) from the values of Q, and q,, using Eqs. (2) and 
(3’). These results are then combined with the P,,’s 
and p,,’s, using Eqs. (1), to obtain the resultant axial 
loads and shear flows, R,, and 7,,. 


TREATMENT OF CUTOUTS 


If one of the webs is incomplete over a part of the 
span, bending theory no longer gives a unique solution 
for the loads P and p. The method of this paper may, 
however, be used to handle this problem. The tech- 
nique may be most readily explained with reference 
to a specific hypothetical problem. It will therefore be 
assumed that the web + is missing from 7 = 8 to7 = 12, 
although the method employed will be applicable to 
all types of cutout problems. 

The solution is begun as before. Bending theory 
axial loads and shear flows (P, p) are found on the 
assumption that there is no cutout. 

The boundary conditions for Q and gq at the root are 
handled as before, and Eqs. (14) and (15) are used 
alternately until Qs has been calculated in the first 
trial. Now, as 4 approaches zero, Eq. (4) and Eqs. 
(6), (7), and (14), which are derived from Eg. (4), 
merely impose the common-sense requirement that the 
resultant shear flow (r,) in web b must approach zero. 
This requirement may be rewritten, using Eqs. (1) 
and (3’), to give 


dy = —(Ka/Ko) (bo); (18) 
Substituting this result in Eq. (15) gives 
Qy+2 = Q; — (Ay/Ko) (do) +1 (19) 


Eqs. (18) and (19) suffice to define the state of stress 
in the cutout region. Thus, g and g, may be found 
from Eq. (18), and Qj and Qy» may be found from Eq. 
(19). When the cutout has been crossed, however, it 
is necessary to find g:3. In order to do this, Eq. (16) 
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is used to find N; and then values of Ny, Ny, and N, 
are found successively by using Eq. (9). When J, 
is found, g:; may be found from Eq. (16). It is now 
possible to proceed to the tip using Eqs. (14) and (15). 
The rest of the procedure is identical with that described 
previously for structures without cutouts. 


DISCUSSION 


As in any finite difference process, errors are intro- 
duced by the finite length of the increments Ay. It 
can be seen from Fig. 4 (see Appendix, Example 1), 
however, that a good approximation is possible in the 
absence of structural and loading discontinuities, even 
though Ay is a considerable fraction of the span (the 
so-called ‘‘exact” results of Fig. 4 are obtained by inte- 
gration of the differential equations that correspond 
to the finite difference equations used here). A proper 
choice of Ay to give a desired precision depends upon 
experience with the method, but it is possible to deter- 
mine the precision obtained by solving the problem 
separately for two different values of Ay (see Appendix, 
Part II). Having followed such a procedure for a 
number of problems, the user of the method gained 
confidence in his own ability to make a proper choice 
for Ay. 
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Even where small values of Ay are needed and large 
numbers of equations result, the recurrent form of the 
equations makes their solution practical. The con- 
vergence of the trial-and-error system of solution is 
independent of the initial guesses, and the amount of 
labor required is directly proportional to the number of 
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simultaneous equations. It is noted that a similar 
method of solution for equations of this kind has been 
used by Kuhn.? 

In structures having high shear stiffness it will be 
found that a small change of Qo or q; will result in a 
large change of Q, (a million-pound change of Q, for 
a one-pound change of Qo is not unusual). This is a 
manifestation of Saint Venant’s principle (i.e., self- 
equilibrating forces applied at the tip should have 
scarcely perceptible effects at the root), and because 
of this phenomenon it is necessary to perform the solu- 
tions on a calculating machine, retaining six or seven 
significant figures. (It is not necessary to calculate 
the constants K,, B;, H;, and J; to a large number of 
figures, but the values used in each trial must be 
identical.) 

Although the detail development of the theory has 
been made here for external loads applied in the planes 
of the ribs or bulkheads, the theory may be used where 
the flanges are also subjected to external concentrated 
or distributed axial loads. Treatment of such problems 
only requires modification of the equilibrium equations; 
the deformation relations are not affected. Such a 
problem is treated in the Appendix, Example 3. 


CONCLUSIONS 


The technique of analysis described here is readily 
applied. As is evident from the examples in the Ap- 
pendix, the calculations are not lengthy and the ap- 
proximations resulting from the use of a large value of 
Ay are quite good. The separation of the shear lag 
loads from the bending theory loads will be found to be 
useful in getting a “‘feeling’’ for shear lag behavior, and 
it permits a useful division of labor in the stress analysis. 


Appendix 


Part I—EXAMPLES 


The basic structure used in the following examples is 
a rectangular box beam with built-in root section hav- 
ing the following dimensions: 


Wy = We = 20 in. 
4 = a= 0.02 in. 
G/E = 0.25 


W, = w, = 5 in. 

t, = tg = 0.05 in. 
A, = A, = A, = Ag = 1.0 in. 
Yn = 100 in. 


The constants Kp, Cn, B;, and J;, which are independ- 
ent of the loading, are determined first. 
Let AQ,/ Ay = 1 in Eq. (3) and consider the resultant 


of the q’s. 
Summation of x forces: 


20(Ka _ RK) = 0 or Ka = K, 
Summation of z forces: 


5(K.e - K.) =0 or K, = Ke 


Summation of moments about axis of cap c: 
100K, + 100K, =0 or K, = —K, 
Summation of y forces on cap a over length Ay: 


Ay(K. — K,) = AQ, or K, — Ky =1 


Therefore 
K, = K. = 0.50; K, = Ka = —0.50 
By inspection: C, = C, = 1.00; CG, = C, = —1.00. 


G 2 
B, = —w ae 1G - s of }) 
AD ty 0 all values of - 


‘ 


— ) K {s) — (0.50)? 
“4 R \ te Je 0.50 
5 20 5 20 
ME xis ce = 1,100 (all vz j 
Ee * 903 T 6.05 T 2 eat 
Example 1 


The external loadifg is a concentrated torque applied 
at the tip, 





M, = 40,000 in.Ibs. 
M, 
Pa = Pu = Bo ™ Pa ™ 50 oy = 
2. = 200 lbs. per in 
2(5)(20) 


H; = EK a( Pm w) = 


m 


— 180,000 Ibs. per in. (all values of 7) 





Letting m = 10, Ay = 2y,/m = 20in. Then 


2 
pe (4) = 180,000 + 


180,000 
fe et sins Shatin = é 63 
1.00 ~ as | ae 


= (1)(10) = 10 B, Ay = (1)(20) = 20 


ee ee ; 
KJ, ~ (0.50)(1,100) = 0.03636 
The method of arranging the calculations is shown 
in Table 1. Calculations for Q; and g; are shown in 
Tables 2 and 3. Since H; is constant, the lines for 
H,--; — H+, are omitted in the latter tables. Results 
are shown graphically in Fig. 4. 


Example 2 

Loading is asin Example 1. The structure is altered 
by removing web } from y = 40 in. to y = 60 in. 
Since H; is constant, it will be satisfactory to keep 
account of N, — H, in crossing the cutout. 


Os = Qa — (32) cos 
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TABLE 1 TABLE 3 
oan Form for Calculation " Third Trial, Example 1 
i Ji Multiplier Dj TT Tr meat 2 re aE 
‘ @ j Jig Mult. Q; 
Ay Av i4j qi 
0 Bi Yo, Bi (2) Qo(assumed) 0 — 76,979 10 —7,697 .9 
~ = 196,364 
)2/ Hy 364000 we ie 
- E + Bip, Gx =: )] Pie 1 119,385 0.03636 4,340.8 108.5 
8Ka \ Jo 2 —67,142 20 —3,357.1 
, Tun{Ea. (17)] _4y (2s 3 52,243 0.03636 1,899.6 47.5 
Kasi Ka 4 — 29,150 20 — 1,457.5 
2 Br AyQz Br Ay Q2[Eq. (15)] 5 23,093 0.03636 839.7 21.0 
H, — H; Se ae 6 — 12,356 20 —617.8 
Ay Ay 7 10,737 0.03636 390.4 9.8 
é q )] a enw is " : ee . 
3 J3q3(Eq. (14) KJ, (=) 3 8 ~4,548 20 997.4 
{ ByAyQs By Ay Q.[Eq. (15)] 9 6,189 0.03636 225.0 5.6 
eee, ti‘ mE PCC eee — SR PR as ee —2.4 
Ay Ay 
5 Jsgs(Eq. (14)} az. 4% 
hie Kali (2) ied 
TABLE 4 
Third Trial, Example 2 (Ay = 20 in.) 
j J 54; Mult. Q; Qi 
* ni Rar 6S OT ee i an. 0 — 90,830 10 hwo) 
oe 196,364 Sars sae ere tee 
1 105,534 0.03636 3,837.2 95.9 
20 2 — 104,916 © 20 —=—§966.8 9 Wh 
Qs = Qs — 7p zp) (200) = Qu + 8,000 3 618 0.03636 22.5 0.6 
ra 4 — 104,466 20 — 5,223.3 a 
The last cycle of tabular calculation is given in Table : yond - aes 200 
fal : : a ) 55,5: 2 a 
!, and results for both Ay 10 in. and Ay 20 in. - ~48,314 0.03636 ~1.756.7 ~ 43.9 
are shown in Fig. 5. 8 20,400 20 ee ONE 
9 — 27,914 0.03636 —1,015.0 —25.4 
Example 3 SOROS? S25 Ue ws AR se S060! c:nikeaw 
The structure is the same as in Example |. The Ns — Hs. 
loading is a 10,000-lb. axial load, in the positive y 
direction, applied to flange a at y = 100 in. —H, — B1,,[(Ay)?/8K.](Ao/Jo) = 0 
Bending theory axial loads and shear flows are: ‘ uy 
- . B,,(—~) = 10, =— = 0.03636, B,Ay = 20 
P, = +7,500 lbs.; P, = Pz = +2,500 Ibs.; nf ) K,J; : —_ 
P. = — 2,500 lbs; p)=h =f = fa = 9 | 
: ‘ ; Since (R,);2n = 10,000 Ibs. = (P,)yan + On 
It follows that H; = 0 (all values of 7). QO, = 2,500 Ibs. 
Letting nm = 10, Av = 20in. Then Results for this example are given in Fig. 6. 
TABLE 2 


First and Second Trials, Example 1 








j J 59; Mult. Q, Ji9; Mult. Q; 
0 —76,000 10 —7,600.0 — 77,000 10 —7,700.0 
=) Peet off} sti razdiro oes 4 VL wegen i ee ree 
1 120,364 0.03636 4,376.4 119,364 0.03636 4,340.1 
2 —64,472 20 — 3,223.6 — 67,198 20 —3,359.9 
3 55,892 0.03636 2,032.2 | 52,166 0.03636 1,896.8 
4 — 23,828 20 —1,191.4 — 29,262 20 — 1,463.1 
5 32,064 0.03636 1,165.8 22,904 0.03636 832.8 
6 —512 20 —25.6 — 12,606 20 —630.3 
7 31,552 0.03636 1,147.2 10,298 0.03636 374.4 
8 22,432 20 1,121.6 | —5,118 20 —255.9 
9 53,984 0.03636 1,962.9 5,180 0.03636 188.3 
Riis Wha tie etn bar hy ax 3,084.5 —67.6 





Interpolating for Qo: Qo = —7,700.0 + 67.6[(7,700.0 — 7,600) /(67.6 + 3,084.5)] = —7,697.856 
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Fic. 5. Example 2, axial loads and shear flows 
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Fic. 6. Example 3, axial loads and shear flows. 


Part II—CHuoIce oF Ay 


The choice of the length increment, Ay, requires a 
compromise between the labor involved and the pre- 


FOUR-ELEMENT BOX BEAMS 


TABLE 5 


Errors Due to Ay, Example 2 


Per Cent 
————Q.— — Error Error 
y Ay = 20 Ay = 10 Ay = 10 Ay = 10 
0 —9,083 —9,008 —25 —0.3 
20 — 5,246 —5,131 —38 —0.7 
40 — 5,223 — 5,154 —23 —0.4 
60 +2,777 +2,846 —23 —0.8 
80 + 1,020 


+1,031 —4 —0.4 


cision desired. Until sufficient experience with the 
method has been acquired, it is helpful to have a means 
of ascertaining the approximate magnitudes of the 
errors that result from the use of a chosen length incre 
ment, Ay. Basically, these errors are the result of the 
approximations of the method of numerical integration 
which is impliedly used in the formulation of the finite- 
difference equations. In this paper the value of the 
integrand at the midpoint of the increment is used to 
approximate the average value over the increment 
(mid-ordinate rule). The resulting error may be ex- 
pressed® in terms of a power series in Ay. This series 
converges rapidly and a fair approximation may be 
obtained by taking only the first term, which involves 
(Ay)*. Applying this result to the present problem it 
may be inferred that the error due to finite length 
increment is proportional to ( Ay)’. 


Table 5 gives an analysis of the errors in Example 2 


using this method. For Ay = 20 in. the errors are 
evidently four times as large as for Ay = 10 in. It 
follows that the errors for Ay = 10 in. are one-third 


the difference between the results for the two incre 
ments. With a maximum error of 0.8 per cent it is 
clear that a 10-in. length increment gives more than 
sufficient precision. One should not be misled by the 
spurious accuracy obtainable with small-length incre 
ments, since the initial assumptions concerning th« 
idealization of the structure are evidently only approxi 
mately fulfilled in practice. For Example 2 it seems 
likely that a 20-in. length increment would be the best 
compromise between the conflicting objectives of expedi- 
ency and accuracy. 
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The Aerodynamic Performance of Small 
Spheres from Subsonic to High 
Supersonic Velocities 


A. C. CHARTERS* anp R. N. THOMAS* 


Aberdeen Proving Ground 


ABSTRACT 


Smooth spheres, °/;. in. in diameter, were fired through a group 
of photographic stations spaced at intervals along the trajectory. 
Each station recorded an image of the sphere and of the pattern 
of the surrounding shock waves. The successive times of opera- 
tion of each station were recorded on a precision chronograph 
and were combined with the distances to determine the retarda- 
tion and, hence, the drag. The firings were carried out at Mach 
Numbers from 0.29 to 3.96 and at the corresponding Reynolds 
Numbers from 9.3 XK 10‘ to 1.3 X 108. 

The results show that the drag coelficient is essentially con- 
stant at subsonic velocities, rises rapidly through a relatively 
broad transonic region, and decreases slowly with further increase 
in velocity in the supersonic region. At subsonic velocities, the 
drags agree well with the measurements made elsewhere below the 
critical Reynolds Number. However, a close examination of 
drags and separation points showed no evidence of a critical 
Reynolds Number for this size sphere. It is believed that sepa- 
ration phenomena on small spheres at supersonic velocities are 
controlled by compressibility effects rather than boundary-layer 
conditions. 

Additional firings were carried out with rough °/j,-in. spheres, 
with smooth °/3.-in. spheres, and with smooth 1'/.-in. spheres to 
study the effects of roughness and size. At supersonic velocities 
these effects change the drag but little. At low transsonic veloci- 
ties the drag coefficients of the 1'/2-in. spheres fall well below 
the %/,s-in. sphere curve, and this difference, combined with 
changes in the wake flow pattern, demonstrates the occurrence 
of a critical Reynolds Number for the 1'/,-in. sphere. 


SYMBOLS 


t = time 

a) = coefficient in time-distance function 
= distance along trajectory 

Xo = distance to center of trajectory 
= 


Kp drag coefficient 

K , = drag coefficient for Type I projectile (Gavre) 
m = mass of projectile 

p = density of air 

d = diameter of projectile 

V = velocity of projectile 

M = Mach Number 

R = Reynolds Number 

y = coefficient of kinematic viscosity 

Ss = angle from trajectory to separation point 
a = angle of shock wave at separation point 
8 = wake angle 
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INTRODUCTION 


beans SHOT and spherical surfaces have a limited 
use as projectiles and on aircraft, but the sphere 
as such has little direct practical utility. On the other 
hand, its beautiful symmetry makes the sphere a valu- 
able instrument for laboratory control and calibration. 
For example, spheres have been extensively used for 
calibration of turbulence in wind tunnels. An occasion 
arose to take advantage again of the unique characteris- 
tics of the sphere in order to calibrate some new ballis- 
tic photographic apparatus at the Ballistic Research 
Laboratory. The apparatus required for its calibra- 
tion a projectile having an unusually high retardation 
and whose flight characteristics were free from the 
effects of yaw. The sphere met both these require- 
ments. The experiments had an added significance in 
that the sphere is a representative member of that class 
of projectiles roughly characterized by the term “‘blunt 
bodies.”’ It is the purpose of this paper to give a brief 
report on these experiments. 


EXPERIMENTAL PROCEDURE AND APPARATUS 


The experimental procedure consisted of firing a 
sphere past a series of photographic units spaced along 
the beginning of the trajectory. The spheres were 
high-quality ball bearings having a °/j-in. diameter. 
They were fired from a smooth bore gun made by 
reaming a standard caliber 0.50 tube. Six photographic 
units were used, and they were spaced at intervals of 
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10 ft. from 19.25 to 68.25 ft. from the muzzle, except 
for the first interval which was 9 ft. (Fig. 1). 

The operation of the photographic units is based on 
the old, well-known method of spark photography. A 
photographic plate and a spark gap are placed on oppo- 
site sides of the trajectory. The firings are carried out 
in an inclosed, dark range. At the instant when the 
projectile is in front of the plate an appropriate elec- 
tronic circuit triggers the spark and the light from the 
spark exposes the entire plate, except the shadow cast 
by the projectile. Thus the photograph is really a 
silhouette rather than a photograph in the conventional 
sense. 

The spark gap is powered from a capacitor charged 
to high voltage. Its discharge surge has an extremely 
short duration, lasting only a few microseconds, and 
effectively ‘‘freezes’’ the shell’s motion. A signal is 
coupled from the capacitor discharge and is recorded 
on a cathode-ray drum chronograph. The chronograph 
is constructed so that the deflection of the “‘spot”’ on a 
cathode-ray tube is recorded on a strip of film wrapped 
around the periphery of a rapidly rotating drum. The 
“spot’’ is deflected by the spark signals from each unit 
in turn and every 0.001 sec. by a signal from a multi- 
vibrator regulated by a high-precision frequency stand- 
ard. The signal shapes are narrow spikes, and the 
chronograph record has the appearance of a row of 
regularly spaced fence posts with an occasional odd 
one. 

In addition to the image of the projectile, the spark 
photograph records the shock-wave pattern surround- 
ing the shell. The waves are quite transparent, of 
course, but act as weak lenses and refract the light from 
its normal path, causing regions of alternate shadow 
and highlight. 

A photographic unit consists of a framework that 
holds two 11- by 14-in. photographic plates in hori- 
zontal and vertical planes, respectively, and of the 
spark gap and its associated electronic power and 
trigger circuits. The vertical plate is exposed directly, 
and the horizontal plate is exposed by means of an 
inclined mirror placed above it. Two nicked reference 
edges mounted rigidly on the framework are silhouetted 
on the plates. The framework is adjustable, the refer- 
ence edges are carefully aligned in position, and their 
angular and linear deviations from common horizontal 
and vertical planes are accurately surveyed. The 
distance from the nick on one unit to the next is 
taped. 


MEASUREMENT AND REDUCTION 


The experimental records for each sphere fired con- 
sist of pairs of photographic plates from each of the six 
units and a film from the drum chronograph. The 
coordinates of the sphere on each plate are measured 
from the nicked reference edge. These are combined 
with the survey and are corrected for conical projection 
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to give the location of the sphere in spatial coordinates 
common to all units. The time at which each unit in 
turn operates is recorded on the chronograph film 
superimposed on a 0.001-sec. scale generated by the 
controlled multivibrator. The time is measured on the 
scale by counting whole intervals and measuring frac- 
tional intervals. 

The final measurements coming from the spark 
photography range are times and distances at intervals 
along the trajectory, and the first step in the reduction 
is to obtain the functional relationship between the two. 
It is assumed that the time can be given by a power 
series in the distance measured from the center of the 
range as follows: 


t = do + a,(x — Xo) + ao(x — x)? +... ; 
that is: 


n 
t= Dax — xo)’ 
+=0 
The coefficients in the power series are determined from 
the experimental measurements by a least square 
method in the conventional manner. 
At the center of the range, the derivatives of time 
with respect to distance are given by 


t= a at x = Xo where (*) = d( )/dx 
t= 2a2 
‘t = 3ia3 and so on 


The drag coefficient is defined by the equation 
Kp = —(m/pd?)(V/V) 
where 


= mass of the projectile 

= density of the air 
diameter of the projectile 
velocity of the projectile 
= dV /dx 


The number of terms used in the power series will 
depend on the variation of drag with velocity and 
change in velocity over the length of the range. In 
the reduction, the drag coefficient is determined from 
the coefficients of the power series. On the other hand, 
it can be seen that these coefficients depend on the 
value of the drag coefficient and its functional variation 
with Mach Number. The accuracy with which the 
coefficients express the drag coefficient function de- 
pends on the number of terms used in the time-distance 
function. If terms through the cubic are used, a more 
accurate representation of the drag coefficient is real- 
ized and it is possible to compute the slope of the drag 
coefficient function. However, the data from each 
round were not considered accurate enough to deter- 
mine this slope, and, since a quadratic equation gave a 
sufficiently close approximation to the value of the 
coefficient, it was used to reduce the data throughout. 
The error in the drag coefficient resulting from the use 
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of a quadratic rather than a cubic was less than '/1 per 
cent in the worst case (except possibly at the join points 
from subsonic to transsonic and from transsonic to 
supersonic) 

One of the purposes of the original experiment was to 
determine the accuracy of measurement given by the 
new photographic apparatus. A rough preliminary 
estimate of the accuracy based on the nature of the 
apparatus and photographic records indicated that 
distances should be accurate to a few millifeet (10~* 
ft.) and times to a few microseconds (10-6 sec.). Ac- 
cordingly, one should expect the distances to be more 
accurately measured at high velocity than the times, 
since 1-millifoot travel takes '/3 microsec. time at 


3,000 ft. per sec., and the times more accurately thar 


the distances at low velocity, since 1 microsec. time 
corresponds to !/, millifoot at 500 ft. per sec. Several 
rounds at high and low velocities were analyzed con- 
sidering all the error in the times at high velocity and 
all the error in the distances at low velocity. The 
results show average standard deviation of 2 micro- 
sec. and 6 millifeet. The error in time introduced into 
the least squares determination of the coefficients in 
the time-distance function will result in a probable 
error in Kp, of 0.5 per cent in the supersonic range. 
The error in distance will result in 0.8 per cent in the 
subsonic range. 

Another method of estimating the error in Kp, comes 
from the scatter of the experimental values about the 
drag coefficient function computed by a least squares 
method. The residuals from a constant value of K, 
in the subsonic range give a probable error in Kp of 1.5 
per cent; from a cubic in the transsonic range, of 1.9 
per cent; and from an inverse quadratic in the super- 
sonic range, of 0.7 per cent. 


RESULTS 


Drag Function 

The aerodynamic drag acting against the inertia of 
the sphere to cause its retardation is given by the equa- 
tion 


Drag Force = Kypd?V? 


Kp represents an empirically determined parameter in 
this equation whose value depends primarily on Mach 
Number for a given size sphere. Its variation with 
Mach Number is given in tabular form in Table 1 and 
in graphic form in Fig. 2. 

The drag coefficient function shows that there are 
three ranges of velocity in which the drag force changes 
smoothly and regularly with velocity. These can be 
called roughly ‘‘subsonic’”’ up to M = 0.5, ‘‘transonic”’ 
from 0.5 to 1.4, and ‘‘supersonic’”’ beyond M = 1.4. 
Within each range the function is roughly linear and, 
for qualitative comparison, can be described by the 


following: 


TABLE 1 


Sphere Firings: Table of Results 












































































































































Round M Kp Round M Kp 
128 3.961 0.373 115 1.588 0.394 
131 3.912 0.365 113 1.581 0.399 
124 3.412 0.367 71 1.305 0.380 
130 3.699 0.368 72 1.225 0.386 
129 3.642 0.363 83 1.160 0.358 
132 3.489 0.371 82 1.159 0.366 
122 3.456 0.372 RH 1.119 0.346 
123 3.420 0.367 76 0.967 0.315 
121 3.283 0:373 74 0. 962 0.319 
120) 3.123 0.371 144 0.951 0.318 
119 2.946 0.377 73 0.947 0.305 
118 2.913 0.382 75 0.861 0.272 
101 2.767 0.376 145 0.642 0.202 
66 2.761 0.387 77 0.609 0,312 
65 2.725 0.390 78 0.569 0.204 
104 2.713 0.377 S4 0.465 0.198 
68 2.300 0.390 85 0.431 0.192 
67 2.257 0.389 8S 0.317 0.190 
69 1. 827 0.394 116 0.286 0.195 
70 1.797 0.395 117 0.285 0.187 
Cer ae 
. t Too 
| | ttt 
| 1 | Ts - ¥e ae el 
AG ; tet at +t THeere 
Sass 2 eS ee Pal 2 BE 88 ash 
ms So a a ee 
* Ppt ep tt + 
Pivietipit titi itiiitiit tie 
cy. Re rere 
4 4 BFE ae i ooo | 
n sett et -+-Ke ¥§ MACH NUMBER 
<a t im Pe a i+ swooth SPHERE 
EEE tet * ite 
} arti titi + + VALORES Be 
ditt bret . Ma 
) 20 25 30 35 49 
M 
Fic. 2. 
Subsonic” Kp = 0.192 
0<M <0.5 (0.0029 
‘*Transsonic”’ Kp = 0.3173 + 0.2711 (M — 1.00 
0.5<M<1A4 (+0_0018 +(). 0090) 
‘‘Supersonic”’ Kp = 0.3812 — 0.0140 (M — 2.75 
1.4<M<4.0 (+0. 0006 +(). 0008) 


The linear functions will be in error near the join 
points as one range changes to another. In fact, the 
choice of function will depend largely on its use. For 
example, the data for 0.4 < 1/ < 1.6 are fitted more 
closely by a cubic, as follows: 


0.2987 (IZ — 1.0) — 
(+0.0217) 


Kp = 0.3198 + 
(+0.0036) 
0). 3606 

( +0.0637) 


0.0809 (M — 1.0)? — (M — 1.0)* 


(+0.0120) 


And the data for 1.4 < \/ < 4.0 by an inverse quadratic 
as follows: 
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5 a ORE ee A 2 2 

soe fh (+0.0055) (+0.0239) e > aa _ 
0.2375 /1. 1 \ 
(+0.0497) & re at 
Certain characteristics of the drag coefficient func- 
tion have an unusuad significance. First, the transition 
from subsonic to supersonic takes place over a relatively 
wide range of velocities. There is no sudden change as 
the projectile reaches the velocity of sound. The drag 
varies smoothly and regularly with velocity, and meas- 
urements are quite reproducible in this region. Second, 
there is no sudden decrease in drag coefficient indicating 
a critical Reynolds Number. This point will be dis- 
cussed in detail later, but it should be noted that within 

each region the function is essentially monotonic 


Effect of Roughness 


It was known that under certain circumstances sur- 
face roughness can greatly change the drag of a sphere.! 
The ball bearings fired had a smooth, highly polished 
surface, and it was felt desirable to investigate briefly 
the effect of roughness at supersonic velocity. The ball 
bearings were roughened by annealing the hard steel 
and filing a criss-cross pattern of deep grooves (approxi- 
mately 1/15 in. deep spaced about !/; in. apart) over the 
surface. Three shots were fired near M = 2.5 and the 
drags are given in Fig. 3 by the points marked by tri- 
angles. The roughness produced only a slight increase 
(2.9 per cent) (+0.2 per cent) in the drag of the */;»-in. 
sphere at this supersonic velocity. 
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Fic. 3. 
Effect of Size 


An opportunity arose at a later date to measure the 
retardation of °/3:-in. spheres (just half the diameter of 
the original spheres). The measurements were made 
with a different type of apparatus, and the accuracy is 
less and the experimental scatter greater. The drags 
are given by the X points in Fig. 3. 

Recently, some 1'/>-in. spheres were fired at transsonic 
velocities through modern, high-precision apparatus. 
The firings were limited to high subsonic and transsonic 


velocities because of the lack of time for a more exten- 
sive program. The drags are given by the © points in 
Fig. 3. 

At supersonic velocities the °/3:-in. results show that 
reducing the diameter by one-half did not produce a 
significant change in the drag. This result was not 
entirely unexpected, since a critical Reynolds Number 
was not observed and since surface roughness had little 
effect, at least at supersonic velocities. Scale effects, 
as changes due to variations in size are called, are usu- 
ally associated with frictional effects present in the 
boundary layer. The Mach Number and surface 
roughness observations indicated that the boundary 
layer played little part in controlling the drag of a 
sphere at supersonic velocities, and the absence of any 
scale effect would further confirm this conclusion. At 
transsonic velocities there appears to be a change in 
drag coefficient with size: above the velocity of sound, 
the °/39-in. values lie below the °/,,-in. curve and the 
11/,-in. values lie above. 

In the region just leaving the subsonic and entering 
the transsonic, the 11/2-in. spheres show the presence of 
a critical Reynolds Number. The drag coefficients of 
the 1'/2-in. spheres are less than one-half the drag co- 
efficients of the °/j,-in. spheres at the one subsonic 
velocity fired. As the transsonic region is entered, the 
drag coefficient of the 1'/2-in. sphere rises rapidly, 
reaching the value for the °/;s-in. sphere slightly below 
the velocity of sound and exceeding it somewhat there- 
after. 


Wave Phenomena 


The wave patterns at all supersonic velocities (1.4 < 
M < 4.0) have certain general characteristics in common 
(Fig. 4). The sphere is preceded by a strong head 
wave, which is inclined to the direction of motion at 








Fic. 4. Round 67, station 4, Mach Number 2.23, velocity 2,496 
ft. per sec. 
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an angle that is somewhat greater than the Mach 
angle due to the wave’s finite amplitude. It curves 
gradually with distance from the sphere and presum- 
ably reaches the true Mach angle far away. Behind 
the head wave, many weak wavelets emanate from 
part of the front section of the sphere back to the 
separation point. These show that the velocity of flow 
over this part is supersonic. A wave of moderate in- 
tensity starts at the separation point. It is strong 
enough to change the flow direction a little so that the 
wake does not leave the surface in a tangent direction 
but leaves inclined slightly outward from the tangent. 
The wave then converges or diverges, as the case may 
be, for a diameter or so behind the sphere where it 
loses its well-defined shape and breaks up into a series 
of large, irregular vortexes. The irregular vortexes are 
themselves moving at supersonic velocities and gene- 
rate a whole field of wavelets, which coalesce into a 
single strong wave starting near the region of disinte- 
gration. This wave is known as the tail wave, and it 
should be noted that it is associated with the wake. 
In the vicinity of the sphere the angle of the tail wave 
is less than that of the head wave. The tail wave angle 
is less than the Mach angle given by the velocity of the 
sphere and the velocity of sound in free air. This de- 
crease is probably a result of the expansion of the flow 
around the sphere. The wave from the separation point 
is inclined still more and coalesces with the tail wave a 
short distance from the sphere. ‘The region between 
the two is filled with small wavelets probably coming 
from vortices in the wake boundary. 

At high supersonic velocities the sphere appears to 
be flattened in front. This is entirely an optical effect 
and is caused by refraction of the light over the front of 
the sphere by the head wave. At high velocities the 





front of the head wave is located close to the front of the 
sphere, but, at a Mach Number of around 2, a notice- 
able separation appears between the two. This separa- 
tion increases gradually as the velocity is decreased until 
a velocity near that of sound, where the increase is 
rapid. 

In the immediate neighborhood of the velocity of 
sound, the wave pattern depends in part on the history 
of the projectile from the muzzle on. Round 74 is a 
good illustration of the changes that take place on 
passing through M = 1 (Fig. 5). The sphere left the 
gun at W = 1.052. At the front station, 19.25 ft. 
away, the sphere has retarded to a Mach Number of 
1.012. The wave pattern is still characteristically 
supersonic, although it should be noted that the head 
wave is now almost three diameters ahead. The 
photograph shows a double head wave, but the reasons 
for the second wave are not clearly understood. By 
Station 2 (28.25 ft.) W has dropped to 0.992. The 
pattern is still similar, although the head waves have 
coalesced and moved seven diameters ahead. By Sta- 
tion 3 (38.25 ft.) M has dropped to 0.972. The head 
wave has moved out of the range of the plate, and the 
tail wave is beginning to take on a characteristic trans- 
sonic shape. The wave extends some 5 in. out from the 
wake and dies rapidly to sonic amplitude further out. 
A reflected wave forms from the outer portion of the 
tail wave and has the appearance of a bright string 
across a dark bow. It is possible, of course, that the 
reflected wave is not a wave but is an optical effect 
produced by refraction around the rim of the main tail 
wave. Also, the outer portions of the wave are begin- 
ning to fold forward over the inner portions. By 
Station 4 (48.25 ft.), where M has dropped to 0.953, 
the folding forward of the remnants of the tail wave 





Fic. 5. Round 74. Top row, left to right: station 1, velocity 1,140 ft. per sec.; station 2, velocity 1,116 ft. per sec.; station 3, velocity 
1,093 ft. per sec. Bottom row, left to right: station 4, velocity 1,072 ft. per sec.; station 5, velocity 1,051 ft. per sec.; station 6, velocity 
1,031 ft. per sec. 





has 
che 
Th 
she 
sou 
act 
the 
act 
(58 


wa 


yet 
raj 
unt 
lac 
tiv 
tut 
sin 





of the 
hotice- 
epara- 
1 until 
ase is 


ity of 
istory 
4isa 
ce on 
it the 
25 ft. 
er of 
ically 
head 
The 
asons 
By 
The 
have 
Sta- 
head 
1 the 
rans- 
1 the 
out. 
the 
ring 
the 
ffect 
tail 
gin- 
By 
953, 


ave 


ty 
ty 





AERODYNAMIC PERFORMANCE OF SMALL SPHERES 473 


has progressed still further. At this station, two other 
characteristics of the transonic wave pattern appear. 
The wave at the separation point has faded away to a 
short “‘cat’s whisker’ and the wake has become a 
source of flat fronted waves that extend all the way 
across the plate. Close inspection reveals many of 
these waves in the vicinity of the sphere. Their char- 
acteristics are still more pronounced at Station 5 
(58.25 ft., MZ = 0.934). The whole field is filled with 
waves whose strength is barely more than sonic and 
yet enough for the wave to be visible. Spark photog- 
raphy records the presence of weak shock waves with 
unusual sensitivity. The spark pictures shown in Fig. 5 
lack the wealth of detail that can be seen in the nega- 
tives. Also the spark photographs form a motion pic- 
ture of the development and action in the wave pattern, 
since they are successive records along the sphere’s 
trajectory. A close inspection of successive spark photo- 
graphs shows that the waves in the vicinity of the 
sphere appear to originate in the wake and sweep 
forward past the projectile as they travel at sonic speed. 
At Station 6 (68.25 ft., WM = 0.916) the same pattern 
continues. As the velocity decreases still further the 
waves generated by the wake decrease in number and 
intensity. Finally, at subsonic velocities the waves 
disappear altogether and only the wake is visible. A 
picture of the wake remains, however, even at the low- 
est Mach Numbers photographed, M = 0.29. 

It is curious that the wake should generate the last 
shock waves on passing from transsonic to subsonic 
velocities. Perhaps the phenomena can be best ex- 
plained by considering the sphere stationary and the air 
flowing past it. The main flow has a velocity less than 
the velocity of sound. The air is accelerated in passage 
over the sphere until a local velocity of sound is reached 
at the separation point as shown by the cat’s whisker. 
Past the sphere the increasing diameter of the wake 
causes still further acceleration and a considerable 
portion of the flow reaches a slightly supersonic velocity. 
At the place of disintegration of the wake, a plane-front 
wave forms and changes the accelerated portion of the 
main flow back to subsonic velocity. The wave 
formation is apparently unstable for the wave then 
moves forward, a new one forms, and the cycle 
repeats. 


Separation Point Phenomena 


The failure of a critical Reynolds Number to develop 
in the drag coefficient function was most unexpected, 
for the Reynolds Numbers reached at the highest veloc- 
ities were far greater than the critical Reynolds 
Numbers observed elsewhere and some additional cor- 
roborating evidence was sought. It was known that the 
reduction in drag at the critical resulted from a rear- 
ward transition of the separation point which greatly 
reduced the form drag. The location and characteris- 
tics of the separation point were carefully studied from 


the spark photographs in the hope that this phenomenon 
might give an explanation. 

The point of separation at supersonic velocity is 
clearly marked by a shock wave, as mentioned pre- 
viously. On examining the °/\.-in. sphere photographs, 
it was thought at first that separation might have taken 
place a short distance after the shock wave. However, 
subsequent examination of the 1'/2-in. sphere photo- 
graphs, illustrated in Fig. 7, clearly shows that the 
separation point and shock wave are coincident. The 
edge of the wake, which marks the direction of flow, 
projects directly back to the base of the shock wave. 
A series of representative photographs were selected 
and the shock-wave angle, the inclination of the edge 
of the wake, and the location of the separation point 
were measured as shown in the sketch at the top of 
Fig. 6. The front of the sphere was distorted at super- 
sonic velocities so the center was located as a point 
equidistant from the top, bottom, and rear. At sub- 
sonic velocities the separation point was considered to 
be the tangency point of a tangent to the sphere runn ng 
along the edge of the wake. In view of this definition 
of the separation points, it should be noted that at 
subsonic velocity the value of S is equal to 6 + 90°; 
at supersonic velocity, however, the value of S is 
approximately equal to 8 + 85°, because of the action of 
the shock wave at the separation point. The measure 
ments are plotted as a function of Mach Number in 
Fig. 6. The results for both the °/,s.- and the 1'/2-in. 
sphere are given on this graph. It should be noted that 
the character of the photographs did not permit ac- 
curate measurement of these quantities and the values 
shown on the graph are subject to considerable scatter. 

For the °/;s-in. spheres the behavior of the separation 
point is about as follows: At the highest velocities, the 
separation point is well to the rear of the equatorial 
plane and the wake converges strongly. (The equa- 
torial plane is defined as the plane perpendicular to the 
direction of motion through the center of the sphere. ) 
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With decreasing velocity, the wake becomes divergent 
at M = 1.4. This is a slightly higher Mach Number 
than WM = 1.25 given for the separation point crossing 
the equatorial plane, and the difference is due to the 
action of the shock wave as explained previously. The 
separation point moves still further forward and the 
wake becomes more divergent down to a Mach Num- 
ber of about 0.8. At lower Mach Numbers the location 
of the separation point and the divergence of the wake 
remain about the same. 

The separation point, as well as the drag coefficient 
function, shows no evidence of a critical Reynolds 
Number. Nowhere is there a rapid rearward transi- 
tion of the separation point. Of course, it might be 
argued that the rearward shift starting at J = 0.8 
indicates transition through a critical. However, the 
failure of the drag to respond makes it much more 
likely that the shift results from a gradual change in 
the overall flow pattern. 

The 1'/,-in. spheres were fired in the hope that the 
Reynolds Numbers reached in the subsonic region 
would be great enough to pass a critical before entering 
the compressible region. Unfortunately, the firings 
were limited in extent. Although the firings were not 
carried out at low enough subsonic velocities to verily 
the presence of a critical, the Reynolds Number for the 
lowest velocity round fired is greater than the critical 
Reynolds Number for free flight observed by other 
experimenters and the drag coefficient for this round is 
less than one-half the drag coefficient for the °, jg-in. 
sphere. This result indicates that a critical Reynolds 
Number has been passed. , 

Also, the wave and wake patterns from the spark 
photographs have been studied. The separation point, 
wake, and wave were measured as before and are plot- 
ted on the same graph (Fig. 6). At M = 1.4, the high- 
est fired, the separation point is a little further to the 
rear than for the smaller sphere, but otherwise the 
patterns are similar (Figs. 4 and 7). As the velocity 
decreases, the separation point moves rapidly forward. 
Near the velocity of sound a slight instability in its 
position was observed. On the vertical plates, the 
separation point at the top was ahead of the equatorial 


plane and on the bottom was behind. At first this was 
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Left to right: round 788, station 2, Mach Number 1.415, velocity 1,600 ft. per sec.; round 791, station 2, Mach Number 
).804, velocity 910 ft. per sec.; round 793, station 2, Mach Number 0.52, velocity 588 ft. per sec.; round 794, station 1, Mach Number 
0.445, velocity 515 ft. per sec. 


thought to be an effect due to the proximity of the 
horizontal plate. On examining the images recorded 
on the horizontal plates just the reverse effect was noted, 
so the cause of the asymmetry is not known. As the 
velocity decreases to WM = 0.8, the symmetrical pat 
tern returns and the separation point moves well for- 
ward of the equatorial plane to the same angle observed 
for the smaller spheres (Fig. 7). 

For velocities down to a Mach Number of 0.8 the 
separation point phenomena for the large and small 
sphere are essentially similar, but at J = 0.8 the simi- 
larity ends. For the °/i-in. spheres the separation 
point stays well forward of the equatorial plane for all 
velocities lower than M = 0.8, but for the 1!/2-in. 
spheres the separation point starts moving sharply to 
the rear as the velocity drops lower than J = 0.8 
(Fig. 6). At M = 0.65, it has moved back near the 
equatorial plane and the wake is only slightly divergent. 
At M = 0.52, it has moved well back of the equatorial 
plane and the wake is convergent (Fig. 7). It is also 
significant that at J = 0.8 there are several well- 
formed cat’s whiskers near the separation point; at 
\J = 0.65 there is only a single, faint, tiny cat’s whisker 
at the separation point; and at W = 0.52 there are no 
waves of any description any place on the sphere. 
At lower Mach Numbers, 0.46 and 0.44, the separation 
point has moved forward again and the wake is diver 
gent (Fig. 7). On one round at J/ = 0.442, an asyim- 
metry was noticed between top and bottom, but, in 
view of the fact that the separation point is subject to 
sharp fluctuations near the critical Reynolds Number, 
the asymmetry observed on this round is not considered 
unusual or inconsistent with the remaining rounds. 

The behavior of the drag coefficient and the rear- 
ward dip in the separation point, together with the 
corresponding convergence of the wake at M = 0.52, 
are the only evidence from the sphere firings so far that 
show the presence of the critical Reynolds Number in 
free flight. The combination of evidence is quite 
convincing, but it must be verified by a more extensive 
firing at subsonic velocities before it can be regarded as 
conclusive. 

The results from the 
critical Reynolds Number will not occur for this size 
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sphere in free flight or, at least, a critical similar to that 
observed elsewhere on large spheres at subsonic veloci- 
ties. The wake patterns from the 1'/2-in. sphere 
firings indicate that a critical Reynolds Number occurs 
at subsonic velocities. On passing through this Rey- 
nolds Number, the wake becomes convergent and the 
separation point moves to the rear as velocity increases. 
However, once the transsonic region is entered, the wake 
again becomes divergent and the separation point 
moves forward with further increase in velocity. This 
type of flow in the transsonic region resembles the flow 
at subcritical Reynolds Numbers. The study of the 
performance of spheres of different sizes over the com- 
plete range of velocities is only in its initial stages, and 
the experimental data so far are so brief that one 
hesitates to draw any general conclusions. Yet all the 
data obtained from the sphere firings to date point to 
the following statements: At subsonic velocities spheres 
fired through free air perform in the manner predicted 
by other experiments. On the other hand, at transsonic 
and supersonic velocities, the effects of compressibility 
control the flow, and such phenomena as separation 
are, in turn, controlled by conditions in the main flow 
rather than in the boundary layer. 

A possible explanation of the flow changes on passing 
from subsonic velocities to supersonic may be given as 
follows: From the standpoint of a stationary sphere in 
a stream of air, the streamlines in the flow close to the 
sphere first converge and then diverge on following the 
contour around. At subsonic velocities the divergence 
in the streamline is associated with a decreasing veloc- 
ity and an increasing pressure in the direction of flow. 
These conditions favor boundary-layer separation. On 
the other hand, at supersonic velocity, the divergence 
is associated with just the opposite condition of flow 
an increasing velocity and a decreasing pressure in the 
flow direction. Such conditions tend to enable the 
flow to follow the contour around to a point where its 
direction is abruptly changed by a shock wave. This 
may be stated in slightly different terms by saying 
that, while at subsonic velocities the Reynolds Number 
is the controlling parameter, at supersonic velocities the 
Mach Number controls and the Reynolds Number is 
only secondary. All the experimental data obtained 
from firings to date agree with this general observation. 
A note of caution must be added that the data to date 
are far from complete. 





COMPARISON WITH OTHER EXPERIMENTS 

Firings 

Comparison with other firings is difficult since no 
strictly parallel measurements have been made. To 
the authors’ knowledge, no other complete sphere 
shoot has been carried out in recent times using modern 
ballistic apparatus. The bluntest standard projectile 
is the Gavre type. It has a square base, a total length 
of 3.28 cal., and a 2-cal. radius tangent ogival head. 
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The ratio of Kp for the °/\s-in. sphere divided by K,, 
for the Gavre projectile (also designated as Type I) 
plotted against Mach Number is shown in Fig. 8. As 
can be seen, the drag coefficient of the sphere is con- 
siderably greater and the functions are not similar in 


shape. 


Spheres at Subsonic Velocities 

The drag of spheres at subsonic velocities has been 
investigated extensively by many methods. A splendid 
summary of the results is given in reference 1. A brief 
description of the experiments most nearly comparable 
to the present firings is quoted from Goldstein’ as 
follows: 


‘‘Measurements of the drag of a sphere moving 
thru relatively calm air in the atmosphere have been 
made by Klein’ with special apparatus designed for 
use on an aeroplane. .... Included ....arealso.... 
dropping tests by Bacon and Reid*®.. . . and Lunnon‘ 
re The results of Bacon and Reid were obtained 
from the rates of fall of wax, rubber, and wooden spheres 
known weight dropped from an aeroplane and falling 
thru calm air, and those of Lunnon from the rates of 
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of fall of metal spheres in air and water. The curve of 
Bacon and Reid can be extrapolated . . . . to join 
smoothly on to Lunnon’s curve, but has a different 
shape from those obtained in wind tunnels or in free 
flight.* The reason for this difference in shape has 
not been established, but it may be connected with the 
fact that whereas spheres tested in a wind tunnel are 
held rigidly in the stream, falling spheres have freedom 
to rotate.” 

The results from Bacon and Reid and Lunnon are 
given in Fig. 9 as a graph of K, plotted against the 
logarithm of the Reynolds Number based on the diam- 
eter. The drag coefficients from the present firings are 
plotted on the same graph. It can be seen that the two 
are in good agreement at subsonic velocities. 


* By free flight, Goldstein refers to the type of experiment 
made by Klein. (See reference 2.) 


The characteristic wake pattern for a 1'/2-in. sphere 
at subsonic velocities is shown in Fig. 7. The angle of 
separation point at subsonic velocities (MM = 0.3) fora 
°/ys-in. sphere is 101° (Fig. 6). The separation point 
observed on a 6-in. sphere mounted in an open jet 
tunnel at a velocity of 50 ft. per sec. is 97°. The two 
are in remarkably good agreement considering the great 
difference in scale. 
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Letters to the Editor 


Dear Sir: 

The interesting paper ‘Shock Waves in Aerodynamics” by 
Prof. Howard W. Emmons (JOURNAL OF THE AERONAUTICAL 
ScrENCES, Vol. 12, No. 2, p. 188, April, 1945) contains an error of 
presentation which causes some points to be obscure. 

Since a steady movement is assumed to exist in reference to a 
pipe (see “‘Shock Waves,’ second paragraph), the shock wave, per 
force, must be considered as stationary; otherwise Eqs. (1), (2), 
3) and their consequence, Eq. (7), would not be valid. Thus, a 
stationary shock wave (if any such wave exists) being presup- 
posed, it is logical to find this shock wave at the end of the reason- 
ing. It results that the sentence ‘‘there must be. . . . some dis- 
turbance that remains between sections 1 and 2”’ does not explain 
the phenomenon, the more so as there is no reason against the 
existence of a nonstationary shock wave. In this last occurrence, 
all the equations remain valid, provided all the velocities are 
measured in reference to the shock wave. With this approach, the 
extraneous and restrictive system of reference constituted by the 
pipe is eliminated, Eqs. (1) to (7) remaining valid. Thus, veloci- 
ties u, and u. are not absolute velocities or velocities in reference 


to the pipe, as seems to result from ‘the text, but are differences 
between the velocity of the shock wave and the velocities of the 
fluid on both sides of the shock wave. 
LEON BESKIN 
Design Specialist 
Consolidated Vultee Aircraft Corporation 


Dear Sir: 

In the comments of Mr. Beskin on my paper ‘“‘Shock Waves in 
Aerodynamics” there is presented what is presumed to be an error 
in my discussion of fundamental equations of the shock wave. I 
perhaps did not make it clear in the paper that the “pipe” with 
respect to which velocities were measured need not be stationary. 
Consequently, nonsteady shock waves are governed by the same 
relations. I undoubtedly should, therefore, have added a sen- 
tence or two to make this clear. 

Howarp W. EMMONS 
Harvard University 
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A Direct Method of Estimating 


the 


Performance of a Helicopter in 


Powered Flight 


WALTER CASTLES, Jr.* 
Georgia School of Technology 


SUMMARY 


(his paper presents a direct method of calculating the per- 
formance characteristics of a helicopter in powered flight. The 
method is based on the simple momentum theory but incorporates 
the primary effects of the vertical drag force and an empirical 
-orrection to the induced power. 

Nomograms are included for the rapid solution of the useful 


«quations. f 


NOTATION 


Angles in Radians 
a’ angle between the relative wind and longitudinal axis of 
the fuselage 


8 = angle of incidence measured in a plane perpendicular 
to the blade axis, with the blade at zero coning angle 
and between the zero lift chord line and a plane per- 
pendicular to the axis of rotation 

yp = azimuth angle between the blade axis and the vector, V, 
{reas 

1 = rotor disc area 

F = parasite drag area measured in the direction of Vs 
Forces 

D = parasite drag 

Dy, = vertical component of parasite drag 

7 = rotor thrust 

HW” = gross weight 

Lengths 
= chord of blade (at 0.7% if blade is tapered) 
r = radius of blade element, c dr 
R= radius of rotor 
Miscellaneous 
b. hp. = engine brake horsepower 


o = air density 
angular velocity of rotor in radians per second 


w@ 


Vondimensional Coefficients 





Coo = profile drag coefficient of blade airfoil at Cy = C, 

Cr = mean blade lift coefficient in hovering flight 

, parasite drag area measured in the direction of V- 
parasite drag area measured in the direction of V; 

K horsepower to lifting rotor 


engine brake horsepower 

Received February 15, 1945. A revision of the paper pre 
sented at the Rotating Wing Aircraft Session, Twelfth Annual 
Meeting, I.A.S., New York, January 25-27, 1944 

* Research Assistant Professor, Guggenheim 
Laboratory, State Engineering Experiment Station 

+ Nomograms by Walter Herbert Burrows, Research Associate, 
State Engineering Experiment Station 
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Nondimensional Parameters 


B = number of blades in rotor 

F =f/4A 

o = solidity = Bc/xR 

a = Vi/Vo 

Me = Ve/Ve 

h = Vi/Vo 

A = Vi/Vo 

Ane = Ax for maximum rate of climb and minimum power 
required in level flight 

Anm = Ax for top speed in level flight 


Ask = XA, for maximum range 


Ave = A, for maximum rate of vertical climb 

\y = power parameter = 550 K b.hp./2p A V* = 550K b. hp. + 
WVo 

Vo = Ap — (oC 16) Ae*® — (Ba Cro /16) Athy? — FAs? 

Z =rt+d 

Velocities 

u = induced velocity of rotor 

V = velocity along the flight path 

V, = horizontal component of the velocity along the flight 
path 

1; = vertical component of the induced velocity 

V = induced velocity of an actuator disc with a disc loading = 
W/A in hovering flight in a perfect fluid. V 
(W/2pA)'‘/2 

Vt = tangential velocity of blade tips = wR 

V, = vertical component of the velocity along the flight path 


THEORY 


pes ACCEPTED FORM for the general momentum 
equation of an actuator disc is,! 


T = 2p AuV’ (1) 


where V’ = resultant velocity at the disc. 
Taking the summation of forces in the vertical direc 
tion Eq. (1) can be written 


W + D, = 2pAV,V’ (2) 
The drag of an elongated body at an angle to the air 
stream can be written, to a good approximation, as 


D = (p/2) (V’)* (f cos a’ + Rf sin a’) (3 


Assuming that the longitudinal axis of the helicopter 
fuselage remains horizontal and making the approxi- 
mation that the velocity at the fuselage is the same as 
that at the rotor, 


D, = (p 2) Rf(V, + V,)? (4) 
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Fic. 1. Velocity and force diagrams 


Let F = f/4A. 
(see Fig. 1), 


Then it is a good approximation that 


Vi = (V+ VO? + VT 
and Eq. (2) can be rewritten as 
W + 2pARF (V, + V;,)? = 
2AV, [(V. + Vi)? + VET? (5) 


By defining Vo = (W/2pA)'* (see Notation) and 
letting Z = dA, + A, Eq. (5) can be written in non- 
dimensional form as 


hy = (1 + RFZ*)/(Z? + 2,7)" (6) 
or 
A, = Z — [(1 + RFZ*)/(Z? + X,*)'7) (7) 


The general performance equation for a helicopter is: 


WV, = P, — P, — Pg — Pcp, — Po (8) 


where 
P, = power available to lifting rotor 
P, = induced power required 
Pg = power required for torque of profile drag 
Pcp, = power required for profile drag due to forward 
speed 
Pp = power required for drag of parasite area 


Let P, = 550K b.hp., where K = (horsepower to 
lifting rotor)/(engine brake horsepower). If a counter 
torque rotor is used, its power requirements can be 
estimated by the method given in reference 3, or the 
value of K can be found by successive approximations 
in the same manner as the power required for the lifting 
rotor. 

By definition P; = WV,. 


EVALUATION OF Pg FOR CONSTANT CHORD BLADES 


Assuming a constant profile drag coefficient along 
the blades and making the approximation that the re- 
sultant velocity at a blade element, c dr, is equal to the 
vector sum of the tangential and horizontal velocities, 
the rotor torque, Q,, due to the profile drag is: 


2a R 
Q, = i f f p Cp, Ber (wr + V,sin y)? dy dr 
27 Jo ° 62 


The expression for Q, integrates to 
Q, = (p/8) Cy, Bew*R* + (p/8)Cp, BcR?V;,” 


However, BcR = cA, wR = V, and Pg = wQ 
Therefore, 


Pg = (p/8) Cy cA(V 2 + V,V2?) 


EVALUATION OF Pcp, FOR CONSTANT CHORD BLADES 
. 


For the same assumptions and approximations used 
to determine Py 


1 2r R 
Pcp, = i f ? Cy», BeV, X 
2r. Fe: ie 


(wr + V, sin y)? sin y dy dr 


Integrating and making the substitutions for BcR = 
oA and wR = V, gives 


Pcp, = (p ‘4) Co, oA VV? 


EVALUATION OF Pp 
Pp = (p/2)(V’)® (f cos a’ + Rf sin a’) 
As f = 4AFand V’ = [(V, + V)?2 + V2)” 
Pp = 2pA [(V, + Vi)? + V7] (FV’ cos a’ + RF sin a’) 
but V’ cos a’ = V,and V’ sina’ = V,+ V; 
or 
Pp = 2pARF(V, + Vi)? + 2pAF(V, + Vi)?Va + 
2pA FV, + 2pARF (V, + Vi) V;’ 
Rewriting Eq. (7) using the evaluated terms, 
WV, = 550K b.hp. — WV; — (p/8)Cp, cA(V 2 + 


ViVi?) — (0/4)Cy, oA VV? — 2pAF [R(V, + Vi)§ + 
(V, + V)2V, + R(V. + VVa? + Vi?) (9) 


Then let A, = 550K /2pA V,*. Since W = 2pA V,?, Eq. 
(8) can be written in nondimensional form as 
Lah-k&< (“one — (em na — kF(d, + 
16 16 
d,)® — F(A, + Ag)?A, — RF (A, + Ag)AQ? — FA? (10) 
Let y = Np a (>a a 8¢ Coo) y 2 py,2 
16 
Then, asZ = X, + Aj, 
RFZ* + Fr,Z? + (1 + RPA,?)Z — Y =0 (11) 


The equilibrium value of Z can be obtained from Eq. 
(11) for any given set of conditions and thus the value 
of \, from Eq. (7) and the rate of climb. 


AN APPROXIMATE METHOD FOR FINDING THE VALUES OF 
\, AND Cp, FOR USE IN THE OTHER EQUATIONS 


Assuming a constant angular velocity for the rotor, 
the value of 4, will be constant at any given altitude 
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PERFORMANCE OF A 


and the value for hovering flight can be used for all 
flight conditions at the same altitude. 

In hovering flight the down-wash distribution along 
the blade from the hub to the tip is approximately 
triangular. Assume that the down-wash distribution 
is triangular, and make the close approximation that 
the resultant velocity at a blade element is equal in 
magnitude to the tangential velocity. Then, for ar 
untwisted blade the angle of attack is constant along 
the blade, since both the induced and tangential veloci- 


ties are proportional to the radius. It follows that 


*R 
W = I (p/2)Bew*r?C, dr 


But Bc/rR = cand wR = V,. Therefore, 


W = (p/6) cAV 2 C, (12) 
However, W = 2pA Vp? and X, = V,./ Voor 
A, = (12/6 C,)"” (13) 


Optimum values of C, for hovering flight will be 
around 0.7 for most rotors and airfoils. Take Cp, from 
the infinite aspect ratio polar of the blade airfoil at 
C, =C,. 

The foregoing analysis yields quite optimistic results. 
Because of the assumption of a uniform down-wash 
and the neglect of radial and tangential components 
implicit in the use of Eq. (1), the induced power will be 
underestimated for all flight conditions. In addition, 
for some flight conditions, portions of the blades will be 
operating at extreme angles of attack and the profile 
power will be considerably underestimated. 

Although it does not necessarily result in the correct 
division of power required between profile and induced 
power, the incorporation of an experimentally deter 
mined constant in the induced power equation results in 
improved accuracy for performance estimation by this 
method. Therefore, values of \,; (see Fig. 2) were calcu- 
lated from the hovering flight wind-tunnel data of refer 
ence 2. 

Figs. 3 and 4 show the experimental values of \; calcu 
lated from the previously unpublished wind-tunnel data 
in Table 1 on vertical ascent and horizontal flight, re 
spectively, compared with the theoretical values of X,. 





Fic. 2 
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Experimental values of \; for hovering flight from refer Fic. 4. 
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Experimental values of \; vs. Ay from Table 1 and theo 
retical values of A; vs. Av. 


14 





RES DUAL, TEST VALUE. 
0 O@=8 | 
/ + 0=6° 





ue 2 4 6 8 
Ah 


Experimental values of 44 vs. A, from Table 1 and ap 
proximate theoretical values of \; vs. A, 
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TABLE 1 


Experimental Rotor Data from Tests by M. Knight in the Open 
Jet of the 9-ft. Wind Tunnel at the Guggenheim Aeronautical 
Laboratory, Georgia School of Technology 





Model Data 
Dia. = 5 ft. 
No. of blades = 3 
Chord = 2 in. (constant, no twist) 
o = 0.0636 
R.p.m. = 900 
Airfoil = NACA 0015 
A flapping hinge perpendicular to the blade axis and the axis of 
rotation and 1 in. from the center of the rotor 
Approx. R.N. at 0.75R = 340,000 


Vertical Ascent Test Data—No Tunnel Wall Correction 








6 = 10° 
. Thrust Torque 

é GP ee ae p= Sewn 
V/V, (p/6)a AV? (p/8)o AVR 
0.00 0.646 0.0844 
0.03 0.569 0.0852 
0.06 0.450 0.0821 
0.09 0.285 0.0673 

0 = 12° 
0.00 0.530 0.0649 
0.03 0.441 0.0633 
0.06 0.297 0.0564 





Horizontal Flight-Test Data—No Tunnel Wall Correction—Model 
Adjusted for Each Condition So That Coning Axis 
Was Perpendicular to Airstream 


: Hor. Drag 

r , : . Coy pale ge 
V/V, CL Cp (p/2)0A V,V, 
0.00 0.349 0.0436 ranks 
0.09 0.474 0.0413 0.0013 
0.18 0.535 0.0376 0.0011 
0.27 0.516 0.0381 0.0010 

0.0372 0.0010 


0.36 0.491 


The experimental values of A, were calculated from 
the rotor test data by computing A, and subtracting 
the calculated values of \,, (eCp,/16)A,3, (30 Cp, /16)A Ax?, 
and F),°. The value of F was taken as 0.00027 for these 
rotor tests. The values of C, were calculated from 
Eq. (12); A,, from Eq. (13); and Cp, at C, = C,, from 
the airfoil data of reference 2. 

It can be seen that a value of A; = 1.3 (Aj) theoretical 
fits the experimental data for hovering flight quite well 
and gives better agreement with the test data over the 
whole range of the tests. It is unfortunate that the 
‘ vertical flight tests were not carried to high enough 
blade angles to give representative values of C, at the 
higher values of X,. 

A value of A; = 1.3(Ad)theoretical Will be used in the 
following equations. 


POWER REQUIRED IN HOVERING FLIGHT 
From Eq. (6) for Z = \, and A, = 0 
My = [1/(1 — RF)}” 


From Eq. (10) 
Ay = Ny + (cCp, 16) A? + kPrF 


Inserting the experimental correction factor, 1.3, 
‘ if 1/2 a Cp, 
AD = 1.3/1 (1 — kF))\’ + 16 Ae+ 
2.20kF [1/(1 — RF)]’? (14 


and b.hp.reg = Ap WV0/550K. 


MAXIMUM RATE OF VERTICAL CLIMB 


Neglecting, for the moment, the vertical drag forces 
NVemaz. = Nomar. — (FCpo/16)As> — Wy (15) 


from Eq. (10) and A, = 1/(A, + 4) from Eq. 6. 
Inserting the experimental correction factor 1.3, 


MVemaz. = Nomar. - . = ‘? (=) 
A, + Ay 16 


However, from Eq. (15), 
Ao + At = Apmar. — (7Cp,/16)A,* 


or 


ee L.3 = 
Xp — (eCp,/16)d, 


At Omaz Nomar ( 16 
to a first approximation. 

The primary effect of the vertical drag force is the 
additional power required to overcome it. Taking 
this into account to the extent of using the first ap- 
proximation of the value of the vertical velocity at the 
fuselage but neglecting the secondary effect of the in- 
creased thrust required, 


a o Coo ‘) -|— eB. | ~ 
16 Nomar. — (FCp,/16)d 8 


RF[\pmaz. — (¢Cp/16)A;°] (16) 








AV exes, = ia 


Pmaz. 


The maximum vertical rate of climb in ft. per min. is 

then 60 Xv,,,.,. Vo. 

HORIZONTAL VELOCITY FOR MAXIMUM RATE OF CLIMB 
AND MAXIMUM ENDURANCE 


The maximum rate of climb will occur very near that 
horizontal component of the velocity along the flight 
path at which the minimum power would be required in 
horizontal flight. If the effects of the vertical drag were 
ignored, the two velocities would be equal when calcu. 
lated by this method. 

Setting A, in Eq. (10) equal to zero, solving for A,, and 
dropping the terms that are negligible when A, > 2 gives 








hy =i + (“ns +(¥&) Ri Matt Fda + RPA! 
(17) 
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For A, > 2, which will be true for the present condition 
and all subsequent horizontal flight conditions dealt 
with, it is a good approximation that A; = 1/Ay,. 

Incorporating the experimental correction factor 
gives A; = 1.3/X, or for level flight 


4 = 1.3 4 (sc) + (onan 
Ar 16 16 
Fr,F + 1.3RkFA, (18) 


Let \,, be the value of A, for minimum power re- 
quired in level flight. Then minimizing the power re- 
quired gives: 


OX, = —18 —_ é oCppA An, + 3Pr,,” ~ 1.3kF = () 
mm? ie. 8 

or 

24FXp,4 + 3eCpddr,? + 10.4kFA,,2 — 10.4=0 (19) 


Substituting the value of \,, given by the solution of 
Eq. (19) in Eq. (18) will give the value of A, and, thus, 
the engine brake horsepower, b.hp. = 4,WV0/550K for 
minimum power required in level flight, the fuel con- 
sumption, and the endurance. 

The horizontal component of the velocity along the 
flight path for maximum rate of climb and the velocity 
in level flight for minimum power required in level 
flight in miles per hour is equal to \,, Vo/1.47. 


MAXIMUM RATE OF CLIMB 


By a similar derivation and based on the same ap- 
proximations as used to obtain Eq. (16) 
7 ~ Ss See 
ere (¥? + da2)'” 

kFY* — FY, — RFYX2 (20) 


where 
eae (*<) ye 2 (2m) hada? — Fra? 
16 16 
(21) 


The maximum rate of climb along an inclined flight. 


path in ft. per min. is then equal to 60A,,,,., Vo. 


ABSOLUTE CEILING 


The theoretical approach to the problem of calcu 
lating the absolute ceiling of a helicopter will necessarily 
depend to a large extent on the type of rotor drive em- 
ployed. However, for an “ideal” drive where X, (i.e., 
C,) can be held at a constant value independent of the 
iltitude, the following method can be used, and it 
should also be a fair approximation for the usual me- 
chanical drive. 

At the absolute ceiling ,,,,., = 0 and 4, = A, for 
minimum power required in level flight, which can be 
calculated from Eq. (18) using A, = Ap.. 


However, A, = 550K b.hp./ WV. and V> = (W/2pA)"” 
(Ap) ceiling 


or 
- b.P.ceiting (e) 
(Ap) sea level b.hp-sea level \P0 
where pp = sea level air density and (Ag,)sea tevel 
maximum value at sea level. 

The ratio, (b.hp.ceiting/b-hp-sea ever) (p/p, )* can be 
plotted as a general curve for unsupercharged motors 
at constant r.p.m. (see Fig. 12) or can be calculated 
from the engine altitude curves for any particular super- 
charged motor. 

Having found the ratio of (Ap)ceiting/ (Ap)sea level 
and thus its equivalent (b.hp.ceiting /D-Hp-sea teve) X 
(p'po)'*, the absolute ceiling can be read from the 
aforementioned curve. 





Top SPEED IN LEVEL FLIGHT 
From Eq. (18), setting A, = An, 


16PX,,,, 4 + 3aC pA Aim? + 20.88 Fra,” + 

(oCp dr? — 16Ay)Anm + 20.8 = 0 (22 
which can be solved for A,,, and thus the top speed in 
level flight in miles per hour which is equal to A,,, Vo = 
1.47, 


HORIZONTAL VELOCITY FOR MAXIMUM RANGE 


The maximum range will occur at that horizontal 
velocity and thus at that value of \, at which the great- 
est distance is made for the fuel consumed. Assuming 
still air conditions and flight at constant weight and 
specific fuel consumption, the distance flown in a given 
time is proportional to A, and the fuel consumed is 
proportional to \,. Maximum range will thus occur at 
that value of \, at which the ratio, A, /A,, is a minimum. 

From Eq. (18) for horizontal flight 


, sl 
thy, wee (<)>) + (many + 
A,” 16 Ar 16 


F),? + 1.3kF 
Minimizing the above ratio with respect to A, and 
letting A, for maximum range equal A,, gives: 
Ory/rs) «= s s2G (ccer\(>") Ft 
OA, Ang” 16 J \Aa,” 


(=), + 2Fry, = 0 
16 


or 


32PAnp! + 3 oCpdAng? — 7CrAPArg — 41.6=0 (23) 


Eq. 23 can be solved for \,, and thus the horizontal 
velocity for maximum range in miles per hour which is 
equal to Ajg Vo/ 1.47. 

The value of \, corresponding to A,, can be obtained 
from Eq. (18) and thus the horsepower required, fuel 
consumption, and range. 
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INSTRUCTIONS FOR USE OF NOMOGRAMS B. If the desired mean lift coefficient in hovering 
: . 3 flight, C,, is known: 
(Note: An estimated mean value of k = 7 has been 8 hes ; sb ca 
(1) Calculate ¢C, and obtain \, from Fig. 6. 
used for these charts.) - 
: se : (2) Step four under A. 
Given values of the solidity, ¢; the disc area, A; : yan eT sis 7 
: : (3) Obtain Vo from Fig. 5. Then V, = A,Vo. 
the gross weight, W; the parasite drag area measured 
along the longitudinal axis, f; the rated horse power, C. - Calculate \, = 550K b.hp./WVo and F = f/4A 
khp.; the rotor drive efficiency, K; and the altitude; ; : ‘ 
er , y D. Obtain the values of A’ = 30CpA, B’ = 
NH aCp,d;°, and C’ = oCp,d,? — 16d, from Fig. 7. 
A. If the tip speed, V‘, is known: 
‘ ‘othe B’ 
(1) Obtain Vo from Fig. 5. —/0 ro 
E an 
(2) Calculate \, = V,/Vo. E. Re r 
(3) Obtain oC, from Fig. 6 and calculate Cy. E q fs 
(4) Take Cp, from blade airfoil infinite aspect y . es wd & _ 
ratio polar at C, = C, and calculate oCp,. a Pe 7 45 
a I< = 044 
Eas Ae a™% de E 6 ae 4 2 
= > I ee E < WA [ 
= 06 aay > en E-S af 
Mo yg a? Miata: BS wif 
aL Poe OY - “? E 4 4:e9 
: es aa c wm f 
W/A F E be 4 E } 
i E — 90 “a F 4 
ALT (1000rr) 
* M4 f 
3 4. [Jo 
ja ay” r Oo 
7 ! 
aa v0 a Fic. 7. Nomogram for obtaining the values of A’ = 3¢Cpod 
a t B’ = @Cpod3, and C’ = aCpod* — 16Xp. 
j b 
4 t 
3 “iby E. Horsepower Required in Hovering Flight 
04 [ 
[ (1) Obtain the value of the power parameter, A,, 
r from Fig. 8. Then the horsepower required 
f in hovering flight is equal to A, WV/550K. 
“50 : . 
F. Rate of Vertical Climb 
Fic. 5. Nomogram for obtaining the value of | 2 ; ‘ ; FIG. 
(1) Obtain the value of Ay, from Fig. 9. Then velo 
r the rate of vertical climb in ft. per min. is 
sia 1 to 60dy.V, y 
*( “ oO , 0. 
jé@— 10 Aeiatinns. ALTITUOE ’ - ‘ : de a 
fi 10 0 
— G. Minimum Power Required in Level Flight 
1o—_ (1) Obtain X,. from Fig. 10. Then the horizontal 
7 6 5000 speed for maximum endurance and the hori 
08—_ y 5 
> 6 10000 4 i a 
4 20 | = 
a q r “4 
6—-" _ Re 4 x ! 
tis 4 , | : t 
+ £0000 | 18-4 E 
a 4 | [ 
04¢—T 25,000 1744 S L, 
+. é ws | 
+20 4 16 : FIG 
- we : 
02 —— : = 
30 001 A 
4 14 r 
000 7 = 
Oo 13) a 
Fic.6. Nomograms for obtaining the value of 4, and the absolute = Fic. 8. © Nomogram for obtaining the value of the power param- 
ceiling. eter, A,, in hovering flight. 
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Fic. 9. Nomogram for obtaining the value of the vertical veloc- 
ity parameter, \V», for vertical climb. 
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Nomogram for obtaining the value of the horizontal 


Fic. 10. 
velocity parameter, Ane, for minimum power required in level flight. 
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Fic. 11. Nomogram giving the value of Y used to obtain the 


maximum rate of climb 


zontal component of the velocity along the 
flight path for maximum rate of climb is 
An. Vo/1.47 m.p.h. The value of the power 
parameter, A,, for minimum power required 
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or maximum endurance can be calculated 
from Eq. (18), using A, = A,,- Thus the horse- 
power required, which is equal to A,W I 
550K, and the fuel consumption and endur- 
ance can be calculated. 


H. Absbdlute Ceiling 


(1) Calculate the ratio of the value of \, for 
minimum power required obtained in step G 
to the maximum value of i, at sea level, 
which will usually have been calculated 
step C. Then using this ratio, which is 
equal to Apirtitude /Arcea levers TEad the absolute 


ceiling from Fig. 6. 


Maximum Rate of Climb 
(1) Obtain the value of Y from Fig. 11 
(2) Obtain the value of \, from Fig. 12. Then 
the maximum rate of climb in ft. per min. is 
6OX, Vo. 
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12. Nomogram for obtaining the value of the vertical veloc 
ity parameter, \,, for maximum rate of climb. 
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13. Nomogram for obtaining the value of the horizontal 
velocity parameter, \,, for top speed in level flight 
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J. Top Speed in Level Flight 


(1) Obtain the value of A, from Fig. 13. Then 
the top speed in level flight in m.p.h. is A, Vo 


1.47, 
K. Maximum Range 
(1) Obtain the value of \,, from Fig. 14. Then 


the horizontal velocity in m.p.h. for maxi- 
mum range is Ap, V5/1.47. 
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Fic. 14. Nomogram for obtaining the value of the horizontal 


velocity parameter, A;z, for maximum range. 


COMPARISON OF RESULTS WITH WALD’S METHOD’ 


Data for Wald’s Problem in Reference 3 
W = 1,500 
D 33.6 


Il 


Reverse-Pitch Propellers as 
Landing Brakes 


(Continued from page 447) 


‘Hartman, E. P., Negative Thrust and Torque Characteristics 
of an Adjustable Pitch Metal Propeller, N.A.C.A. T. R. No. 464, 
1933. 

* Welling, Omer, A Study to Determine the Maximum Weights 


THE AERONAUTICAL 


b.hp. = 100 
6 os Cr — 
a = 0.07 
C,/o = 


= 3.75 
. 


SCIENC ES 


0.0125 


-OCTOBER, 


1945 


0.20 (i.e., C, = 0.60 for same tip speed) 


0.81 for Wald’s method. Because of the 


inclusion by Wald of a 5 per cent reduction 
for slipstream rotation in the effective 
power delivered to the rotor, the equivalent 
value of K for use with this method is K = 


0.86 


The additional information needed for this method 


is the value of k. 
has been used. 


Item 


K.hp.req, for hover- 


ing 
Max. vert 

climb 
Max. rate of climb 


Min. b.hp-reg in 
level flight 
Top speed in level 


rate of 


Wald’s Results 
S4 
530 ft. per min. 


1,050 ft. per min. at 
48 m.p.h 


An estimated average value of k = 7 


Results by This 
Method 


95 

526 ft. per min 

940 ft. per min. at 
51 m.p.h. 


43 at 51 m.p.h 


flight 125 m.p.h. 123 m.p.h. 
Absolute ceiling 15,800 ft. 
Hor. velocity for 
maximum range 82 m.p.h (& 
b.hP.tea. ) 
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Instability of Extrusions Under 
Compressive Loads 


WALTER RAMBERG* ann SAMUEL LEVY * 
National Bureau of Standards 


ABSTIRACI 


Critical compressive stresses were computed and were compared 
with measured values for 26 different aluminum-alloy and mag- 
nesium-alloy extrusions. 

Critical stresses for local instability were computed, considering 
the flanges as plates of uniform thickness rigidly clamped along 
one edge. Critical stresses for primary instability were computed 
from Kappus’ theory of torsional instability, taking account of 
the stiffening effect of fillets and the effect on the torsion bending 
constant of bending stresses varying across the thickness of the 
wall. An estimate of the effect of plastic yielding was made by 
reducing the critical stresses in the ratio of reduced modulus, for 
a column of rectangular section, to Young’s modulus. 

The measured and computed critical stresses for 120 of the 125 
specimens differed less than 5,000 Ibs. per sq.in. 

Comparison of strength-weight ratios for buckling and for 
failure showed that in general the Z-sections were most efficient. 

A procedure is outlined for calculating buckling stresses of un- 
supported extrusions of one material from measured buckling 
stresses of similar extrusions of a different material. The pro- 
cedure was checked by comparing calculated buckling stresses 
with measured buckling stresses for extruded T-sections, L-sec- 
tions, and Z-sections of several aluminum and magnesium alloys. 
The differences between the measured and calculated buckling 
stresses did not exceed 10,000 Ibs. per sq.in. The average differ- 
ence was less than 5,000 Ibs. per sq.in. 


PURPOSE 


7 PAPER DESCRIBES a portion of a research pro- 
gram on the compressive strength of open section 
extrusions which is being conducted at the National 
Bureau of Standards, with the financial assistance and 
cooperation of the Bureau of Aeronautics, Navy Depart- 
ment. The purpose of the program is to compare ex- 
perimentally and theoretically determined buckling 
loads for extrusions used in aircraft construction and 
to compare strength-weight ratios for extrusions of 
different shapes. 

Only the first part of the program, dealing with the 
strength of extrusions without support along their 
length, has been completed. Tests remain to be made 
to determine the compressive strength of extrusions at- 
tached to sheet. 

A review of the literature on the instability of open 
section extrusions showed that the theory had_ been 
worked out in its essentials but that numerical solutions 
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were confined to sections without the fillets and bulbs 
that are characteristic of extrusions. The theory will be 
outlined in some detail in order to make clear the com 
putation of buckling loads for extrusions that are 
stiffened by fillets and bulbs and the wall thickness of 
which is not necessarily small compared to the width 
of flanges. 


ELAstTic BUCKLING LOADS 


An open section extrusion may buckle in the elastx 
range by local instability in which a portion of the sec 
tion buckles like a plate while the remainder of the 
section continues to carry load, or it may fail by a pri 
mary instability in which the whole section rotates 
about an axis of twist the location of which will vary 
with the shape of the section, the length of the extru 
sion, and the type of restraint at the ends. This in 
cludes buckling of the Euler type for which the axis ot 
twist is removed to infinity. 


Loca INSTABILITY 


Local instability for the extrusions described in this 
report was usually due to buckling of a flange with or 
without bulb. The critical stress for local instability 
may be estimated as the critical stress for a plate with 
suitable edge conditions. 

The critical compressive stress for a plate of width 6, 
thickness /, and length L is from reference 1, p. 605 


Ger = (kw*/12)(E/(1 — v?)] (t/b)? ( 
where 


E = Young’s modulus, for compression 
v = Poisson’s ratio 
k = constant depending on condition of restraint 
and on ratio L/b 
With Poisson’s ratio 


v = 0.3 (2) 


Eq. (1) gives 
Oe, = 0.904ER(t/b)? (3) 
For a plate with one edge, parallel to the load, built-in 


and the other free, and with the remaining two edges 
simply supported (reference 1, p. 607) 


k = 1.33, L/b> 3 (3a 
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For a plate with both edges, parallel to the load, built-in 
and the remaining two edges simply supported (refer- 
ence 1, p. 607) 


k = 7.0, L/b> 2 (3b) 
The first value of k was substituted in Eq. (3) to esti- 
mate the critical stress for local instability of a free 
flange without bulb, and the second value was substi- 
tuted for local instability of a web. The width b was 
measured from the intersections of the median lines of 
the rectangular parts of the section. The resulting 
values of critical stress were generally higher than the 
values corresponding to the actual condition of edge 
restraint which was somewhere between the assumed 
conditions of rigid clamping and the condition of simple 
support. 

No general value of k can be given for the local buck- 
ling of a flange with bulb. Rough estimates of critical 
load were computed in this report by taking k = 1.33, 
as for a flange without bulb, and taking the value of 
t in Eq. (3) as equal to the average thickness of the 
flange including the bulb. 


PRIMARY INSTABILITY 


The primary instability of thin-walled open section 
columns subjected to end compression has been dis- 
cussed by Wagner,? Kappus,* and Lundquist and 
Fligg.4 They show that the critical stress for primary 
instability is given by solving the differential equation 


a[ de 7 17 \a’¢9 
EC | — } + (¢eJy — GJr)— =0 1) 
dz dz? 
where 
z = axial coordinate 
g = angular rotation of section with axial co- 


ordinate z 
G = E/[(2(1+ »)] 
J, = Saint-Venant torsion constant 
C = torsion bending constant relative to axis of 
twist 
J, = polar moment of inertia of section about axis 
of twist 
The Saint-Venant torsion constant J; for a thin- 
walled specimen in which the section can be considered 
built up of ” portions of constant wall thickness /; and 
developed width 0; is given by (reference 1, p. 7S): 


n 
Sp 3 3>bt? (5) 
i=l 

Eq. (5) is in error by less than 3 per cent so long as 
b,/t; is greater than 20. When this condition is not 
fulfilled, the torsion constant J; may be computed by 

the following procedure.® 
(1) Divide the section into component elementary 
sections (see Figs. la—ld) such as rectangles for legs, 


webs, and flanges and circles for bulbs. At the T-joint 
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Fic. 1. Division of cross section into components for comput- 
ing J; according to reference 5: (a) bulb tee with flange thicker 
than leg, (b) bulb tee with leg thicker than flange, (c) angle with 
unequal legs, (d) angle with equal legs, (e) largest inscribed 
circle at angle junction, (f) largest inscribed circle at tee junction. 
Elementary sections shown dotted in (a) to (d) and inscribed 
circle shown dotted in (e) and (f) 


between a flange and a web, consider the flange to be 
continuous and the web to start from the side of the 
flange (reference 5, p. 29). At the L-joint between two 
legs, consider the thicker leg to be continuous to the 
edge of the section and the thinner lez to start from the 
edge of the thicker leg (reference 5, p. 30). At the joint 
between a leg or flange and a bulb, consider the web or 
flange to start from the bulb (this case is not given in 
reference 5, but the treatment suggésted is similar to 
that given for the previous two cases). 

(2) Compute the contribution to J; of the elemen- 
tary sections from the formulas ('/;)5f* for the rectangu- 
lar sections and 7D*/32 for the circular sections of diam- 
eter D (reference 5, p. 15). For tapered sections where 
the thickness varies gradually, compute the contribu- 
tions to J; from the formula ('/3) f7"1* dx. 

(3) Compute the correction to the torsion constant 
at the free ends of the elementary rectangular sections 
from the formula (reference 5, p. 16) 

AJr = —0.105t' (5a) 
This correction brings the value of J; within 2 per cent 
of the exact value for b> 1.5t. Compute the correction 
to the torsion constant at the junctions between com- 


ponent elementary rectangular sections from the 
formulas (reference 5, Fig. 11) 


AJy = d‘{0.071 + (0.077R/T)| (t/T) (5b) 
for L-sections, and 

AJ, = d*[0.148 + (0.102R/T")| (t/T) (5c) 
for T-sections, where (see Figs. le and Lf) 


R = radius of fillet 
d = diameter of largest inscribed circle at junction 





Comy 
juncti 
thick1 


This ¢ 
is sim 
shoulc 
the el 

The 
resolv 


The t 


where 





mput- 
hicker 
> with 
-ribed 
ction. 
‘ribed 


o be 
’ the 
two 
) the 
1 the 
joint 
-b or 
nin 
ir to 


net- 
ngu- 
jani- 
here 
ibu- 


tant 
ions 


(5a) 


rent 
tion 
om- 


the 


Hon 





INSTABILITY 





Fic. 2. Thin-walled open section showing meaning of symbols. 
A, center of twist; B, center of gravity 
1’ = thickness of flange for T-sections 
1 = thickness of wide component rectangle 
t = thickness of narrow component rectangle 


Compute the correction to the torsion constant at the 
junction between a component elementary rectangle of 
thickness ¢ and a component elementary circle from 


AJr = 0.1% (5d 


This case 1s not given 1n reference 5, but the correction 
is similar in form to that given in Eqs. (5b) and (5c) and 
should be a good approximation when the diameter of 
the elementary circle is greater than 2/. 

The torsion-bending constant C in Eq. (4) may be 
resolved into two components according to Wagner? 


C=C, + C, 
where 
C, = torsion-bending constant for bending about 
axis normal to wall of section 
C, = torsion-bending constant for bending about 


axis tangent to median line of section (shown 
dotted in Fig. 2) 


The torsion-bending constants may be computed from 


Ge ae mY {W," dA { op 
~ Se “ (4 } 
io ae Si@n? dA { 
where 
w, = axial displacement at point uw for a twist of 
| rad. per unit length about longitudinal axis 
through center of twist (see Eq. (8) below) 
u = coordinate along median line of section (the 
positive directicn of « is arbitrary) 
@, = axial displacement relative to median line of 


a point at a distance n from median line for 
a twist of | rad. per unit length about longi- 
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tudinal axis through center of twist (see 
Eq. (8) below) 

“ = coordinate perpendicular to median line of 
section, zero at the median line, and positive 
toward the right as observed when looking 
in the positive uw direction (see Fig. 2) 


The total axial displacement at any given point (4, 7) 

for a twist of | rad. per unit length about longitudinal 

axis through center of twist is 

= Ww, + w, 

= tot Sf.7,du (8) 
JS,"7, dn = 70 


2“, 2 
hire 


‘ 


~ 
> 


where 

ie arbitrarily chosen axial displacement for arbi 
trarily chosen reference point u = 0 (Fig. 
2). The arbitrary value of @ is usually 
taken as zero for convenience 

7, = distance from center of twist to tangent 
through point (u, m) (Fig. 2). A line drawn 
from the center of twist, A, in the positive 
n direction indicates the positive 7, direction 

7, = distance from center of twist to normal 
through point (uw, m) (Fig. 2). A line 


drawn from the center of twist, A, in the 

negative u direction indicates the positive 

7, direction 
The solution of Eq. (4) for the critical stress ¢,, de 
pends on the end conditions for the twist ¢ and on the 
location of the center of twist. Let us consider the case 
in which the ends are free to warp but are not allowed to 
rotate about the axis of twist. If the ends are free to 
warp, the axial stresses at the ends caused by twisting 
must be equal to zero. These axial stresses are given by 


(reference 3, Eq. 17’): 

g¢= - E(d*o/dz*)x (Y 
The axial stresses @ will be zero for all points of the 
end sections if 

d*o/dz? = 0,2 = 0, / (Ya 
These end conditions together with the condition of 
zero rotation at the ends 


(9b) 
are satisfied by 
¢ = asin (42/l) (10 


Substituting in Eq. (4) and solving for the critical 
stress gives 


Cer = (GIp + e(EC/E)|/S, (11) 


If the ends are rigidly clamped, the end conditions 


are: 
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These are satisfied by 
¢ = all — cos (2x2/L)] (12) 


Substituting in Eq. (4) and solving for the critical stress 
gives 


Ger = [GIy + 4n*(EC/L*)]/J, (13) 


It is seen that the critical stress for a specimen with 
fixed ends is equal to that for a specimen with ends free 
to warp having one-half the length. 

Eqs. (11) and (13) give the critical stress for a known 
axis of twist. If the axis of twist is not known, the 
critical stress may be determined from the condition 
that the specimen will rotate about that axis which 
gives the minimum critical stress. 

Kappus® has developed a convenient procedure for 
determining the minimum critical stress on the assump- 
tion that the specimen is thin-walled enough to neglect 
bending about the median line m = 0, Fig. 2. With this 
assumption 


& «<i, 


The following procedure is identical with that developed 
by Kappus, except for retaining the terms that take 
account of the bending about the median line. 

Determine the center of gravity of the section and 
pass a right-handed rectangular coordinate system x, v 
through the center of gravity (Fig. 2). Let 


Wy igus, a, 


Wy = V_N 


Tuy 'n = Vu, 7, (Fig. 2) if the center of gravity and the 
center of twist coincide. 
Compute the warping moments: 


Ru = A“yuutdu+ fy“ywtdu+...\ (15 
Row es Sy txwyt du + Sy xWut du oes f 
Ren 


= (1/12) fr, cos B du + (*/12) 
JS, '“t*r, cos Bdu+... 

Rim = (1/12) K “tra cos a du + (1/12) 
JS “tr, cosadu+... 


(16) 


where ° 


a 


B 


and where the integration is carried out over the entire 
section. 

Compute: 

A = cross-sectional area of section. 

Compute the torsion-bending constants relative to 
the center of gravity. 


angle between m and x 
angle between m and y 


C, = JS, w,,2t du + Sw, et ae v 
(1/A)( A“ wut du + f-“w,tdu+...)* (17) 
Cy = LS}? dn du + Jy" Si}? dn du + . 


= (1/12)(f"7,"8 du + fr“r,28du+...) (18) 
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and the moments of inertia relative to the center of 
gravity 


HT 
Ii 


Jn = Sy dA; J,= fxd \ - 
Jn = SxydA; Jg=JI,+J, § “a 


Determine the Young’s modulus E, the shear modulus 
G = E/[2(1 + »)], and the length / = effective length 
of specimen, which is defined as the actual length for the 
end conditions (9a) and (9b) and as one-half the actual 
length for fixed or ideally “‘flat’”’ ends, as pointed out in 
connection with Eqs. (11) and (13). 
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Fic. 3a (top). Solution of Eq. (23) when 0 < gy < 0.11 
Example: given, p = 1.25, q = 0.05; then, g/p = 0.04 andw = 
0.045. 
Fic. 3b (bottom). Solution of Eq. (23) when 0.10 < g < 0.70. 
Example: given, p = 3,qg = 9.6; then, g/p = 0.2 and w = 
0.26. 
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Fic. 4a (top). Effect on computed critical stress of neglecting 
Cn, Ra, and fillet for equal angle, section 3. Curve a, J; from 
reference 5, C, ¥ 0, Rn * 0; curve b, J; from reference 5, C, ¥ 
0, Rn = 0; curve c, J; from reference 5, C, = 0, Ra = 0; curve d, 
J; from Eq. (5), C, = 0, Ra = O. 

Fic. 4b (bottom). Effect on computed critical stress of neglect- 
ing Ca, Rn, and fillet for pi-section 9. Curve a, J; from reference 
5, Can # 0, Ra # 0; curve b, J7 from reference 5, Cn ¥ 0, Ra ¥ 0; 
curve c, J; from reference 5, Ca = 0, Rn = 0; curve d, J; from 
Eq. (5), Ca = 0, Ra = 0. 


Compute the ratios 














_ WEI, _wE, | 
"ea os a | 
GJr + wE(C, + C,,)/P | 
o, = 
r | 
} 20) 
2 ER, x? ER, (20) 
OP thd BS ad | 
| 
= 7 yn | 
Pzy = PA | 
From these ratios compute 
on = (¢, + oz, + o,)/3 
> = O;0z + Os0y + O70y — Pry?” — p2” pe pe" 
om? (21) 
F200 s + W2ryPzPy — Pry’Fs — Py’Fz — P2*o, | ° 
¢ * : ea tr 
om 
The critical stresses are then given by 
Ccr = OTm (22) 


where w is a root of the cubic equation 


w? — 3w* + pw —g = 0 (23) 


Figs. 3a and 3b give a nomogram for solving Eq. (23) 
for the lowest of the three values of w with given values 
of p and q; Fig. 3a is used for0 <g < 0.11, while Fig. 
3b is used for 0.10 <q < 0.70. 

In general there will be three solutions for w and, 
hence, three values of critical stress. Itis evident from 
Eq. (11) that each one of these solutions must corre- 
spond to a different axis of twist. In most cases the 
axis of twist for one solution is close to the center of 
shear of the section, while it is far out on the major 
and minor axes of inertia for the other two solutions. 
In the first case the buckling approaches twisting about 
the center of shear of the section, while in the other two 
it approaches Euler column failure about the major 
and minor axes of inertia, respectively. 


SIMPLIFICATIONS 


The general procedure outlined above can be simpli- 
fied in many specific cases. 

One timesaving simplification is that adopted by 
Kappus, who neglected the terms R, of the warping 
moment and C, of the torsion bending constant. These 
terms take account of bending about the median line 
of the section. The error introduced by this simplifica- 
tion was computed for the 0.5 by 0.5 by 0.045 in. 
L-section 3, Fig. 5a, and the 1.00 by 2.75 by 0.068 in. 
a-section 9, Fig. 5b. An L-section and a m-section were 
chosen for this purpose because twisting of these sec- 
tions involves extreme cases of a maximum effect of 
R,, and C,, for the L-section and a relatively small effect 
of R, and C,, for the x-section. 

Curves a, Figs. 4a and 4b, show the critical stresses 
as a function of length, with C, and R, taken into ac- 
count; curves b show the critical stresses with C, 
taken into account but taking R, = 0; and curves c 
show the critical stresses with both C, = 0 and R, = 0. 
C, and R, have a negligible effect for the r-section (Fig. 
4b), but their effect is appreciable for the shorter lengths 
of the L-section (Fig. 4a). It was decided to take ac- 
count of C, and R, for L- and T-sections, which behave 
similarly to L-section 3, but to neglect C, and R, for 
for x-, Z-, U-, and hat-sections, which behave similarly 
to m-section 9. 

The second simplification frequently made is to 
compute J; from Eq. (5) only, thereby neglecting the 
effect of fillets, bulbs, free ends, and junctions that are 
given in connection with Eqs. (5a) to (5d). The effect 
of this simplification was determined for the L- and r- 
sections also. Curves d in Figs. 4a and 4b show the 
critical stresses obtained by computing J7 from Eq. (5). 
Comparison of these curves with curves c, for which 
J; was computed with Eqs. (5a) to (5d), shows that the 
more precise computation of J; results in a substantial 
increase in critical stress for both the L- and z-sections. 
It was decided therefore to compute J; with Eqs. 
(5a) to (5d) in all cases. 
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Fic. 5a. Dimensions in inches of sections 1 to 8 
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Fic. 5b. Dimensions in inches of sections 9 to 16. 

A third simplification in the computation of the 
critical stresses is possible if the section has an axis of 
symmetry, as is the case for the equal-angle, T-, z-, hat-, 
and U-sections. Let us take the x-axis as this axis of 
symmetry. A displacement of the section parallel to the 
x-axis will then be free from twist, so that one of the 
critical stresses will correspond to pure Euler failure by 
bending about the y-axis 


Ocr = 0, = (x?/l*)(EJ,/A) (24) 


Kappus* has shown that the remaining two solutions of 
the cubic Eq. (23) may be determined directly from 


a, + oz 


Ser ae ra 
a | fe 9 9: 
cr 9 oe (25) + p,” (25) 
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Fic. 6a. Nomogram to determine £,/E and to take account of 


changes in properties of the material when ¢a,, is near o;. 


Taking the minus sign in front of the radical, correspond- 
ing to the lower critical stress, Eq. (25) may be re- 
written as follows for convenience in computation: 


Or7Fs — Pro 


0; + Or Ilo; — Gr 2 (25a 
) we + V( 9 i + Pre 


Ser 


A further simplification occurs if both x and y axes 
are axes of symmetry, as in a symmetrical I-section. In 
that case there is no coupling between torsion and 


column action. The three solutions are 


Ocr = Or, Ty, Gs (26) 


The first two are the Euler buckling stresses, while the 
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Nomogram to determine £,/E£ and to take account of 
is not near o;. 


Fic. 6b. 
changes in properties of the material when o., 


third solution corresponds to twisting about the center 
of gravity. 

The computation of the section constants R,,, Ryx, 
and C, can frequently be simplified by computing them 
first relative to a convenient set of axes 3, ¥, related to 
the centroidal axes x, y by: 


=i,t+x;yV=%+yY (27) 


where Z, and ¥, are constants. The relations between 


the constants relative to the new axes 


Ri, = S,j0. 4A; R,, Si, dA | 
C, = SfwdA — (1/A)(fi@, dA)? § 


and R,,, R,,, and C, are then, according to Kappus,* 


(28) 


| ee = R;, = ae + y — fii, dA) 

Ry = Rit 5Jy — I 4 dA) | (99) 

"4a a tet ie Se J 2 
27.Rz, + 29.R 


PLASTIC BUCKLING 


In the discussion so far it has been assumed that the 
stress-strain relation of the material is adequately repre- 
sented by a straight line, the slope of which is Young’s 
modulus. For higher stresses at which the tangent 
modulus differs appreciably from the initial modulus, 
the buckling stresses will be less than those given by 
Eqs. (1) and (13). The effect may be regarded as a 
decrease in the effective values of Young’s modulus £ 
and shear modulus G. 

The amount of the decrease can be computed from the 
stress-strain curve and from the shape of the section for 
the case of pure column failure by replacing Young's 
modulus E by the reduced modulus £,.® 

There is no corresponding theory for the reduction in 
E and G in the presence of combined twisting and bend- 
ing or of the type of local buckling considered in this 
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paper. The amount of the reduction will probably de- 
pend in a complicated manner on the type of instability. 
The only simple statement that can be made safely 
with regard to it is that the reduction must be less than 
that for column action, since a smaller proportion of the 
material is highly stressed in this type of instability. 

In view of the above it was decided to compute the 
critical stress in the plastic range by replacing E and 
G in Eggs. (1) and (13) by £, and £,/[2(1 + »)], re- 
spectively. For E, the value for the rectangular section 
was chosen because it is readily calculated and because 
it is not an extreme value.’ The reduced modulus for 
a column of rectangular section is 


E, = 4EE'/(VWE + VE’)? (30) 


where E = Young's modulus and E’ = tangent modulus 
at stress o,, for which reduced modulus is desired. 

With the above assumption the estimated value of 
critical stress at failure is given by 


Ce = (E,/E) (Ger) et (31) 


¢ 


where (¢,,),; denotes the elastic buckling stress as com- 
puted from Eqs. (1) and (13) and where £, is the re- 
duced modulus corresponding to the stress @,,. 

Eq. (31) was solved conveniently by a nomogram 
based on an expression with three parameters to de- 
scribe the stress-strain curve. It is shown in reference 
8 that a wide variety of stress-strain curves can be 
described by the simple expression 


e = (c/E) + K(a/E)" (32) 


where ¢ = strain, ¢ = stress, E = Young’s modulus, 
and K, = constants describing a given stress-strain 
curve. 

It is also shown that in many cases K and m may be 
determined from the secant yield strengths o; and a2 
equal to the stresses at the intersections of the stress- 
strain curve and lines through the origin with slopes of 
0.7E and 0.85E, respectively. The quantities n, K, 
o;, and g2 are connected by the relations 


n = 1 + [0.3853/logio (01/02)] (33) 

K = (°/7)(0:1/£)'™ (34) 

Taking the derivative of Eq. (32) and setting 1/E’ = 
de/do, 

1 de + (5) a5 

EB’ do E' E\E said 


If we substitute Eq. (34) into Eq. (35) and multiply 
through by E, 


1 + (3/7)n(o/01)"—! = E/E’ (36) 
Eq. (30) can be rewritten in the form 
E/E’ = {(2/ VE,/E) — 1)? (37) 


The value of E/E’ in Eq. (36) can be equated to the value 
in Eq. (37). Doing this and rearranging terms, 
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TABLE 1. Material and Die Number of Sections Tested 
Compressive Compressive 

Young’s Yield Strength 

Section Material Die No. Modulus, (0.002 Offset), 

Kips per Sq.In. Kips per Sq.In. 
1 24S-T Al alloy Alcoa 12072-K 10,700 41.5 
2 24S-T Al alloy Alcoa 13477 10,700 42.5 
3 24S-T Al alloy Alcoa K-8848-KL 10,800 41.7 
4 24S-T Al alloy Alcoa K-8674-KL 10,600 41.2 
5 24S-T Al alloy Alcoa K-10498-K 10,600 43.1 
6 24S-T Al alloy Alcoa 13634-L 10,900 42.4 
7 24S-T Al alloy Alcoa 11485-K 10,800 40.4 
8 24S-T Al alloy Alcoa K-10282-KL 10,600 44.9 
9 24S-T Al alloy Alcoa 11461-K 10,900 45.0 
10 248-T Al alloy Alcoa 12800-L 10,700 42.6 
11 24S-T Al alloy Alcoa 13686-K 10,800 41.4 
12 24S-T Al alloy Alcoa K-10438-K ‘10,800 45.6 
13 24S-T Al alloy Alcoa K-10480-KL 10,500 43.5 
14 24S-T Al alloy Alcoa K-12690-L 10,600 41.2 
15 24S-T Al alloy Alcoa 12098-K 10,900 50.5 
16 X74S-T Al alloy Alcoa 12072 10,100 67.2 
17 X74S-T Al alloy Alcoa K-8674 10,000 64.9 
18 X74S-T Al alloy Alcoa K-8848 10,300 59.8 
19 Mg alloy Dow metal O Dow Chem. DC-387 6,650 36.5 
20 Mg alloy Dow metal O Dow Chem. DC-388 6,650 36.5 
21 Mg alloy Dow metal O Dow Chem. DC-126 6,650 36.5 
22 Mg alloy Dow metal O Dow Chem. DC-401 6,650 36.5 
23 Mg alloy Dow metal O Dow Chem. DC-97 6,650 36.5 
24 Mg alloy Dow metal G Dow Chem. DC-97 6,540 33.2 
25 Mg alloy Dow metal P Dow Chem. DC-97 6,760 38.2 
26 Mg alloy Dow metal R Dow Chem. DC-97 6,880 33.2 














o\n-1 7 2 ° ‘ 
(5) = 5L(yee- 3) -2] 8 


Taking the logarithm of both sides of this equation, 
setting ¢ = o,,, and substituting for ” the value in Eq. 


(33), 
Ccr 


0.3853 1 
oO —_ = 
logio (01/02) logio (0/02) - O1 


wo {{(oin- 1-1] 


Substituting into Eq. (39) the value of o,, given by 
Eq. (31), 





0.3853 
logio 1+ 





‘ (: 4, 0.3853 ) 0.3853 | (ada _ 
S10 logie (01/¢2) logio (01/02) vei a1 
0.3853 E 7 2 2 

logio (01/¢:) logue + logu { 3 (7 E/E 1) ys il} 

(40) 


Eq. (40) can be conveniently solved for Z,/E from the 
known values of (¢,;).1, o1, and o2 by use of the nomo- 
gram in Fig. 6a or 6b as follows. Draw a line from the 
value (¢;;)a/o1 on scale 1 through the value o;/o2 on 
scale 2. From the intersection of this line with scale 3 
draw a line through the value o;/o2 on scale 5. The 
intersection of the last line with scale 4 is the value of 


E,/E that satisfies Eq. (40). The value of E,/E de- 
termined in this way, together with the value of (¢.7)a 
computed from Eqs. (3a) or (13), was substituted into 
Eq. (31) to give the critical stress for plastic instability 


Care 


COMPARISON OF MEASURED AND COMPUTED BUCKLING 
LOADS 


Tests were made on 125 specimens including 26 dif- 
ferent aluminum-alloy and magnesium-alloy extrusions. 
The lengths of the specimens were chosen to cover the 
range of about one to six times the greatest cross-sec- 
tional dimension. The material and die number of the 
extrusions are given in Table 1. The cross-sectional 
dimensions are given in Fig. 5. Stress-strain curves 
obtained from single-thickness compressive tests of the 
material in each extrusion are given in Fig. 7. The 
compressive Young’s moduli and yield strengths (0.002 
offset) determined from the stress-strain curves are 
given in Table 1. 

Table 2 gives the values of k and of (b/t) maz. for substi- 
tution in Eq. (3a) and the section constants A, J:, 
Sg Spy; Seay Say Raia Recta Brig Pega: Beit, Rau Cary Cag eats C 
for substitution in Eqs. (20) to (26). The values of 
Jy were computed with Eqs. (5a) to (5d) (see discussion 
of Figs. 4a and 4b). The constants C, and R, were not 
included for sections other than L- and T-sections (see 
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Fic. 7. Compressive stress-strain curves of material from sec- 
tions 1 to 26. 


discussion of Figs. 4a and 4b). Poisson’s ratio was 
taken as v = 0.3. 

The elastic buckling stresses for primary instability 
according to Eqs. (22) to (26) are shown as solid curves 
in Figs. 8a to 8e as a function of effective length (one- 
half of length between flat ends). The plastic buckling 
stresses for primary instability were estimated from the 
elastic buckling stresses, the compressive stress-strain 
curve of the material, Fig. 7, and the procedure outlined 
in the previous section. They are shown as dotted 
curves in Figs. 8a to 8e. 

The elastic buckling stresses for local instability were 
either too high to be shown or they were so nearly equal 
to the plastic buckling stresses that they could not be 
differentiated from the latter. The buckling stresses 
for local instability are shown as horizontal broken lines 
in Figs. 8a to Se. 

The experimental values of buckling stress were de- 
termined from “‘flat-end’”’ tests as follows. The ends 
of the specimen were ground flat and perpendicular to 
the axis, and the specimen was loaded in axial compres- 
sion between ground steel blocks (A, Fig. 9). A plaster 
of paris cap (B, Fig. 9) was used between the top block 
and the head of the testing machine to obtain uniform 
loading. The distribution of strain across the section 
was measured with Tuckerman strain gages (C, Fig. 9), 
except for the extremely short specimens. Specimens 
showing a divergence of strain greater than 10 per cent 
at low loads were removed from the testing machine and 
were reground and retested. Twist was measured at the 
center of the specimen in some of the tests by measuring, 
with a Tuckerman autocollimator, the relative rotation 
of a prism (D, Fig. 9) attached to the specimen and a 
near-by prism connected to the bottom platen of the 
testing machine (EZ, Fig. 9). The buckling stress was 
determined as the stress for which there was a pro- 
nounced divergence of the curves for local strain or from 
Southwell plots of the twist at the center. When no 
strain gages were attached to the specimen, the buckling 
stress was visually observed. The experimental values 
of buckling stress are shown as individual points in Figs. 
8a to Se. 

The measured buckling stress is plotted against the 
calculated buckling stress in Fig. 10. The 45° line in 
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Vic. 8a (top). Computed and measured buckling stresses for 
sections 3, 4, 8,17, and 18. Curve a, elastic primary instability; 
curve b, plastic primary instability; curve c, local instability. 

Fic. 8b (bottom). Computed and measured buckling stresses 
for sections 1, 2, 5, 6, 11, and 14. Curve a, elastic primary 
instability; curve b, plastic primary instability; curve c, local 
instability. (For extrusion 6, curve a masks curve b.) 


Fig. 10 corresponds to perfect agreement between meas- 
ured and calculated stress, while the pair of dotted lines 
shows the band within which the measured and calcu- 
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Fic. 8c. Computed and measured buckling stresses for sec- 
tions 7, 10, 12, 13, 16, 19, 20, and 23. Curve a, elastic primary 
instability; curve b, plastic primary instability; curve c, local 
instability. (For extrusions 7 and 16, curve a masks curve b.) 
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Fic. 8d. Computed and measured buckling stresses for sec- 
tions 15, 21, 24, 25, and 26. Curvea, elastic primary instability; 
curve b, plastic primary instability; curve c, local instability 
(For section 15, curve a is too high to be shown.) 





lated stresses differed by less than 5,000 Ibs. per sq.in. 
For 120 of the 125 specimens tested, the calculated and 
measured stresses differed less than 5,000 Ibs. per sq.in. 
For the remaining five specimens the difference was 











Fic. 9. Method of making compressive tests showing loading 
blocks A, plaster of paris cap B, strain gages C, prisms D used 
to measure twist, and testing machine E 


6,000 to 9,000 Ibs. per sq.in. These differences were 
attributed to the uncertainty of about 2,000 Ibs. per 
sq.in. in the experimentally determined buckling stress, 
the differences in cross-sectional dimensions among 
nominally similar extrusions, the initial curvature of 
some of the specimens, the use at stresses in the plastic 
range of a stress-strain curve described by three param- 
eters’ in place of the actual stress-strain curve, the 
use of approximate Eq. (3a) to compute local buckling 
stresses, the use of the reduced modulus defined by 
Eq. (30) to compute’ critical stresses in the plastic 
range, and the assumption that in the tests the effective 
length was equal to one-half the actual length. 
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Fic. 10. Comparison of measured and calculated buckling stress. 


BucKLING LOAD-WEIGHT RATIO 


The effect of shape of section on the buckling load is 
shown in nondimensional form in Fig. 11 for the 24S-T 
aluminum-alloy sections 1 to 15. The X74S-T alu- 
minum-alloy sections 16 to 18 and the magnesium-alloy 
sections 19 to 26 were not included in this figure in 
order to prevent dissimilarity in the stress-strain curves 
from obscuring the effect of section shape. No figures 
corresponding to Fig. 11 were prepared for the X74S-T 
aluminum-alloy sections and magnesium-alloy sections 
because of the small number of sections in each of these 
groups. 

The dimensionless ratios used in plotting Fig. 11 were 
chosen to give the best comparison of stresses in the 
plastic range and to plot sections of different shape but 
having the same length and weight at the same abscissa. 
The stress ratio used is o,,/0, where o,,; is the buckling 
stress and a; is the secant yield strength corresponding 
to the intercept of the stress-strain curve and the line 
through the origin with a slope 0.7L. The length ratio 
used is 1/+/A where | is an effective length taken as one- 
half the actual length and A is the cross-sectional area. 
This ratio, just as the slenderness ratio, has the same 
value for all geometrically similar specimens. It was 
chosen in preference to the slenderness ratio be- 
cause it has the advantage of having the same 
value for all specimens having the same length and 
weight. 

The range of buckling-stress ratio shown in Fig. 11 
is extremely large; the largest of the ratios are of the 
order of four times the smallest ratios. The thick-walled 
sections are generally near the top and the thin-walled 
sections near the bottom. The Z-section keeps most 
steadily near the top throughout the range of length 
ratios. 
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Fic. 11. 
aluminum alloy sections 1 to 15 (2/ = length between flat ends 
A = cross-sectional area, ¢; = yield strength). 


























Fic. 12. Comparison of stress at failure ou. of the 24$-T 
aluminum alloy sections 1 to 15 (2/ = length between flat ends, 
A = cross-sectional area, 0; = yield strength). 


ULTIMATE LOAD-WEIGHT RATIO 


The effect of shape of section on strength-weight 
ratio for the 24S-T aluminum-alloy sections 1 to 15 is 
shown in Fig. 12, which is analogous to Fig. 11. 

The range of strength-weight ratios in Fig. 12 for a 
specimen of given length and given weight is less than 
the range of buckling load-weight ratios, but it is still 
of the order of 2:1. 


Comparison of the buckling stress o,, of the 24S-T 
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Fic. 13. Strength-weight ratio for extruded sections of two 
aluminum alloys and one magnesium alloy (op = density, 2/ = 
length between flat ends, A = cross-sectional area). 


Over the range of lengths investigated, the strength- 
weight ratio of the Z-extrusion was generally greater 
than that for the other extrusions. 

The effect of both shape and material on strength- 
weight ratio is shown in Fig. 13. The coordinates in 
this figure are such that similar specimens of material 
with the same density are plotted at the same abscissa 
with ordinates proportional to the strength-weight ratio. 
The efficiency of the different sections on a strength- 
weight basis is, therefore, proportional to the ordinates 
at a given abscissa. 

Only sections 2, 11, and 14 of the 24S-T aluminum- 
alloy extrusions are included, since these are shown in 
Fig. 12 to have generally the highest strengths for the 
24S-T aluminum-alloy specimens. Only section 23 of 
the group 23, 24, 25, 26 is included, since it is typical of 
the others. 

Fig. 13 shows that section 17 (X74S-T aluminum al- 
loy) was most efficient for short lengths and that sections 
19, 22, and 23 were most efficient for long lengths. 
Over the range of lengths investigated section 23 (O 
magnesium alloy) was most efficient on a strength- 
weight basis. 


CALCULATION OF CURVE OF BUCKLING STRESS VERSUS 
LENGTH FOR ONE MATERIAL FROM THAT OF ANOTHER 


The agreement between measured and computed 
buckling loads of unsupported extruded sections sug- 
gested a procedure for calculating the buckling stresses 
of extrusions of one material from measured buckling 
stresses of similar extrusions of a different material. 
With such a procedure it is possible to derive curves of 
buckling load versus length for material with minimum 
properties satisfying a given specification or to estimate 
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the increase in buckling stress in going to a new material 
with increased compressive properties. 

The determination of the buckling stress in the new 
material requires the determination of the value of 
(Gcr)ex/E for the particular section shape from the 
known buckling stress, ¢,,, in the old material and the 
stress-strain curve of the old material. From Eq. (31) 


(Gerda /E = o-r/E, — (0,,/E)(E/E,) (41) 


o,, and E& are known for the old material. The corre- 
sponding value of E/E, may be determined from a, 
o2, and o,, by solving Eq. (39). A convenient way of 
doing this is to use the nomogram in Figs. 6a or 6b as 
follows. Draw a line through the value ¢,,/0; on scale 1 
and the value o;/a2 on scale 2. The intersection with 
scale 3 is the value of E,/E which satisfies Eq. (39). 
The value of (¢,,).,/E is then given by Eq. (41). 

Knowing (¢,,)./E and E for the new material, 
(Gcr)ex is readily computed and g,, is determined in the 
same way as was done previously (see discussion of 
Eq. (40)) when (¢,,).: was determined from the theory. 

The procedure for calculating buckling stresses for 
one material from those for another, using Figs. 6a and 
6b, may be summarized as follows. — 

(1) Determine from the stress-strain curves of the 
new and old material, 


Eta (o1)ota 
} . (01) new 


(2) Draw a line through the value (¢,,/01),1q on 
scale 1 and the value (o:/c2),;4 on scale 2. The line 
intersects scale 3 at (EZ,/E) 1a. 

(3) Draw a line through the value [(¢.,/E) 4X 
(E/E,) ia(E/o1) new] on scale 1 and the value (0:/02)new 
on scale 2. From the intersection of this line with scale 
3 draw another line through the value (01/02)new On 
scale 5. The last line intersects scale 4 at (E,/E) new. 

(4) The desired value of the failing stress in the new 
material is 


E ; ) (F) 
t)new — yD — + } . 
(er) (¢ Ya a old \E /new 
Example 


An extruded section of 24S-T aluminum alloy buckles 
at a stress (¢:;)oig = 41,000 Ibs. persq.in. What will be 
the buckling stress (¢,,) new Of a similar section of X74S-T 
aluminum alloy if the stress-strain curves show, for the 
24S-T aluminum alloy, 


Esta = 10,800,000 Ibs. per sq.in. 
(¢1)o1a = 45,000 Ibs. per sq.in. 
(o2),14 = 40,000 Ibs. per sq.in. 


(02) ota 
(02) new 


and for the X74S-T aluminum alloy 


Exew = 10,300,000 Ibs. per sq.in. 
(¢1)new = 63,000 Ibs. per sq.in. 
(02)new = 29,000 Ibs. per sq.in. 
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Proceeding as above: eS . l@ | | |, [a 
Step 1, all in Ibs. per sq.in.: he all | Lait Pal} 
& -L9—1—_ 1-1. L— = a 
Eus = 10.8 X 106, Exew = 10.3 X 10, DL f°} jov}{ | = | ul reid 
(oi)oiqg = 45 X 10%, (01)new = 63 X 103, PY bb tea are 
(o2)oia = 40 X 10%, (c2)new = 59 X 10? N 1 LA ae 7 ne 
+ | So eon ieee om Pe ie Sl Gs en ed Gd 
Step 2: stl ce OS Ses A A ee 
(Ger/61)oia = 0.911, (01/02)oa = 1.125, S eiaere 
eee peer gees ee | eee 


(E, FE) oa = 0.559 


Step 3: 


(aa E)aa (er) 
3 = 1.110, 
E old E, old \%1/ new 


(o:/02)new = 1.068, (E,/E)new = 0.763 


Step 4: 


(GcrJoia = 41,000 Ibs. per sq.in. 
(E,/E) new = 0.763 

(E,/E)oia = 0.559 

} Se = 10,300,000 Ibs. per sq.in. 
Boa = 10,800,000 Ibs. per sq.in. 


cr/new — =. . “ ) 
, \z old E, old E new 


53,400 Ibs. per sq.in. 


The X74S-T aluminum alloy extruded section may be 
expected to buckle at 53,400 Ibs. per sq.in. 

Figs. 14a to 14c show a check of this procedure by 
comparing calculated buckling stresses (circles, tri- 
angles, and squares) and measured buckling stresses 
(crosses) for aluminum-alloy T-sections (Fig. 14a), 
magnesium-alloy Z-sections (Fig. 14b), and aluminum- 
alloy L-sections (Fig. 14c). The difference between the 
measured and calculated buckling stresses of these sec- 
tions did not exceed 10,000 Ibs. per sq.in. The average 
difference was less than 5,000 Ibs. per sq.in. 


Length ratit, 4/fA 


Fic. 14. (a) Comparison of measured buckling stress of 
X74S-T aluminum alloy T-section 16 and stress computed from 
the measured buckling stress on the similar 24S-T aluminum 
alloy T-section 1. (b) Comparison of measured buckling stress 
of magnesium alloy O Z-section 23 and stress computed from the 
measured buckling stress on the similar magnesium alloy G, P, 
and R sections 24, 25, and 26, respectively. (c) Comparison of 
measured buckling stress of X74S-T aluminum-alloy L-section 17 
and stress computed from the measured buckling stress on the 
similar 24S-T aluminum-alloy L-section 4. 
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Services 
of the 


Aeronautical Archives 
of the 


Institute of the Aeronautical Sciences 





The services of the Aeronautical Archives are available 
to all members of the Institute, to Corporate Members, to 
advertisers in the Aeronautical Engineering Review and, 
under usual library limitations, to the public. Four 
specialized services are available. 


The Paul Kollsman Library 


This lending library service makes available, without 
charge, the latest and more important aeronautical books. 

As far as the facilities permit, any person in the United 
States over 18 years of age who can furnish references which 
certify to his or het responsibility may become a member of 
the library. 

Members may request the loan of any aeronautical or 
technical book they wish to borrow. Through an ex- 
change agreement with the Engineering Societies Library, 
any book on general engineering may be borrowed from its 
great collection of over 160,000 volumes 

A photostating service is available at usual library 
rates. 

Applications for membership in the library and further 
information will be sent on request. 


The Burden Reference Library 
This reference library contains over 12,000 aeronautical 
books, magazines, pamphlets, and reports gathered from 
world-wide sources and is one of the most complete aero- 
nautical libraries in the world. Material from this 
library is not available for loan but may be used for refer- 
ence purposes at the Aeronautical Archives. 


The Pacific Aeronautical Library 
6715 Hollywood Boulevard 
Hollywood, California 
Established in cooperation with the aircraft companies 
the library serves. The leading aircraft companies in or 
near Los Angeles participate in its support and operation. 
This service library for aeronautical research is available 
to the public for reading privileges. Source material in- 


cludes aerodynamic and structural research reports, as well 
as books on drafting, production methods, history, and al- 
lied sciences. It furnishes books, periodicals, and pam- 
phlet material to the participating aircraft companies to 
supplement their engineering libraries. 


The Aeronautical Archives 
Technical Information Service 


This service has experienced personnel under the super- 
vision of trained aeronautical engineers to compile any in- 
formation desired. The services range from listing special- 
ized reference books to the preparation of exhaustive 
bibliographies, digesting of reports, and general surveys of 
any aeronautical subject. Some of the available services 
are: 


Bibliographies on any aeronautical subject. 

Reports on any aeronautical subject. 

Digests of aeronautical books, papers, periodicals, and 
references. 

Translations. 

Engineering investigations of special aeronautical subjects. 

Biographies of individuals engaged in aeronautics. 

Photostats of any aeronautical or general engineering ma- 
terial. 

Microfilms made on special order. 

Photographs made from the Institute's photographic col- 
lection. 

Drawings and tracings made. 


In addition to the services mentioned any commission 
which comes within the scope of the Service will be ac- 
cepted. Special arrangements may be made for work re- 
quiring several weeks or months. 

Translators are available for accurate transcriptions of all 
foreign language data. Translations are carefully edited 
by trained engineers. 

Reproductions of any material in the Acronautical Ar- 
chives of the Institute may be ordered at standard photo- 
stat rates. 
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SUGGESTIONS FOR CONTRIBUTORS TO THE PUBLICA- 
TIONS of the INSTITUTE of the AERONAUTICAL SCIENCES 


The Institute of the Aeronautical Sciences invites 
both members and nonmembers from any country to 
submit papers for publication in the JOURNAL OF THE 
AERONAUTICAL SCIENCES and the AERONAUTICAL ENGI- 
NEERING REviEW. The Institute, following the prac- 
tice of other societies, does not pay for contributions. 


The following directions for the preparation of papers, 
if followed by authors, will save correspondence, avoid 


- the return of papers for changes, minimize the work of 


preparation for the printer, and save the expense due 


to the charges made for ‘‘author’s corrections.”’ 





Manuscripts: Papers must be written in English, in original 
typewriting on one side only of white paper sheets, consecutively 
numbered and be double or triple spaced with wide margins. 
Manuscripts should be prepared with great care so that they 
will be typographically accurate. Paragraphing should be given 
special attention. Papers should be written in the third person, 
reference to the writer being made as “‘the author.’’ Avoid the 
use of the words “I,” “we,” and “‘you.’”’ Blueprint copies of 
papers are unacceptable as it is impossible to mark directions to 
the printer on them. Correcting, changing, or adding to papers 
after they are in type is costly. It is, therefore, imperative that 
papers submitted be in final form. Typographical errors may 
be corrected on proofs, but if authors wish to add material, they 
may do so at their own expense. In mailing, drawings may be 
rolled, but manuscripts should be sent flat. Send by first class 
mail (register if you wish for your own protection) to the Editorial 
Office, Institute of the Aeronautical Sciences, 1505 RCA Bldg. 
West, 30 Rockefeller Plaza, New York 20, N.Y. All manuscripts 
will be examined by the Editorial Committee and by the Editor. 
Authors will be advised as promptly as possible whether the 
paper is acceptable for publication. 


TitLEs: The title of the paper should be brief. The name and 
initials of the author should be written as he prefers. The use 
of the full name of an author is advocated because of the fre- 
quent duplication of initials and surnames which sometimes 
makes it difficult to establish the identity of the author. This is 
particularly important for large annual indexing and abstracting 
services. All titles and degrees or honors are omitted. The name 
of the organization with which the author is associated should be 
placed after his name on a separate line. The date on which the 
paper is received will be inserted by the Editor. 


SUMMARIES OR ApsTRACTS: An abstract to be printed at the 
beginning should accompany each article. It should be ade- 
quate as an index and asa summary. It should contain a state- 
ment of major conclusions reached, since summaries in many 
cases constitute the only source of information used in compiling 
scientific reference indexes. Abstracts printed in other journals, 
especially foreign, in most cases, consist of summaries from 
printed papers. The summary should explain as adequately as 
possible the major conclusions to a nonspecialist in the subject. 
The summary should contain from 100 to 300 words, depending 
on the length of the paper. 


SUBHEADINGS: Subheadings should be inserted by the au- 
thor at frequent intervals. The work of editorial preparation 
will be simplified by the author providing many subheadings. 
Owing to the breaking of columns and the insertion of illustra- 
tions, some of the subheadings may have to be omitted. 


SHORTENING OF PAPERS: Some papers, at the end, fill in only a 
portion of a page. This leaves much wasted blank space as 
succeeding articles are started at the top of a page. Authors 
should indicate by notation on the left-hand side of the page 
what matter may be omitted when ‘‘runovers’”’ otcur. This 
request is important as the Journal cannot afford in the future, 
as it has in its earlier issues, to have blank half pages or more at 
the end of papers. 


MaArtTrTerR USuaL_y DELETED: Acknowledgments of assistance 
in preparation of paper, except by collaborators. Photographs 
or illustrations of little technical interest and not showing ad- 
vances in general practice. Too detailed tabular matter (gen- 
eral results of such tables may be included in the text). Lengthy 
descriptions of materials or processes or of preliminary experi- 
ments or theories that preceded final results; salient features 
only are of interest. 


REFERENCES AND Footnotes: References should appear as 
footnotes only, numbered consecutively, grouped together at the 
end of the manuscript. The arrangement should be as follows: 
(for books)—! Durand, W. F., Aerodynamic Theory, 1st Ed., 
Vol. 1, p. 23; Julius Springer, Berlin, 1934. (For magazines)— 


1Englund, C. R., Crawford, A. B., and Mumford, W. W., Some 
Results of a Study of Ultra-Short-Wave Transmission Phenomenon, 
Proc. I. R. E., Vol. 20, No. 12, pp. 481 and 482, March, 1933. 
Please give author, title, edition, volume, page, publisher and 
date of publication as indicated. Omission of one required fact 
causes much extra editorial work and possible inaccuracies. All 
references should be grouped at the end of the article. 


ILLUSTRATIONS: Illustrations should accompany manuscripts 
and each should always be referred to in the text, preferably by 
number. Drawings or graphs should not be larger than 12 & 16 
inches, and must be made with jet black India Ink on white 
paper or tracing cloth, the latter being preferred. Do not use 
typewriter for lettering. The smallest lettering on 8 X 10 inch 
figures should be no less than !/, inch high. Cross-section paper 
(white with black lines) may be used, but should not have more 
than 4 lines per inch.’ If finer ruled paper is used, the major 
division lines should be drawn in with black ink, omitting the 
finer divisions. In the case of finely ruled paper, only blue- 
lined paper can be accepted. Tracing paper and blueprints are 
not acceptable. Lettering and all markings must be large enough 
to be readable after reduction. Mail rolled or flat, never fold. 
Drawings that cannot be reproduced (including pencil draw- 
ings) will be returned to the author for redrawing, thus delaying 
publication of the paper. Photographs should be distinct 
and show clear black and white contrasts. They must be on 
glossy white paper. Avoid round and oval photographs. 


CAPTIONS AND LEGENDS: Legends or captions must accom- 
pany each drawing or photograph submitted. If written on the 
drawing or photograph, they should be placed below and well out- 
side the part to be reproduced. It is better to place them on 
separate sheets of paper pasted to the back of the drawings or 
photographs. Each table should have a caption such as Table 
1, Table 2, Table 3, ete. Captions should be complete in them- 
selves so as to make the data intelligible to the reader without 
reference to the text. A duplicate list of captions for figures 
should be included as the last page of the manuscript. Use ‘‘Fig. 
1”’ (not Figure 1), Figs. 3 and 4, etc., in both the text and the 
numbering of illustrations. In the text, ‘“Eq. (1),” or ‘‘Eqs. (1) 
and (2)’’ are preferable to ‘‘Equation (1).”’ In captions and 
legends, except for ‘‘Fig.’’ and ‘‘Eq.” and table headings, write 
all words in full; do not abbreviate. Avoid placing explanatory 
written matter in the drawings; it should be in the text. 


MATHEMATICAL WorK: Only the simplest formulas should 
be typewritten; all others should be carefully written in pen 
and ink, the writing to be large-enough so that ample room 
is provided to mark mathematical matter for the printer. A con- 
siderable space for marking should be allowed above and below all 
equations. All complicated equations should be repeated on 
separate sheets with plenty of space left for marking. The solidus 
should be used for simple fractions appearing within the text. 
Make all expressions clear to the typesetter. Greek letters used 
in formulas should be clearly designated by name on the margin 
of the manuscript. All symbols should be clearly written and 
carefully checked. The difference between capital and lower- 
case letters should be clearly distinguished and care taken to avoid 
confusion between zero (0) and the letter (0), between the numeral 
(one) and the letter (eil) and the prime (’), between alpha and a, 
kappa and k, u and mu, v and nu, n and eta. All subscripts and 
exponents should be clearly marked and dots and bars over letters 
or mathematical expressions should be avoided. Avoid compli- 
cated exponents and subscripts. When it is necessary to repeat a 
complicated expression, it should be represented by some con- 
venient symbol. 


NOMENCLATURE AND ABBREVIATIONS: The National Advisory 
Committee for Aeronautics Nomenclature should be used in pref- 
erence to any others. Standard abbreviations should be used, 
and it should be noted that most abbreviations are lower case. 
such as m.p.h., b.m.e.p., ihp., b-hp., hp., ... ete. 














EDITORIAL AND PROFESSIONAL ACTIVITIES COMMITTEE 


Aerodynamics 
William Bollay 
Kenneth S. M. Davidson 
Walter S. Diehl 
Hugh L. Dryden 
R. Paul Harrington 
Pp. E. Hemke 
Eastman N. Jacobs 
Th. von Karman 
Alexander Klemin 
W. B. Klemperer 
Otto C. Koppen 
A. M. Kuethe 
John G. Lee 
John R. Markham 
Clark B. Millikan 
Shatswell Ober 
W. Bailey Oswald 
Manfred Rauscher 
Elliott G. Reid 
H. J. E. Reid 
Hans Reissner 
Benjamin F. Ruffner 
G. B. Schubauer 
Abe Silverstein 
R. H. Smith 
Th. Theodorsen 
M. J. Thompson 
Starr Truscott 
Richard von Mises 
Michael Watter 
K. D. Wood 

Air Transport 
Ralph S. Damon 
Charles Froesch 
Melvin N. Gough 
J. A. Herlihy 
William Littlewood 
A. A. Priester 
Paul E. Richter 
N. F. Scudder 
T. P. Wright 

Aircraft Design 
Karl Arnstein 
Rex B. Beisel 
B. C. Boulton 
C. P. Burgess 
C. H. Chatfield 
J. W. Crowley, Jr. 


Aircraft Industries Association of America, 


Marcus 


Hoc L. Drypen, Chasrman 


R. C. Gazley 
Leroy R. Grumman 
Hall L. Hibbard 
A. L. Klein 

Otto C. Koppen 
I, M. Laddon 
John G. Lee 

C. J. McCarthy 
William H. Miller 
R. H. Prewitt 
Igor I. Sikorsky 
E. A. Stalker 

Th. Troller 

Starr Truscott 

R. H. Upson 
Fred E. Weick 
Robert J. Woods 


Aircraft Production 


John L. Atwood 
W. E. Beall 

Carl de Ganahl 
W. K. Ebel 
Fredric Flader 
Hall L. Hibbard 
Guy A. Luburg 
C. J. McCarthy 
A. E. Raymond 
W. T. Schwendler 
Harry A. Sutton 
John Tjaarda 
Robert J. Woods 


Radio 


C. S. Draper 
Lloyd Espenschied 
C. G. Fick 

Lewis M. Hull 
Haraden Pratt 

F. X. Rettenmeyer 


Physiologic Problems 


H. G, Armstrong 

Louis H. Bauer 

David B. Dill 

Eugene Du Bois 

W. Randolph Lovelace, II 
Ross A. McFarland 

A. D. Tuttle 


Power Plantsand Propellers 5S, Timoshenko 


M. A. Biot 
George W. Brady 
Frank W. Caldwell 
Ivan H. Driggs 
Louis H. Enos 
David Gregg 

L. S. Hobbs 
Albert R. Jacobs 
E. E. Johnson 
H. M. McCoy 
W. C. Nelson 
Arthur Nutt 
Shatswell Ober 
Elliott G. Reid 
Hans Reissner 
David R. Shoults 
C. Fayette Taylor 
E. S. Taylor 

Th. Theodorsen 
A. V. Willgoos 
D. H. Wood 


Structures and Materiales 


M. A. Biot 

W. B. Bleakney 
C. P. Burgess 

E. W. Conlon 
George W. DeBell 
J. P. Den Hartog 
L. H. Donnell 

L. G. Dunn 
Richard C. Gazley 
W. C. Geer 

E, C. Hartmann 
N. J. Hoff 

Zay Jeffries 

W. B. Klemperer 
E. E. Lundquist 
C. J. McCarthy 
C. F. Nagel, Jr. 
J. S. Newell 
Alfred S. Niles 
Thomas D. Perry 
W. Ramberg 

E, Reissner 

F. R. Shanley 

H. W. Sibert 





American Association for the Advancement of Science— 


J. C. Honsaker 


American Society of Mechanical Engineers—JouN E. YOUNGER 


American Standards Association—P.R. BasSETT 


Engineering Society of Detroit—Donatp C. Hunt, GEORGE 


TWENEY 


Greater New York Safety Councis)—Wtitamw LittLewoop 


H. S. Tsien 

L. B. Tuckerman 
George Tweney 
Th. von K4rman 
J. A. Wise 

J. E. Younger 


Meteorology 


C. F. Brooks 

Karl O. Lange 

D. M. Little 

E. J. Minser 
Sverre Petterssen 
F. W. Reichelderfer 
A. F. Spilhaus 

P. V. H. Weems 
H. C. Willett 


Education 


R. Paul Harrington 
C. S. Jones 
Alexander Klemin 
Clark B. Millikan 
W. C. Nelson 
George B. Pegram 
Richard H. Smith 
Ben D. Wood 


Fuels and Oils 
D. P. Barnard 
A. L. Beall 
Luis de Florez 
J. H. Doolittle 


Instruments 


P. R, Bassett 

W. G. Brombacher 
Charles H. Colvin 
C. S. Draper. 
Lucien L. Friez 
Walter McKay 

W. A. Reichel 

C. F. Savage 

A. F. Spilhaus 

S. J. Zand 


I.A.S. REPRESENTATIVES TO OTHER ORGANIZATIONS 
Inc.—CHARLES 


Daniel Guggenheim Medal Board of Award—Cnrarves H. Corvin, 
RatpH S. Damon, Lester D. GARDNER 

Institute of Radio Engineers—L. M. Hutt 

Manufacturers Aircraft Association—J._T. HARTSON 

National Aeronautic Association—WiLi1aM R. ENYART 

National Research Council Engineering Division—Franxk W. 


CALDWELL 


National Safety Council—Jzrome LEDERER 
New York Museum of Science and Industry—Lzester D. GARDNER 
Society of Automotive Engineers—Epwarp P. WARNER 











ee 


INSTITUTE of chee AERONAUTICAL SCIENCES 


1932-1945 a. 


at 


Since its incorporation in October, 1932, as a scientific membership society to advance the art.and science Of aero- 
nautics, the Institute of the Aeronautical Sciences, in over thirteen years of service to aviation, has become the represent 


ative technical society for the aviation industry and profession. 


It is the only organization in the United States which 


brings together all of the sciences and branches of engineering and technology which are applied to aeronautics. 


Activities 


In this year, coincident with the great increase in aero- 
nautical production and research in the nation’s war 
effort, the Institute has expanded its membership and activi- 
ties in keeping with the greater demands made upon its 
services. Beginning with aeronautical students, the Insti- 
tute has increased the number and activities of Student 
Branches. Members of the Institute in aeronautical cen- 
ters are organized in local Sections which hold their own 
meetings. More of these Sections have been formed this 
year and additional services provided for members. The 
Annual Meeting and other national meetings provide 
forums where specialists in all the aeronautical sciences 
may present sid. receive reports on progress made in their 
particular fields and learn of developments in other fields 
that have a bearing on their own work. Several annual 
awards and honors are conferred by the Institute to recog- 
nize and encourage outstanding achievement in the aero- 
nautical sciences. 


Publications 


Papers presented at meetings or submitted to the Edi- 
torial Board are published in the Journat or THE AERO- 
NAUTICAL Sciences or the AgrRoNauTICAL ENGINEERING 
Review. The Journat prints in each issue several full 
length scientific papers on new research and developments 
in various fields applied to aviation. The Review keeps 
members and subscribers up to date on aeronautical news 
and literature through reviews of new books and periodical 
articles, government publications and trade literature and 
publishes papers on applied engineering and aircraft pro- 
duction. 

The AgronauticaL ENGINEERING CatatoG, published 
yearly, is a guide to sources and specifications of materials, 
parts, and accessories used in the design and production of 
aircraft, aircraft engines, and parts. 


Research Facilities 


Through the Aeronautical Archives of the Institute, 
members have for their use the most complete aeronautical 
library and reference research facilities maintained by any 
technical society. At Institute headquarters in New York, 
The W. A. M. Burden Reference Library of books, reports 
and periodicals, the Acronautical Index of subject files, 
pig ee: files and bibliography, and the historical and 
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art collections in the Archives are available for study. 
The Pacific Aeronautical Library at 6715, Hollywood 
Boulevard, Los Angeles, maintains a reference collection 
and reading room for members and loans books to company 
libraries in the area. Through The Paul Kollsman Library, 
aeronautical books are lent by mail without charge to 
members anywhere in the continental United States. In 
addition to a complete collection of standard aecro- 
nautical reference works, the Kollsman Library has avail- 
able for loan new aviation books as they are reviewed in 
the AzRoNaAuTICAL ENGINEERING REVIEW. 


Membership 


In addition to membership in professional . societies 
representing their particular fields, specialists applying 
their knowledge and experience to aeronautics find mem- 
bership in the Institute of great value in the contacts made 
with others engaged in aeronautical work and in the broad 
coverage of all aeronautical problems furnished through its 
meetings and publications. All applications for member- 
ship are carefully reviewed by the Admissions Committee, 
which recommends the grade of membership for which the 
applicant is found eligible. There are advanced grades of 
membership—Associate Fellow, Fellow, Honorary Fellow 
—to which members may be elected as their experience 
warrants. Thus, a member receives due recognition— 
more valuable because it is given by his colleagues—for his 
contributions to the progress of aeronautics. New appli- 
cants may be elected initially by the Admissions Committee 
to the grade of MEMBER if they are engineering graduates 
with at least three years of experience or have had over 
five years’ experience in research, engineering, or other 
special work applied to aviation; to the grade of Industrial 
Member if they have acquired a recognized standing in an 
administrative capacity in the aviation industry; to the 
grade of Technical Member if they are recent engineering 
school graduates or are engaged in technical aeronautical 
work. For those interested or engaged in aeronautics or 
fields related to aeronautics who wish to participate in 
the activities of the Institute, the grade of Affiliate is 
provided. Student Members are admitted by application 
through Student Branches organized at their schools. 
Aeronautical companies, as well as individuals, are affili- 
ated with, and participate in, the support of the Institute 
through Corporate Membership. 

Due 

An entrance fee of $5.00 is required of all new members 
who apply for admission to a grade of membership to be 
specified by the Admissions Committee (Corporate Mem- 
bers, Student Members, and those who apply specifically 
for the grade of Affiliate being excepted). 

Annual membership dues include a subscription to the 
AERONAUTICAL ENGINEERING Review. For the various 
grades of membership they are as follows: Fellows— 
$16.50; Associate Fellows—$12.50; MEMBERS—$10.50; 
Industrial Members—$10.50; Technical Members—$6.50; 
Affiliates—$6.50. : 

The regular subscription price for the JouRNAL OF THE 
AERONAUTICAL Sciences and the AERONAUTICAL ENGINEER- 
1NG Review is $7.00 and $3.00 per year, respectively. 
Members may subscribe to the Journat at one-half the 
regular subscription rate. 

Those who are engaged in aeronautical work or who 
have an interest in any technical phase of aviation will find 
the services of the Institute to be a necessary aid in keeping 
abreast of developments in these times of such rapid prog- 
ress. An application form and further information about 
membership can be obtained from an Institute member or 
by writing to the Secretary. 


INSTITUTE OF THE AERONAUTICAL SCIENCES 
1505 RCA BUILDING WEST 
30 ROCKEFELLER PLAZA 
NEW YORK 20, N.Y. 























